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Abstract

The Sierpifiki network S(p, q) is a hierarchical, self-similar structure with broad
applications in multiprocessor interconnection and VLSI design. In this work, we study its
enhanced variant, 5™ (p, q) for p 2 2, g 2 3, focusing on the problem of minimum wirelength
embedding into windmill and necklace graphs. These results offer practical advances for
hierarchical network layout, contributing to the design of scalable and low-latency parallel
computing architectures.

Subject Classification: 05C10, 05C60, 05C62, 05C75.

Keywords: Embedding, Wirelength, Extended Sierpiriski network S™ (p, q), Windmill, Necklace
graph.

1. Introduction

In parallel computing environments, interconnection networks are
fundamental as they facilitate communication between processors and links.
These systems are often effectively represented using graph structures.
Optimizing such networks contributes significantly to improving data flow
efficiency, minimizing delay, and enhancing overall performance. Graph
embedding is a key approach in this domain, wherein a guest graph is mapped
onto a host graph in a way that retains both topological and performance features.
This technique is critical in numerous applications such as VLSI physical layout
design, parallel processing systems, distributed computing, and biological
modeling [1, 2].

A central metric in graph embedding is wirelength, which measures the
total communication cost in the host graph. Minimizing wirelength directly
impacts circuit design, especially in VLSI and interconnection networks. This
leads to the edge isoperimetric problem (EIP), an NP-complete problem with rich
theoretical and practical implications [3]. The EIP arises in scenarios such as
graph partitioning, minimum cut analysis, and layout optimization. Prior studies
have explored minimum wirelength embeddings for classical network topologies
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including hypercubes, circulant networks, and various tree-based and multipartite
structures [4].

Among emerging models, the extended Sierpinski network S**(p,q),p =
2, q = 3 stands out for its hierarchical structure, recursive construction, and
favorable properties such as low diameter, fault tolerance, and efficient routing
[5]. Inspired by puzzles like the Towers of Hanoi, these graphs have attracted
attention in both theoretical graph theory and applied computer science due to
their scalability and structural elegance [6]. They are particularly promising for
designing modular, robust interconnection schemes in parallel and distributed
systems [7].

This paper investigates the minimum wirelength embedding of S**(p, q)
into key host graphs specifically, windmill and necklace graphs. These host
structures are significant in the context of fault-tolerant routing and Hamiltonian
resilience, with direct implications for layout design in hardware systems. Section
2 outlines preliminary definitions and the topological features of S**(p,q).
Section 3 presents minimum wirelength embedding results into windmill and
necklace graphs. Sections 4 and 5 discuss time complexity analysis findings and
propose directions for future research.

2. Basic Concepts

We now outline some basic terminology and notation that will be used in the
sequel. Each concept is given formally and followed by a short explanation.

Definition 2.1: [1] Consider a graph G = (V,E) and fix an integer [ with
1 <! < |V|. The maximum subgraph problem (MSP) consists of finding an
[-vertex subset M S V such that the induced subgraph G[M] contains as many
edges as possible. The optimal value is written as

I;() =max{ |E(GIMD|:M S V,|M| =1}.
In simple terms, I; (1) tells us how many edges the densest subgraph of size
[ can have.

Definition 2.2: [8] An embedding of a graph G into another graph H is a
one-to-one mapping ¢:V(G) — V(H) such that each edge of G is represented
by a path in H connecting the images of its endpoints. This ensures that vertices
remain distinct and the adjacency structure is preserved through the paths.

Definition 2.3: [8] Suppose ¢: G — H is an embedding and let e € E(H). The

congestion of e under ¢ is the number of edges of G whose image paths make

use of e. If P,(e") denotes the path in H representing an edge e’ € E(G), then
C,(G H(e)) =|{e' € E(G):e € P,(eN) }.

In other words, congestion measures the load carried by an edge of H when
simulating G inside it.
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Definition 2.4: [9] For an embedding ¢: G — H, the wirelength is the total sum
of all edge congestions:

WLy (G, H) = Yeery Cp(G, H(e)).
The minimum wirelength is obtained by minimizing over all embeddings:
WL(G,H) = minWL, (G, H).
®

This value expresses how efficiently G can be arranged inside H with
respect to edge usage.

