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Abstract

Let I' = (V, E) be a graph of order n with V = {1, 2, 3, ..., n} and E [V]. The
antiadjacency matrix of I is an n x n matrix where the jj-entry is 1if ij ¢ E and 0 if otherwise.
An antiadjacency matrix can be seen as the opposite of the adjacency matrix of graphs. In this
paper, we give the spectrum of the antiadjacency matrix of some graph operations, namely,
disjoint union of circulant graphs, Cartesian product of cycle graph and complete graph of
order two, disjoint union of complete graphs, complement of a graph, and join of graphs.
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1. Introduction

Graphs can be represented using various mathematical tools, among which
matrices are particularly useful. Matrix properties, such as eigenvalues, rank, and
determinant, provide insights into the structure of the graph they represent.
Extensive results on this topic can be found in [1-3], and references therein.
Several types of matrices are used to represent graphs, including the adjacency
matrix, Laplacian matrix, Seidel matrix, and distance matrix, each offering unique
insights into different aspects of the graph. In this paper, we focus on the
antiadjacency matrix, a relatively less explored graph matrix.
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We generally refer to [4, 5] for basic definitions in graph theory. We denote
by K, K+, and G, the complete graph of n vertices, the complete bipartite
graph consisting of two partitions with 7 and t elements, and the cycle graph of
n vertices, respectively. For any two integers @ and B where a < f, let
[a,Bli={x €Z:a <x<B}. Let T =(V,E) be a graph of order n with
V =1[1,n]. The degree of a vertex v €V in I' is defined as the number of
vertices in I' adjacentto v. We call T a regular graph of degree p if all vertices
in T' has degree p. The adjacency matrix A(T') = [a;;] of T is a n X n matrix
encoding adjacency relations, that is, a; =1 if i €E and q;; =0 if
otherwise. On the other hand, antiadjacency matrix of T, denoted by B(T') =
[Bij], is a n X n matrix where f;; =1 if ij € E and B;; = 0 if otherwise.
Therefore, B(I') =] — A(T') where ] is the n X n all-ones matrix. While the
adjacency matrix has been extensively studied, the antiadjacency matrix offers a
complementary perspective by capturing the non-adjacency structure of a graph.

Let A be a real symmetric matrix. The spectrum of A, denoted by
Spec(A), is the multiset of eigenvalues of A together with their multiplicity. If
A; and p;, i € [1,s], are the distinct eigenvalues of A and their respective
multiplicities, then the spectrum of A may be written as

spec(A) = {20,242, .., 249}

We may omit the superscript if the multiplicity of an eigenvalue is 1. For a
graph T, we define Spec, (I'): = Spec(A(T)) and Specg(l'): = Spec(B(I)), and
we refer them as the adjacency and antiadjacency spectrum of T, respectively.

Although the adjacency matrix has been extensively studied, research on the
antiadjacency matrix is relatively recent. The first known mention of this concept
appeared in Stanley’s work [6] on counting paths in directed acyclic graphs.
Later, Skandera [7] formally introduced the term ‘antiadjacency matrix’ in the
study of partially ordered sets. Since then, research has extended to other partially
ordered sets [8-10], directed graphs [11-24] and undirected graphs [25-32].
Despite these contributions, many spectral properties of the antiadjacency matrix
remain unexplored, particularly in the context of how graph operations affect its
eigenvalues and determinant. This subtopic has been conducted recently for
several graph operations [33-35].

A square matrix Q is called circulant if the ith row of Q is obtained by
shifting the first row of Q to the right by i — 1 steps. Thus, Q is fully
determined by its first row. A graph T is circulant if we can order its vertices
such that its adjacency matrix A(I") is circulant [2]. Note that a circulant graph
must be regular, and thus a circulant graph contains an isolated vertex, that is, a
vertex of degree 0, if and only if it is isomorphic to K_,,

Graph operations play a crucial role in understanding structural and spectral
properties. One such fundamental operation is the Cartesian product, which
combines two graphs while preserving their local structures. Let Iy and [, be
graphs. The Cartesian product T; X T, has V(I X I) = V(I}) x V(T3), and
two vertices (xq,y;) and (x,,v,) in [} X [, are adjacent if (1) x; = x, and
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v,y, € E(I,) or 2) y; =y, and x;x, € E(T}). Several recent studies have
investigated structural aspects of Cartesian product graphs, including
domination-related parameters [36, 37] and irregularity strength [38]. While these
studies primarily focus on combinatorial properties, we explore the spectral
characteristics of Cartesian products and other graph operations with respect to
the antiadjacency matrix.

