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Abstract
In this paper, we give a new generalization for important class in the category of 

modules. There are 2-purely extending and the direct sum of 2-purely extending R-modules. 
In this work, study the relationships of 2-purely extending with extending module and 
purely extending. Are given some properties and results of these modules and other related 
concepts. We give a condition under which a 2-pure submodule of a 2-purely extending 
module is 2-purely extending. If M is 2-purely extending, then it is not necessary that every 
essential submodule of M is 2-purely extending, and provide examples that delineate our 
results. Also show that a 2-purely extending module is a generalized of purely extending. 
Moreover, the relationships with other related notes are discussed. 
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In this paper, all rings are presumed to be commutative with unity, and all 
R-modules M are unitary left R-modules

N a non-zero submodule of M is called an LM,’ since N\(-(N Mt it. 4(l) 
If 
Definition 2.4: Let M be a R-module and K M be a submodule of M, then Kis 
said to 

real rings (the case 3 denoted by Known as Theorem a Authors [4-5]: 
(1) For 

.-multiplicative (resp.} It is well- known that if M 
= M, cf. 

submodule was 
first introduced by the authors in [2] (also see [4]). It is defined by 

every ideal I of R, we 
have N∩I^2 =I^2N. A sub module N of M is said to be 

exists an essential K≤M then 
(K=N or K=M [3], [7-8]. In case, if this is the case, 

essential socle inside a 
direct summand of $M$, alternatively it also follows 

closure. 

among them in . 
The authors [5] has given the definition for purely extending, Let M be an 

actually essential by [10]: A module M 
. 

extending) module into 2-purely extending. This imply that the strictly 

extensions module → purely extension some → 2-purely extensional this 

To define the concept of 2-purely extendible modules as well 

In Section 3 we summarize some basic properties of flat modules and pure 

of R-modules 
  0 → A → B → C → 0 

The sequence: 
  0 → A M→ B M → C M → 0 
is also exact, we study the direct sum of modules and the 2-purely extending 
property.
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In section is studying the properties of 2-purely extending R-modules and 

extending. 

Definition 2.1: 

Lemma 2.2: A , then there exist a closed 

The following theorem gives a characterization of 2-purely extending 

Theorem 2.3: 

Proof: Let M be a 2-purely extending and let a submodule K of M is closed in 
M. Since M is 2-puerly extending R-module, then there exist a 2-pure 
submodule B of M such that K is essential in B, but a submodule K is closed, 
then K=B. Hence K is 2-puer in M. Conversely, a submodule A of M by lemma 
(2.2) there exist a submodule H is closed such that A is essential in H. since H is 

Remarks and Examples 2.4:  
 

 

Proof: An R-module M be a 2-purely extending R-module, assume that 
M=A⨁B. To show that A is 2-purely extending module. Let a submodule K is 
closed in A is 

therefor K is 2- 
pure in M, since K⊆A then by [11] K is 2- pure in A and hence A is 2-purely 
extending module. 

 

 Proof: Since M is uniform 



2172� Z. T. ALZUBIADEY, N. S. AL-MOTHAFAR AND A. A. HASSAN

5. 
called 2 regulars if every submodule of M is 2-pure [11]. 

 

 

Proposition 2.5: Let M be an R-module. If M is 2-purely extending R-module, 
then every 

Proof: A submodule N is closed of M and a submodule A is closed of N, then 
by [1] A is closed in M. But M is 2-purely extending R-module therefor, A is 2-
pure in M since A⊆N then by [6] A is 2-pure in N. 

Proposition 2.6: 

Proof: Let a submodule    of    , since M is 2-purely extending R-module, then 
there exist a 2-pure submodule A of M such that K is essential in A since N⊆K 
and a submodule N is closed in M, then by [10]    is essential in    . But A is 2-

pure in M, so by [8]    is 2-pure in    . 

Proposition 2.7: An R-module a 
submodule N 

Proof: Let A be a closed in N by [1], there exist a submodule B is 
closed in M such that A is essential in B. Since N is essential in N, then A is 

A=A∩N is essential in B∩N⊆N. But a submodule A is closed in N, there for 
A=B∩N, since M is 2-puerly extending R-module and a submodule B is closed 
in M, then by theorem (2.3) B is 2-pure in M and M has 2-PIP so A=B∩N is 2-
pure in M then A=B∩N is 2-pure in M and hence A is 2-pure in N. Hence N is 
2-purely extending R-module. 
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Corollary 2.8: 

Remark 2.9: 

Proof: Suppose that M is not 2-purely extending and let E(M) be the injective 
hull of M and M is essential of E(M). Since E(M) is injective hence by [12] 
E(M) is extending, hence is 2-purely extending. 

Theorem 2.10: 
 
 

Proof: 1→2 By theorem (2.3) 

Lemma 2.11: 
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Proof: Assume that A∩M is essential in K, where a submodule K of M. To 
show that A∩M=K. Assume not and let 0≠k K such that k A. Since A∩M is 
essential in K there exist r R such that 0≠rk A∩M. Hence 2rk  2rE∩A. Since 
A is 2-pure in E then 2rE∩A=2rA and hence 2rk 2rA. Thus 2rk=2ra where a A 
and hence 2r(k-a) =0 thus 2r ann(k-a). Since M is prime then 2r ann(k), which 
is a contradiction.  

Theorem 2.12: 
 
 
 

Proof: 1→2 Is clear by theorem (2.9) 

Corollary 2.13: 

 
 
 

Proposition 3.1: 

Proposition 3.2: 

Proof: In the following short exact sequences:  



2-PURELY EXTENDING MODULES� 2175

  0   A∩M     M      
      0 ……….. (1) 

  0   A+M     M            0 ……..… (2) 

Remark 3.3: 

Corollary 3.4: 

Proof: Where as M is torsion free, then it can be easily checed that the injective 
hull of M is torsion free. Now let A be a summand of E(M). Where as A+M is a 
submodule of E(M), then A+M is torsion free. But R is a a Bezout domain, so 
A+M is a flat R-module and hence by prop. (3.2) M is 2-purely extending.  

Remark 3.5: 

  0 →       
    Z Z 

            
 → 0  

Proposition 3.6: 

Proof: Assume M is 2-purely extending. Whereas Mi is a summand of M, then 
by Remarks and Examples (2.4, 2), Mi is 2-purely extending. 

Remark 3.7: 



2176� Z. T. ALZUBIADEY, N. S. AL-MOTHAFAR AND A. A. HASSAN

Proposition 3.8: 

Proposition 3.9: 
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