Lemma 2.5: [10] Consider an edge cut S © E(H) separates H into two
components H* and H?. Let G’ = G[o~*(V(H’))] for j = 1,2, and assume:

. Each edge between vertices in G/ has no edge in S.

»  Each edge between vertices in G' and G* use exactly one edge firom S.

. V(G’) are optimal subsets.
Then,

Cy(S) = Laev(e dege(a) = 2|E(GY)| = Lqev(e2) dege(a) — 2|E(G?)].

Lemma 2.6: [8] Let ¢:G = H be an embedding, and let [tE(H)] denote the
multiset where each edge appears t times. Let {S,: 1 <y < k} be a partition of
[tE(H)], with each S,, satisfying the Lemma 2.5. Then,

WL(G, H) = 2X5-1 Co(Sy),

where C,(S,) = Zeesy Cy (G, H(e)).

Extended Sierpinski Network S*™*(p,q) : Sierpinski network are
recursive, self-similar structures with significant applications in discrete
mathematics, parallel computing, and network design. Inspired by the Sierpinski
triangle, the classical form S(p, q), introduced by Klavzar and Milutinovi¢, in
Figure 1 offers symmetry, scalability, and hierarchical organization, making it
suitable for interconnection networks.

To improve robustness and connectivity, Klavzar and Mohar [12] proposed
the extended Sierpinski network S**(p,q), which augments S(p,q) with
additional edges, see Figure 2. This enhanced topology supports efficient
communication and fault tolerance, making S**(p,q) well-suited for VLSI
systems and distributed architectures.

Definition 2.1.1: [13] Let p,q € N with p > 1, g > 1. The vertex set of
generalized Sierpiniski network S(p,q) is V(S(p,q)) ={0,1,...,q — 1}?, ie.,
all p -tuples over the alphabet {0,1,..,q —1}. Vertices (ay,...,a,) and
(b1, ...,bp) are connected if 3 an index t € {1, ..., p} such that:

l. a=bVit>I,

2. a; # by,

3. a=by, bj=a;, V<.
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Figure 1
Sierpinski networks

Definition 2.1.2: [5] The extended Sierpinski network S**(p, q) is constructed
by augmenting S(p, q) with additional vertices and edges as follows:

© VST @) =q°ufgslseqP™},  where  qP ={(ay,..,ap)la; €
{0, ...,q — 1}} and gs denotes the concatenation of q and a (p — 1)-tuple
s € qPL.
— == p-1 D=1 DI
EST @) = ES.an v{@ aiE B e (1) vt mie
{0, ...,q — 1}}.

1 1 4 13 16
3 2 3 + 15
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Figure 2

Extended Sierpinski networks

3. Main Results

To determine the optimal wirelength necessary to embed the extended
Sierpiski network S**(p, q) into graph structures such as windmill and necklace
graphs, we explore its influence on distributed algorithms. Efficient embeddings
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play a vital role by minimizing communication overhead between nodes. This
leads to lower latency and better overall performance. With well-optimized
embeddings, we can achieve faster message passing and reduced consumption of
system resources in distributed environments.

In this study, we conduct a detailed investigation to compute the exact
wirelength necessary for embedding S**(p,q) into structured graphs like
windmill and necklace configurations. This analysis plays a key role in
understanding how to minimize inter-node communication costs in distributed
systems. Ultimately, such optimizations contribute to better algorithmic
performance and more efficient resource allocation.

Theorem 3.1: [13] For all values of p and q, the set of initial l-segments in the
lexicographic sequence yields an optimal embedding for S(p, q).

Theorem 3.2: [11] Let G be S**(p,q) and let | be an integer that satisfies
1<1<qP+qP L Forany subset M € {0,1, ...,q° + qP~* — 1} with |M| = |,
the induced subgraph G[M] reaches its optimum edges when M = {0,1, ...,1 —
1}.