We denote by I'; UT, the disjoint union of two disjoint graphs I'; and [.
In general, puI' denotes the graph consisting of u disjoint copies of I'. The
complement T of a graph T is the graph where V() = V(') and E(T) =
{xy:xy & E(T')}. The join I} + T, consists of I} UT, and edges joining each
vertex of I'; and each vertex of T5,.

Despite the growing interest in spectral graph theory, the spectral properties
of the antiadjacency matrix for key graph operations remain largely unexamined.
In this paper, we investigate the antiadjacency matrix spectrum for various graph
families, including circulant graphs, cycle graphs, Cartesian products, disjoint
unions, complements, and joins. In addition to spectral analysis, we also study the
antiadjacency matrix determinant, which is a direct consequence of multiplying
all its eigenvalues.

2. Preliminary Results

First, we give some results on matrix theory. For generalization, we assume
all matrices are over a complex field C. Nevertheless, since we consider only
simple and undirected graphs, their adjacency and antiadjacency matrices are real
and symmetric. For a matrix Q, the notation Q* denotes the conjugate transpose
of Q. In the real case, it is equivalent to the usual transpose of a matrix.

Theorem 2.1: ([39]). If 2,1, and R,, are square matrices, and either 2, or
2, is a zero matrix, then

det [911 912] = det(Q,,)det(2,,).
Q21 Q22

Theorem 2.2: ([39)]). If 2,1, and R,, are square matrices, then
det Q4 912] _ {(det(ﬂn)det(ﬂ22 - Q,,971Q,,), when Qii exists;

Q1 Oz det(Q,,)det(Q;; — 2,,9;7Q,,), when Q5} exists.

Theorem 2.3: ([40]). If 214,215, 2,,,2,, are square matrices and 2,,02,, =

02,,0,,, then

Q1 O

det
921 922

] = det(Q11Qy; — 21,0;).
Theorem 2.4: ([41]). Let 2 is a square matrix. Then A is an eigenvalue of 2 if
and only if det(Al — 2) = 0 which is called the characteristic equation of .

In some literature of graphs and matrices, the equation det(Al — Q) =0
can also be written as det( — AI) = 0 since they are equivalent. So, for the



1632 M. FARHAN, P. JOHN AND D. R. SILABAN

following discussions, we will use det(Q —Al) =0 as the characteristic
equation of Q.

Theorem 2.5: ([39]). If 2 is a n X N matrix with eigenvalues A4, A, ..., A, then
det(Q) = II_, A

We now mention some results on circulant matrices.

Proposition 2.6: ([42]). The eigenvalues of the circulant matrix with the first row
(wg, W1, Wy, ..., wy_1)" are
Xa = Z;}:—; wjfaj!
where & = exp (%) and a € [0, —1].
Throughout this paper, we will use Proposition 2.6 frequently to determine

the eigenvalues of circulant graphs or matrices. Therefore, we will refer the
eigenvalues y, of a circulant matrix in Proposition 2.6 as circulant eigenvalues.

Lemma 2.7: ([42]). Let 0 = 2 and a be integers, and let § = exp (). Then

n-1 aj _ 0, if ndoes not divide «;
S g =

n, otherwise

Theorem 2.8: ([43]). Let 2 and A be two circulant matrices. Then
1. QA = AQ and QA is also circulant, and
2. Q+ A isalso circulant.

Now we give the definition and properties of the Kronecker product of two
matrices. Let Q = [a)ij] and A be a X f and y X § matrices, respectively. The
Kronecker product @ @ A of Q and A is defined as the partitioned matrix

wllA wle b (A)lnA
QRA = 51’21A fUzzA fUznA '
WA WA WA

The matrix Q @ A has the size ay X 6 that contains aff blocks with the
(i, j)th block is the matrix w;;A with the size y X § [44].

Theorem 2.9: ([44]). Let 2 and A be two matrices with size m X m and
n Xn, respectively. If A; and x;, i € [1,m], are the eigenvalues and their
corresponding eigenvector of 2, and p; and yj, j € [1,n], are the eigenvalues
and their corresponding eigenvector of A, then 2 @ A has eigenvalues A;u;
with corresponding eigenvectors x; @ y;.

Finally, we give some known results on the adjacency matrix of some graph
classes.
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Theorem 2.10: ([1]). For every positive integers 1 and T,
1. Speca(K,) = {n — 1, (=)}, and

2. Speca(Ky ) = {+/n7, 001772},

Theorem 2.11: ([45]). For every integer n = 3,
0, 71 =0(mod4);
det(A(C,)) =42, 1 =13 (mod4);
—4, n =2 (mod4).

3. Antiadjacency Spectrum of Circulant Graphs and Their Disjoint Union

We now discuss the antiadjacency spectrum of a circulant graph and two
copies of a circulant graph. First, we give a relation between the adjacency and
antiadjacency spectrums of a circulant graph in the form of circulant eigenvalues.

Theorem 3.1: Let I' be a circulant graph of order n and degree p. If the
circulant eigenvalues of A(I') are x,, a € [0,n —1], then the circulant
eigenvalues of B(I') are

,_{n—p. a=0;
Xa = —Xa» @ €[1,n-—1].

Proof: Suppose that the first row of the circulant matrix A(T) is
(wg, W1, «.., Wy_1)", s0 the first row of the circulant matrix B(T') is (1 — w,, 1 —

w4, ...,1 — w,_1)". By Proposition 2.6, we have y, = 27;3 a)jf“j and
Xe =Yg (1—w)EY = Y170 &9 = Y170 w;§¥ = $17) 9 — x4
We know the values of Z;’:—é &% by Lemma 2.7, and y, = p, hence the
result follows.

Corollary 3.2: Let " # K_n be a circulant graph of order n and degree p. Then
det(B(I) = (—1)"—1?det(A(r)).

Proof: Suppose that the circulant eigenvalues of A(I") are x,, a € [0,n — 1].
Note that p > 0 since I' # K_n Theorems 3.1 and 3.2 imply
det(B(D)) = ITig 2 = (-1 (0 = P, 2o = CU TR 1
= (—1)n—1?det(A(r)).

Next, we discuss the antiadjacency spectrum of two copies of circulant
graphs. For that, we need the following lemmas.

Lemma 3.3: Let ], be the n X 1 all-ones matrix. Then Spec(J,) = {n, 0@~ D},
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Proof: Observe that ], is circulant with the first row (1,1,...,1)". Then by
Proposition 2.6, the eigenvalues of J, are y, = 27;3 &% for a € [0,n — 1].
Since 7 divides @ when @ = 0 and 7 does not divide « when « € [1, — 1],
then by Lemma 2.7, the circulant eigenvalues of J,, are

_yn-1 zaj _ {11 a=0;
Xa=Zjz & {0, a€l,n—-1].

Lemma 3.4: If 2 and A are two n X1 circulant matrices with circulant
eigenvalues A, and u,, a € [0, — 1], respectively, then the eigenvalues of the
matrix Il where

@ A
1-l_[A Q
are Aq * pg forall a € [0,n —1].

Proof: Let A be an eigenvalue of II, so det(Il — Al,,) = 0 by Theorem 2.4.
Observe that
- a1 Q- A
— e = [A Q- ,11,,]'

Since Q, A, and I, are circulant, the matrix Q — /11,1 is also circulant by
Theorem 2.8 (2), and (@ — AI,))A = A(Q — 4I,)) by Theorem 2.8 (1). Thus, by
Theorem 2.3, we have

det(IT — Al,,) = det((Q — AL)* — A?)
= det((@ — I, + A)(Q — AL, — A))
= det(Q + A — AL,))det(Q — A — AL,).

Observe that det(Il — Al,,) = 0 if and only if det(2 + A — AL,) = 0 or
det(Q — A — AI,)) = 0. This implies that Spec(IT) = Spec( + A) U Spec(Q —
A).

) Let the first rows of Q and A are (wy, wq, ...,wn_l)* and
(80,61, ., 65-1)" , respectively. Then by Proposition 2.6, the circulant
eigenvalues of Q and A are 1, = Z’}:—é w;€% and p, = Z;’;& 589, ae
[0,n — 1], respectively. Since @ and A are circulant, by Theorem 2.8 (2),
Q+ A and Q@ — A are also circulant with the first rows (wq + &g, ..., Wp—1 +
0y-1)" and (wg — &g, .., Wy_1 — 6;—1)" , respectively. Let ¥t and yg,
a € [0,n — 1], be the circulant eigenvalues of @ + A and Q — A, respectively.
Then

Xa =302 (@ +8)EY = X120 w89 + T12) 8,89 = Ao + g
and
Xa =210y (@ — 8)EY = ¥120 w;g — $10 5,89 = Ay — g
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Therefore, the eigenvalues of II are the union of all Y/ and y, that is,
Aq £ 1,y forall @ € [0, —1].

Theorem 3.5: Let I' be a circulant graph of order n and degree p. If the
circulant eigenvalues of A(I') are xq, a € [0, — 1], then

Specg(2l) = {2 — p, —p} U {(—xa)@: a € [1,7 — 1]}.