Theorem 3.3: [11] For | =¥, a;q’ with a; € {0,1,...,q — 1}, we set, for
j=12,..,t
. -1 @j- i 1 i
p; = min {aj, [h}‘,{ﬂ} al-qll};ll =-Yj=o0 a(qg* —q+a—1)+ 35, B
Then
(A if 1515qp+ﬁ(qv-1—1)

A+t if qP+——(qP1-1)+1<l<q’+
le(®) = t+1 -
qu(qp_l —1),1 <t Sq—Z

Ul+q—1 if l=qP+qP1.

3.1 Circular Necklace Graph

Let K441 be the complete graph with q + 1 vertices, say vy, vy, ..., Vgiq
and K, be a complete graph with t, vertices, where 1 <y < q + 1. Define
t, = gqP~! for all 1<y <q+1, such that KCI+1&J;¥/:1Kfy shares a common

vertex v,,. The resulting graph is called the circular necklace graph and is denoted
by CN(Kqy1) [14].

Embedding Algorithm A

Input: The extended Sierpifiski network S™*(p,q),p = 2,q = 3 and the
circular necklace graph CN(Kg44).

Algorithm: The vertices of ST (p, q) are indexed following lexicographic



EXTENDED SIERPINSKI NETWORKS INTO WINDMILL AND NECKLACE GRAPHS 1701

ordering from 1 to q” + qP~!. The vertices of K, in CN(K;4,) are labeled in
a circular fashion, starting with a vertex in Kty. The labels are regarded as
identifiers of the corresponding vertices. Define an embedding of S**(p, q) into
CN(K;41) givenby @(x) = x.

Output: The algorithm computes the exact wirelength.

Proof of Correctness: Let S¥ = {(yqP~ L, y'q? 1)y #y,1<y,y’ <
g+1} and S’y ={(yq? ", a):a € V(Kty)\{yqp_l},l <y<q+1} and for
Sy ={(-Dg" " +na) : a€VE I\ {(y-DgP ' +n}1<y<q +
11<n<t,—1}. Then the set {5”,5,,5} Yields a partition
[2E(CN (Kqsi))]- B

For each 1<y <q+1, let HY and HY denote the two connected
components obtained by E(CN (Kg;4+1))\S” where V(H”) = {Kty}. Let G¥ and

GY denote the preimages of V(HY) and V(H_y), respectively, under the map ¢.
Applying Theorem 3.3 results in G being an optimal subset of S**(p,q).
Hence, each S7 satisfies the conditions of Lemma 2.5, ensuring that C,(S”) is
minimized.

Similarly, for each 1<y <gq+1, let H, and FI; denote the two
connected components obtained by E(CN(Kg41))\S', where V(H;) =
{Kty\{yq”‘l}} then G), and G_J’, denote the preimages of V(H,)and V(H, )
respectively, under the map ¢. Again, G, is an optimal subgraph of S**(p, q),
satisfying Lemma 2.5.

Now for 1<y<q+1 and 1<n<t¢,—1, removing Sy from
E(CN(Kg41)) results in two components Hy and HI, where V(HY) ={(y —
1)qP~' +n}. Let G} and G_},l denote the preimages of V(Hy) and V(@,
respectively, under the map ¢. Applying Theorem 3.3 results in G;' being an
optimal subset of S**(p,q), meeting the criteria in Lemma 2.5. Hence, S}
minimizes C,(Sy), and from Lemma 2.6, the wirelength WL,(S**(p,q),
CN(K441)) is minimized.

Theorem 3.4: The wirelength of S™*(p, q) into CN(Kg44) is followed by
WL(S* (p.9), CN(Kg41)) =5 [(q + 1P + 2q — 2)].
Proof: By Lemma 2.5 and 2.6 we have,
WLS™ (2, @), CN(Kpa)) = [E050 B Co(S)) + 023 Co(5y) + 2021 €, (8)]
=2 [za T g+ xIE 20 - 1) + 282 3]
=[(q+ D@ -9 +2(q* -1 +q(q + 1]
= ~[(q + 1)(g” +2q - 2)].
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3.2 Windmill

A windmill graph, is formed by taking g + 1 copies of the complete graph
denoted as K, ,1<y<q+1. Let t, =qP1+1 for all 1<y<gq and
tge1 = gP~! such that LﬂgiiKty has one vertex v as common. The resultant
graph is called a windmill graph and is denoted by WM (K). The windmill graph
is also known as the friendship graph [14].
Embedding Algorithm B

Input: An extended Sierpinski network S**(p,q) where p = 2, q > 3,
and a windmill graph WM (K).