Proof: Let ], be the n X n all-ones matrix. We know that B(T') and J,, are
circulant matrices. Suppose that the circulant eigenvalues of B(TI") are 1, = x,,
for a € [0,n — 1] according to Theorem 3.1. By Lemma 3.3, the circulant
eigenvalues of J,, are

_ {71, a=0
Ha =0, ae[1,n-1]
Then, by Lemma 3.4, the eigenvalues of

B(T
w20 )

are g X pg. For a =0, Aot po=xotn=m—-p)tn=2n—p and —p
with multiplicity 1 each by Theorem 3.1, and foreach a € [1,7 — 1], A, + pg =
Xar £ 0 = Xo0r = —xo with multiplicity 2 since —y, holds for both A, + u,
and 1, — U,

From Theorems 3.5 and 2.5, we obtain Corollary 3.6.

Corollary 3.6: Let I' be a circulant graph of order n and degree p. Then
det(B(2I)) = (" ”) 7 (det(B(D)))?.

4. Antiadjacency Spectrum of Cycle Graphs and Their Disjoint Union

We now discuss the antiadjacency spectrum of cycle graphs and their
disjoint union using the fact that cycle graphs are circulant. The following
theorem gives the antiadjacency spectrum of a cycle graph as a subclass of a
circulant graph whose spectrum has been discussed in the previous section. Note
that this is a general result of the spectrum of B(C;) which was previously
discussed by Alyani in [30]. She proved that the antiadjacency spectrum of the
cycle graph C, contains n — 2 for odd n and {2,n — 2} for even 7.

Lemma 4.1: For every integer 1 = 3, the circulant eigenvalues of A(Cy) are
L= 2cos(2%“) for a € [0,n —1].

Proof: Since A(Cy) is circulant with first row (wg, W1, Wy, .., Wp_1)" =
(0,1,0,..,0,1)" , then the circulant eigenvalues of A((C,) are x,

Z" o WY =¢§v 4 &M 1)"‘—2cos( )forae[On—l]
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Theorem 4.2: For every integer 1 = 3, the circulant eigenvalues of B(C,)) are
n-—2, a=0;
Xa = —2cos (27‘[_0()’ a€[l,n-1]
n

Proof: The result follows from Lemma 4.1 and Theorem 3.1.

Corollary 4.3: For every integer n = 3,
0, 1n = 0 (mod 4);
det(B(C,)) ={n—2, n = 1,3 (mod 4);
2(n—2), n=2(mod4).
Next, we give an identity that is useful in the following sections. This
identity can be proved by utilizing previous results and can also be found in [46,

47]. We also give another proof in Appendix A by using several calculus
observations.

Corollary 4.4: For every integer n = 2,

0, n = 0 (mod 4);
1
M2 cos(29) = {1 =13 (mod ),
1
=7 n = 2 (mod 4).

Proof: The formula is true for n = 2. Now assume that 1 = 3. By using
Theorem 2.5 on the eigenvalues of B(C;) in Theorem 4.2, we have

det(B(C,)) = TT12h Xer = (0 — 2)(=2" T} cos (229),

and by matching this formula with Corollary 4.3, we obtain the result.

Next, we present the antiadjacency spectrum of two copies of C,. From
Theorems 3.5 and 4.2, we obtain Theorem 4.5.

Theorem 4.5: For every integer n = 3,

Specg(2C,) = {2n —2,-2} U {(—2cos(2na/n))(2): a€[ln- 1]}.
From Theorem 2.11 and Corollary 3.6, we obtain Corollary 4.6

Corollary 4.6: For every integer n = 3,
0, n = 0 (mod 4);
det(B(2C,)) ={(-H(—1), n=13(mod4);
(-16)(n —1), n =2 (mod4).
Next, as a generalization of Corollary 4.6, we discuss the determinant of the

antiadjacency matrix of the disjoint union of two cycle graphs with different
orders.
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Theorem 4.7: Let n and t be positive integers with n,t =3, and
n 2 0(mod4) or t = 0(mod4). Then

0, 1 = 0(mod 4) or T = 0 (mod 4);
(=2)(n+7-2), n,7=13(mod4);

(—4)(n+71—-2), n,7v=0(mod4)andn = 1(mod 4);
(-8)(m+7t—2), n,7=2(mod4).

det(B(C, U C,)) =

Proof: We may write the antiadjacency matrix of C, U C; as
B(Cy) Jyxe ]
Joop  B(CO]

To use Theorem 2.2, it must be the case that B(C,)™" or B(C;)™" exists,
which Corollary 4.3 implies that 7 Z 0(mod4) or T = 0(mod4). Suppose first
that n = 0(mod4), so B(Cn)_1 exists by Corollary 4.3. From Theorem 4.2, it
can be easily confirmed that n — 2 is an eigenvalue of B((;) with eigenvector
e, where e, is the n X 1 all-ones vector. Then B(C,)e, = (n — 2)e,, implies

B(C,)'e, = n%ze,,. Observe that

JoxnB(Cp) s = (Joxn)B(Cp) ™ (ey€7)
= (lrxn)(B(Cn)_len)e;

=] (—1 e )e*
> \p—2 1) T

1
= nTZ lrxn (en er)

B(C,UC,) =

_ 1 _ .1
= nTZ]TXn]nXT = nTZ]zxr-

Then, by Theorem 2.2 and the above calculation, we have
det(B(Cy, U C;)) = det(B(C,))det(B(C;) — JoxnB(Cy) ™ ypxr)
= det(B(Cn))det(B(Cr) = 0)xr)

where o =n/(n—2) . Since B(C;) is circulant with the first row
(1,0,1,1,...,1,0)*, then B(C;) — 0J.x; is also circulant with the first row
(wg, w1, oy 1) ' =(1-0,-0,1-0,1-0,..,1—0,—0)". Proposition 2.6
implies that the circulant eigenvalues of B(C;) — a],«; are
Xa =X 0§ =(1-0) = 08" + (1 - 0) X5 &Y —agF e
=1 -0)(Zj=0 ¢Y) - E* +£079

for @ € [0,7 — 1]. Since 7 divides 0, then by Lemma 2.7, o, = t(1 — o) — 2,
and for @ € [1,7 — 1], since 7 does not divide a, then y, = (1 —0)(0) —
(E* 4+ &% = —2cos (mTa) Then the circulant eigenvalues of B(C;) — 0).x¢
are
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(l-0)—-2, a=0;
X {—ZCOS (Z%a), a€[l,7-1].
Theorem 2.5 implies
det(B(C,) — 0hxr) = [152h e = (2(1 = 0) = 2)(=2)** [T52} cos (%)
= (=2)° ("H 2) T % cos (2:(1).

By Corollary 4.3 and Corollary 4.4, there are six cases for 1 and 7.

Case 1: If n = 1,3 (mod 4) and 7 = 0 (mod 4), then
det(B(C, U C) = (n - @) (B57) (0) = 0.

Case 2: If n = 1,3 (mod 4) and 7 = 1,3 (mod 4), then
det(B(C, U €)= (0 = (=29 (B52) (55) = -2 +7 - 2.

Case3:If n = 1,3 (mod 4) and 7 = 2 (mod 4), then
det(B(C, U €)) = (0 = @) (B7) (—5) = (D0 +7 - 2).

Case 4: If n = 2(mod 4) and T = 0(mod 4), then
det(B(C, U €)) = 201 - 2)(2) (557) (@) = 0.

Case 5: If n = 2(mod 4) and t = 1,3(mod 4), then

det(B(C, U C,)) = 2(n — 2)(~27) (%) (%)=(—4)(n+r—2).

Case 6: If n = 2(mod 4) and T = 2(mod 4), then
det(B(C, U €)) = 200 =22 (B57) (—755) = -®)(n + 7 - 2).

Now, we consider the case where T Z 0(mod 4). With similar arguments
from the case 1 = 0(mod 4), we have

= — n+T=2) -1 2na
det(B(C, U C)) = det(B(C.))(=2)" (L-22) T2} cos - )
and we obtain two additional cases as follows.
Case 7: If n = 0(mod 4) and 7 = 1, 3(mod 4), then
det(B(C, U C,)) = ( — 2)(2") (Z=2) (0) = 0.

Case 8: If n = 0(mod 4) and 7 = 2(mod 4), then
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det(B(C, U C,)) = 2(z - 2)(2") (L52) (0) = 0.

The formula in Theorem 4.7 is summarized into Table 1. Note that we have
not found the result for the case 7 = 0(mod 4) and 7 = 0(mod 4) since if these
conditions hold, then B(C,)™" and B(C;)~" do not exist by Corollary 4.3, so
Theorem 2.2 cannot be used to find det(B(C,, U C7)).

Table 1
Determinant of B(C, U C;)
det(B(C, U Cy)) 7= 0 (mod 4) T=1,3 (mod4) 7 =2 (mod4)
1 = 0 (mod 4) ? 0 0
1n = 1,3 (mod 4) 0 (=2)n+t-2) Hn+t-2)
1 = 2 (mod 4) 0 (—-4(n+t-2) (=8)(n+t-2)

5. Antiadjacency Spectrum of C,, X K,

We now discuss the antiadjacency spectrum of C, X K,. For that, we need
the following lemma.

Lemma 5.1: For every integer ) = 1, the circulant eigenvalues of A(Ky) are
_ {17 -1, a=0;
Xa =1-1, ae[Ln-1].
Proof: Observe that A(K,) is a n Xn circulant matrix with the first row
(wg, 1, oy wy_1)* = (0,1,1,...,1)" . Then, by Proposition 2.6, A(K,) has
eigenvalues
Z] 0 w]fa] 27 1156” (Z gaj) -1
for a € [O,r) —1]. By Lemma 2.7, yo =n —1 since n divides 0, and for
a € [1,n — 1], n does not divide a,s0 y, =0—1=—1.