Algorithm: Assign labels to the vertices of S**(p, q) sequentially from 1
to q” + qP~! based on the lexicographic order. Label Ke, in WM(K) in a
circular manner, starting with vertex 1 and increasing to qP + gP~! such that
v =qP + qP~1. The labels are regarded as identifiers of the corresponding
vertices. Define an embedding of S**(p, q) in WM(K) given by ¢(x) = x.

Output: The algorithm produces the exact wirelength corresponding to the
embedding.

Proof of correctness : Let SY = {(q” + ¢ %,a):a € V(Kty)\{qp +
P} 1<y<q+1} and Sp={((y-Dg"" +na)acVE I\ -
Dg*'+n}1<y<q+landl1<n<t,—1}. Then {S?,5}} Yields a
partition of [2E(WM(K))].

For each 1<y <q+1, let H and H” denote the two connected
components obtained by E(WM(K))\SY where V(HY) = {Kty\qp + qP71}.
Let G¥ and GY denote the preimages of V(H”) and V(H_y), respectively, under
the map ¢. Applying Theorem 3.3 results in G¥ being an optimal subset of
S**(p, q). Therefore, each S¥ meets the conditions of Lemma 2.5, ensuring that
Cy(S”) is minimized.

For 1<y<gq+1 and 1<n<t,—1, removing S} from
E(WM(K)) yields two components: Hj and H_}} , where V(H}) ={(y —
1)gP~' +n}. Let G} and G_J’,l denote the preimages of V(Hy) and V(@,
respectively, under the map ¢. Applying Theorem 3.3 results in G} being an
optimal subset of S**(p,q). Each S} satisfies the conditions of Lemma 2.5,
ensuring that C,(Sy) is minimized. Thus, by Lemma 2.5, we conclude that
WL,(S**(p,q), WM(K)) is minimized.

Theorem 3.5: The wirelength of S**(p,q) into WM(K) is given by
1
WL(S** (0, @), WM(K)) = 5[q7*! + 7 = q + T321 q(ty — 1) = 216 (t, = D)].

Proof: By Lemma 2.5 and 2.6 we have,
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WLES™ (@), WM()) =5[22 575 Co(S9) + 2523 Cp(5”)]
= [ZIL T g+ 20 atty — 1) - 206ty - D)
=7 +aP —q+ 5310 a(ty — 1) — 2168, — D).

3.3 Star Necklace Graph

Consider K;q4¢ as a star graph comprising g + 1 nodes, and let Kty
represent a complete graph with ¢, vertices. Define t, = qP~! for each
1<y<gq+1andty, = qP~! — 1, such that Kl‘qﬂtdf,:il{ty shares a unique
common vertex v),. This construction forms a complete star necklace graph,
denoted by SN (K; 4+1) [14].

Embedding Algorithm C

Input: The extended Sierpifiski network S**(p,q), with p =3 and
q = 3, and the star necklace SN(K; 441).

Algorithm: The vertices of S**(p, q) are indexed following lexicographic
ordering, ranging from 1 to g” + qP~1. For each K, in SN(Kyq41), assign
labels clockwise manner, starting from an arbitrarily chosen vertex within Kty
such that gP + gqP~! as a hub vertex. The labels are regarded as identifiers of the
corresponding vertices. Define an embedding of S**(p,q) into SN(K;q41)
given by ¢(x) = x.

Output: The algorithm produces the exact wirelength corresponding to the
embedding.