Theorem 5.2: For every integer n = 3,
Specy(C, X K;) = {2 - 3,-1} U {- 2cos( )t 1aeLn-1]}

Proof: Observe that

B(C, X K;) = [B(C") A(K")]

A(Ky) B(C)[
By Theorem 4.2, the circulant eigenvalues of B(C;)) are
{n -2, a=0;
Aa = 2
2cos( , ), a€[l,n—-1]
and by Lemma 5.1, the circulant eigenvalues of A(K;) are

n—1 a=0;
Ha={_1'

a€[l,n-1]
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Then, by Lemma 3.4, the eigenvalues of B(C, X K;) are 4, + p, for
a€[0,n—1]. For a=0, we have Ayt uo=mn—-2)x(m—-1)=02n-
3),—1, and for a € [1,n—1], we have A, + p, = —2cos (ZET‘X) +(-1)=

—2cos (27;—“) + 1. This completes the proof.

Corollary 5.3: For every integer 1 = 3,

2nta

det(B(Cy X K;)) = (=1)(2n = 3) T2, (4cos? (2%) - 1),
Proof: This follows directly from Theorem 5.2 and Theorem 2.5.

6. Antiadjacency Spectrum of Complete Graphs and Their Disjoint Union
We now discuss the antiadjacency spectrum of complete graphs and their
disjoint union using the concept of Kronecker product and its eigenvalues. Alyani
[30] found the antiadjacency spectrum of the complete graph K, for n =4 in
Theorem 6.1, which follows immediately from the fact that B(K;) = L,,.

Theorem 6.1: ([30]). For every integer n = 1, Specg(K,) = {1}.

It is a direct consequence, using Theorem 2.5, that det(B(K,,)) = 1, aresult
given by Irawan and Sugeng in [27]. Next, we give the antiadjacency spectrum of
the disjoint union of complete graphs. For that, we need the following obvious
Lemma.

Lemma 6.2: Let A be a square matrix and I be the identity matrix of the same
size as A. Then Spec(A+1) = {A+ 1: 1 € Spec(4)}.

Proof: Note that det(A—Al) =det((A+I)—(A+ 1I). It is clear that
det(A — AI) = 0 ifand only if det((A +I) — (1 + 1)I) = 0. Then, by Theorem
2.4, A is an eigenvalue of A if and only if A+ 1 is an eigenvalue of A + 1.
Consequently, this preserves the multiplicities, and the assertion follows.

Theorem 6.3: For every positive integers 1 and [,
Specg(uky,) = {n(u — 1) + 1,1¢@=1), (—(n — 1))#-}.

Proof: Let I,, be the n X n identity matrix, and let J,, be the n X n all-ones
matrix. Since B(K,) = I, we may write the antiadjacency matrix of uK, as

M Jn Jno o I

Iln L I - ]nl

B(uKn>=iln by L - Ini=A<Ku>®ln+lun-

l]r; ir) ir) InJ
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Applying Theorem 2.9 on Speca(K,) in Theorem 2.10 and Spec(J,) in
Lemma 3.3 gives

Spec(A(K,) ®J,) = {n(u — 1), 000~ (—p) @1},
and applying Lemma 6.2 gives
SpecB(yKn) = Spec(A(Ku) X ), + Iun) =
(e = 1) + 1,160, (—( - 1))},

Corollary 6.4: For every positive integers 1 and U,
det(B(uKy)) = (-D* ' — D*'((u — D + ).

Finally, we give the antiadjacency spectrum of disjoint union of two
complete graphs with different orders.

Theorem 6.5: For every positive integers 11 and T,
Specg(K, UK;) = {1+ /nr, 10172}

Proof: Observe that B(K,,) = I,, and B(K;) = I;. Then

B(K, UK,) = B(Ky) Tyxe | _ [ln IT,XT] _ [0 lm] N [I,, 0]
]rxn B(K,) Joxyn It ]txn 0 0 I,
= A(Kn,r) + In+r
where ]y, is the 7 X T all-ones matrix and O is the zero matrix. Theorem 2.10
implies that Speca (K, ;) = {i\/rf, 0(*7=2)} The result follows by Lemma 6.2.
From Theorem 6.5, we obtain Corollary 6.6 which gives the determinant of
B(K; U K;). This result was discussed by Edwina and Sugeng in [32] for n,7 > 2

by using Theorem 2.2. Here, we give another proof of this result by using
Theorem 2.5 for n,7 > 1.

Corollary 6.6: ([32]). For every positive integers n and T,
det(B(K, UK;)) = —(nt — 1).

Proof: We have det(B(K, UK,;)) = (1+/n)(1 - /n)(1)"*" 2 = —(n7 —
1) by Theorem 6.5 and Theorem 2.5.

7. Antiadjacency Spectrum of the Complement and Join of Graphs

In this final section, we present direct results on the antiadjacency spectrum
of two graph operations: complement and join. The first result gives the relation
between the adjacency spectrum of a graph and the antiadjacency spectrum of its
complement.

Theorem 7.1: For every graph T,
Specg(T) = {1+ 1:1 € Spec,(I)}.
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Proof: Since B(T) = A(T) + I, the result follows by Lemma 6.2.

The following theorem gives the determinant and spectrum of the
antiadjacency matrix of graph joins. The determinant part was previously proved
by Irawan and Sugeng in [27].

Theorem 7.2: Let I; and I, be two disjoint graphs. Then
Specg (I} + I,) = Specg(I}) U Specg(I;) and det(B(T; + I,))
= det(B(T;))det(B(I).

Proof: Suppose that |[V([;)| =n and |V ([;)| = 7. Let I, be the T X T identity
matrix. Observe that

B(I, + ) = g(n) 1(3)(F2)] = B(I} + 1) — ALy,
B -aL, 0
- [o B(I,) — /HT]'

By Theorem 2.1, we have det(B(I; + I,)) = det(B(I;))det(B(I;)) and
det(B(T; + I;) — AL, ,;) = det(B(I}) — AL, )det(B(I;) — AL;). It is clear that
det(B(I'; + I) — Al,,;) =0 if and only if det(B(I}) — AL,)det(B(I;) —
Al) =0 if and only if det(B(Iy) —Al,) =0 or det(B(I;) —4l;) =0.
Therefore, by Theorem 2.4, the eigenvalues of B(I'; + I3,) are the union of the
eigenvalues of B(I}) and B(T,). This completes the proof.

Note that the wheel graph W, = C,_; + K;, complete bipartite graph
K,n= K_u + K_,,, star graph S, = m + K3, and friendship graph F, = nK, +
K, are some classes of graphs formed by the join of two disjoint graphs. The
spectrum and determinant of these graphs can be obtained by using Theorem 7.2
and results from previous discussions. Some research has given the antiadjacency
spectrum of the aforementioned graph classes. Alyani [30] found the spectrum of
B(K, ) and B(S,), and Poniam [31] found the spectrum of B(F,). Irawan and
Sugeng [27] determined the characteristic polynomial, hence we can obtain the
spectrum, of the antiadjacency matrix of the complete bipartite graph and
friendship graph.
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Appendix A

In this appendix, we provide an alternative proof of Corollary 4.4 using
calculus observations for the possibility of its application in subjects other than
graph theory. We may now restate the corollary as a theorem.
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Theorem: For every integer 1 = 2,

0, n = 0 (mod 4);
1 = .
Hz;i cos (2%01) ={Zn1’ n = 1,3 (mod 4);
1
— iz n = 2 (mod 4).

Proof: There are three cases for 7.

Case 1: If n =0 (mod4), then there exists a = % € [1,n — 1] such that
cos(zn—a) = 0, and the result follows.

Case 2: Suppose that 7 is odd. Let

c:=1I1_3 cos( na) and S: = [TI} sin (ZHT‘Z) (1)
Observe that,
cs = (122 cos (29)) (1222 sn (229))
= ]‘[" 1 sm( na) cos (Zﬂ) @)

= 21,—_1 H ZSln (27:1) cos (2%)

1 n-1 _. 4Tt
= 1 simm{—J.
n

Consider H 1 sin (4”7“) Since n is odd and n—1 is even, then

]—Ia 1 sin ( na) may be written as a product of two factors as follows:

n-1
ana 4mp 4nq
Ha15m(n)=< plsln( ))(Hn n+1sm(n)>. 3)
Consider the first factor on the right hand side of Equation 3. We define a
new index «:= 2p. Then the indices p = 1,2,3, ,"2;1 are changed into
a = 24,6, ..,n— 1, and hence we can write this factor as
-1 n-1

2 i (AP _ 12 i (272D . (2ma
et sm( - ) =I1,%, sin (—n ) = Hﬁﬁﬁ; sm( ; ) )
Now consider the second factor on the right hand side of Equation 3. We

define a new index a:= 2q —nq = (a +n)/2. Recall that for every x € R,
sin(2m + x) = sin(x). Then

sin (4%‘]) = sin (M) = sin (@) = sin (Zn + mTa) = sin (znTa)
17+1 17+1

and the indices q = 2 +1, n+1+2 .,n—1 are changed into a =

1,3,5,...,n1 — 2, and hence we can wrlte this factor as
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HZ ,17“ sin (47](1) [Tisasy-1 sin (21:]“). (5