Proof of correctness : Let S) = {(Ke, P +qP21<y<q+1l=
1,2} . Let S, = {(Key,a):a € V(K )\{K, }1 <y <q+1} and for S) =
(=g +n,a)ac€ VK I\ — DgP'+n1<y<q+1landl <
n < t, — 1}. Then {Sl,S'y,SJ’}} yields a partition of [2E(SN(Ky q41))]-

For each 1<y <gq+1 and [ =12, let H, and H_}, denote the two
connected components obtained by E(SN(K1,4+1))\Sy, where V(Hy) = {K, }.

Let Gjl, and G_jl, denote the preimages of V(Hjl,) and V (H}), respectively, under
the map ¢. Applying Theorem 3.3 results in GJI, being an optimal subset of
S**(p, q). Therefore, each SJZ, meets the conditions of Lemma 2.5, ensuring that
Cy(Syn) is minimum.

Similarly, for each 1<y <gq+1, let H, and Hj denote the two
connected components obtained by E(SN(K;g441))\S, where, V( ’) =
{Kty{vy}} . Let Gy and G’ denote the prelmages of V(H ) and V( )
respectively, under the map ¢. By Theorem 3.3. G, is an largest subgraph of
S**(p, q). Therefore, each S, meets the conditions of Lemma 2.5, ensuring that
Cy(Sy) is minimum.
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For 1<sy<gq+11<n<t,—1, removing S from E(SN(K;q4+1))
yields two components: Hy and H", where V(H}) = {(y — 1)gP~" + n}. Let
Gy and G_)’} denote the preimages of V(H) and V(%, respectively, under the
map ¢. By Theorem 3.3. G is an largest subgraph of S**(p, q). Therefore,
each S;l meets the conditions of Lemma 2.5. Hence, S;l meets the conditions of
Lemma 2.5, ensuring that C,,(S,') is minimized.

Theorem 3.6: The wirelength of the embedding of S*™*(p,q) into SN(Kyq411)
can be expressed as

WL(S** (p, @), SN (Kyq41)) = 5[9(a" ™" + 47 —q = 2) + 2315 q(t, — 1)
—2I5(ty — D] +3 T30 TiE1 a(ty) — 206(8y)].

Proof. Using Lemmas 2.5 and 2.6, the wirelength is computed as follows
WL(S* (0, q), SN(Kyq+1)
= S [ZIL B oS + ZIL o (5)) + ZIL B (S
=-la(@ ™ +q? —q -2+ 33 q(t, — 1) — 214(t, — 1)]
+- [Zy 1Zq+1 q(ty) ZIG(ty)]'

4. Time Complexity Analysis

Input: The extended Sierpinski network S**(p, q), with parameters p > 2
and q = 3, and the circular necklace CN(Kg1).

Algorithm: Embedding Algorithm A.

Output: Total computational time required to determine the wirelength of
$**(p,q) when embedded into CN(Kj.1).

Analysis: The graph S**(p,q) contains qP + qP~! vertices. Assigning
labels to all vertices requires g” + gP~1 time units. Using Algorithm A, the total
number of edge cuts is g” + qP~! + q + 1, and since processing each cut takes
constant time, the edge congestion calculations require an additional 2(g” +
q°~1 + g + 1) time units. Finally, by applying Lemma 2.6, computing the total
wirelength takes 1 additional time unit. Therefore, the overall time complexity for
determining the minimum wirelength of S**(p,q) into CN(K;.q) is =
0(qP + qP™1), Wich is linear. This approach can similarly be extended to
compute the wirelength for embedding extended Sierpinski graphs into other
topologies, such as the star necklace or windmill networks, while maintaining
linear time complexity.

5. Concluding Remarks

This work establishes the exact wirelength for embedding extended
Sierpinski graphs S**(p,q), with p =2 and g =3, into several key
interconnection topologies: star necklace, circular necklace, and windmill. These
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results contribute to the efficient layout and analysis of hierarchical networks in
parallel computing and VLSI design. Future research will explore embeddings of
S**(p,q) in other structurally rich host graphs to further evaluate their
applicability in fault-tolerant and scalable network architectures.
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