2 a is odd

By substituting Equations 4 and 5 to Equation 3, we have

[Tz sin (%) = (Hls_asn_l sin (“;-“)) <n1<a<,, S sin (27;“)>

a iseven a isodd

_ -1 .. (21
= [l =7 sin =S

and hence
4T
Ha15m(n)—5- (6)
Substituting Equation 6 to Equation 2 gives
1
CS=5=S. (7)

. -1 . (2
Consider S:= ]_[Zzi sin (?) Observe that the only number a € R,
s . (2 . . .
1< a<n-—1, satisfying sin (%) =0is a= g However, since 1 is odd,
then « =gEZ, hence no index ¢ €Z, 1<a<n-—1, exists such that

sin (27;‘1) = 0. So S # 0, and from Equation 7, we have

1
2n-1"
Therefore, we have proved that if n = 1 (mod 4) or n = 3 (mod 4), then

Hn oS (Zna) 1
1 7  on-1°

Case 3: Suppose that n = 2 (mod 4). Then n = 4k + 2 for some k € Z. Note
that n = 4k + Zg = 2k + 1. It means that g is odd and g — 1 is even. First, for
n = 2, we have

C =

1

|} cos( - ) =cos(m) = -1 =——=.
Now let us assume that > 2. Observe that

M2 cos(55) = (o) (M cos (359 (M4, eos (59

Consider the last factor, which is HZ:’17+1 cos ( - ) We define a new index
2

B:=«a —ga = +g. Then the indices a =§+ 1,g+ 2,g+ 3,..,n—1 are
changed into § = 1,2,3, ,g — 1. Since cos(x + m) = —cos(x) for all x € R,
we have
2ma\ _ o (2n(Bn/2)) _ 2mpY _ o (2mB
cos( . )—cos( ; )—cos(n+ . )— cos( . )

Then we have
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2 on () = o (15 con(59) (15 - o (59)
- (M e ()
- 0! (T2 cos (2
- (—1)( ! s (2%))2.

Now let
c:=1I1_3 cos( na) and S: = g , sin (27;“).

From previous results, we have

n_
2" sin (=) = (—1)'5 S ®)
Observe that

%.,_:11 sin (4%) = ( :,/El_l sm( )) <H2 nzt, ,sin (4nq)> ©9)

2
Consider the first factor H sm( ; ) We define a new index a: = 2p.

Then the indices p = 1, 2,3, ..., n 2 are changed into a = 2 4,6, ...,—— 1 and
n—z n-2
AP\ _ 11 2 . 2n(2p)\ _ 2
P 1 Sm( n ) p=1 Sm( n ) - H1sasg—1 Sm( n ) (10)

a is even
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Now consider the second factor H ,,+2 sm( ; ) Again we let a: = 2q —

n 2a+n

2> and ¢q == Then the indices q—n+2 2,2

+2,...,ﬂ—1 are
4 2

changed into a = 1,3,5,...,;—2. Note that there are % indices. Since

sin(x + ) = —sin(x) for all x € R, we have

n_, o 411(2‘”")
2 ay _ ; 4
Hq:4 sm(n) —Hlsasg_lsm<

n

a is odd

_ l—[ . 2na+nm
~ Hica<d1 sin n

a is odd

n-2 Ta
=(—1)+ H1sasg—1 sm( ; )
a is odd

Then we have

11 . (4mq n-2 2na
HZJTH sin (T) =(-1)= H1sasg—1 sm( ; ) (11)
a is odd

Substituting Equations 10 and 11 to Equation 9 implies

n

1 ana /2=t 41 41
2 ; — 2 D 2 : q
o sm( m ) =IL,2 sm( ) ||q n/z L, sm( , )

2ma n=2 . (2ma
= H1<a<’7 ) sm( ” ) (1) = H1<asg_1 sin (T)

ais even a is odd

12 2na . 2nta
=1+ Hlsasg—l sm( n ) Hlsasg—l sin (T)
a is even a is odd
—-—1
= ( 1) 4 2 sin (271_!1)
n
= (-1)'7s.

So we have proved that Equation 8 is true, and hence
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2
n
1 51 ATt
CS? = ——|(]J2_, sin (—)
21n-2 a=1 n

= — 5 (DT 5)?

2n-2

n
= — 5 (-1
=——— 52

2m-2

Observe that S # 0 since none of the indices a = 1,2,3, ,g — 1 implies

sin (ZHT“) = 0 Then, we have
1
C = — 217—_2
Therefore, we have proved that if n = 2 (mod 4), then
-1 2na 1
Mo cos () = — 55
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