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Abstract

In this paper, we introduce a novel coding and decoding framework based on a
generalized form of the k-order Jacobsthal polynomials. To this end, we first investigate
the structure of these polynomials and derive a general expression for the powers of
their associated companion matrices. Specifically, we develop a coding/decoding scheme
utilizing integer powers of the companion matrix Q, (x) whose entries are determined by
the coefficients of the k-order Jacobsthal polynomials. Furthermore, we define a suitable
alphabet structured by generalized Jacobsthal numbers, integrating this alphabet into the
proposed coding methodology. This construction enables a new perspective on algebraic
coding theory by embedding the properties of k-order Jacobsthal polynomials into the design
of the coding system. To demonstrate the practicality of the method, several illustrative
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examples and applications are presented. Finally, potential directions for future research and
implications for coding theory are discussed.
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1. Introduction

Over the past decades, coding theory has garnered significant attention and
has become a central field in information and communication technologies. At its
core, coding theory addresses the reliable and secure transmission of information
over potentially noisy channels. The foundations of the field trace back to the
seminal work of Claude Shannon whose theorems laid the groundwork for
modern information theory. Since then, the field has evolved considerably,
drawing heavily on the algebraic structures of polynomials over finite fields and
the theory of finite fields itself (for further details, see [1, 2, 3,4, 5,6, 7, 8, 9] and
the references therein).

One of the principal goals of coding theory is to develop efficient and
cost-effective methods for error-free message transmission. To achieve this,
researchers have proposed a variety of algebraic codes such as block codes, affine
ciphers, and shift ciphers that provide systematic frameworks for encoding and
decoding. These methods are not only mathematically elegant but also practical,
offering algorithmic simplicity and ease of implementation.

The general structure of these methods is typically illustrated by a simplified
communication model (see Figure 1). In this model, messages originate from a
sender and are transmitted through a channel. It is important to note that this study
focuses on systems with a finite set of discrete signals (e.g., telegraph systems), in
contrast to those involving continuous signal sources such as radio transmissions.

Source | ——» \
- S |

Channel | +—

-

Noise

Receiver | «————— | Decoding e/

Figure 1
A simple scheme of a communication transmission system

Various techniques have been proposed in the literature to analyze the
aforementioned coding processes. In this study, we focus on a new approach that
employs Jacobsthal polynomials to construct an alternative coding and decoding



K-ORDER JACOBSTHAL POLYNOMIALS AND A NEW APPROACH TO CODING THEORY 1709

procedure. It is worth recalling that Horadam, in [10], introduced the Jacobsthal
numbers via the recurrence relation
Jn =Jnoq + 2J4_,, foreveryn > 2

with initial terms J, = 0 and J; = 1. Over the years, the Jacobsthal number
sequence and its generalizations have attracted significant attention, leading to a
rich body of literature exploring their algebraic and combinatorial properties.
Building upon these developments, our goal is to extend their application to the
field of coding theory. Moreover, in [10, 11], Horadam provides the concept of
Jacobsthal polynomials by considering the following recurrence relation

Jn () = Jno1(x) + 2x),_,(x), for every n = 2, (1)
where the initial conditions are Jy(x) = 0 and J;(x) = 1. In the Table 1, we
have the first few terms of the Jacobsthal polynomials.

Table 1
Some values of Jacobsthal polynomials
[ n JJO 1 2 3 4 5 6 |
[J(@) [0 1 1 1420 1+4c 1+6x+42" 1+48z+1227 |

In addition, Horadam investigated several notable properties of the
Jacobsthal polynomials, including summation identities, Binet-type analytical
expressions, Simpson formulas, and generating functions. The remarkable
interesting results are obtained in [12] where Horadam derives convolution
identities related to Jacobsthal-type polynomials. For further details and related
results, the reader is referred to [13, 14, 15, 16, 17, 18] and the references therein.
The analytic Binet's formula for the Jacobsthal polynomial is given as below

_"@-1T"w)
Jn() =30 550 )

where A(x) = %(1 ++1+8x) and A71(x) = %(1 —+/1+8x) denote the
roots of the characteristic equation t2 — t — 2x = 0 (see [19, 20]). Additionally,
the Cassini identity of Jacobsthal polynomials is defined as follows

Jn+1 (-1 () = JR(x) = (=D"(2x)""",  foreveryn > 2.
(see, for instance, [19]).

The primary objective of this study is to investigate the unexplored
relationship between k -order Jacobsthal polynomials and coding theory.
Although Jacobsthal polynomials have been extensively studied and applied in
various mathematical disciplines, their potential applications within the
framework of coding theory have, to the best of our knowledge, not been
addressed in the existing literature. This work seeks to fill this gap by analyzing
how the structural properties of k-order Jacobsthal polynomials can be leveraged
to construct efficient encoding and decoding algorithms. Special emphasis is
placed on the case k = 2, where we propose novel methods for both error
detection and correction. Given the fundamental importance of coding theory in
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modern communication systems, and the rich combinatorial structure of
Jacobsthal sequences, this study aims to establish a meaningful connection
between the two and open avenues for further research in this direction.

The organization of this paper is as follows. Section 2 provides a detailed
examination of the novel Jacobsthal polynomial matrix Qj(x) outlining its
fundamental properties and theoretical underpinnings. In Section 3, we develop
the coding and decoding algorithms that utilize k-order Jacobsthal polynomials,
including a comprehensive study of the determinant of the code matrix and the
intrinsic relationships between its components. Section 4 is dedicated to the
discussion of error detection and correction mechanisms within this framework.
This section further explores a comparative analysis between the proposed
Jacobsthal coding method and classical coding approaches, highlighting the
advantages and limitations of each. Additionally, the critical role of polynomials
in ensuring cryptographic security is examined in depth. Finally, Section 5
presents concluding remarks, summarizing the main contributions of the paper
and suggesting potential directions for future research in this area.

2. Main Results on the k-order Jacobsthal polynomials

A wide range of studies in the literature has examined the mathematical
structure and properties of Jacobsthal polynomials. In this section, we introduce
the theoretical background of the k-order Jacobsthal polynomial sequence, which
forms the foundation for the coding framework developed in this work. We also
define the notation and terminology used throughout the paper to ensure clarity
and consistency.

2.1 k-order Jacobsthal polynomials and their related matrices

For every integer k = 2, the family of k-th order Jacobsthal polynomials
()

n (X)}uso 1s defined by the linear recurrence relation

JE0) = I8 00 + 2080, (0) + Ty 1Y (), n 2 1, 3)
subject to the initial conditions
k) (1, ifk+i=1,
Jim () _{O, otherwise,
This definition was first introduced in [21]. Explicit representations of these
polynomials for various orders k are provided in [21], where their structural
properties are also illustrated. Furthermore, when evaluating the sequence at
x = 1, the resulting integer values coincide with those obtained independently by
Yilmaz and Bozkurt [22], thereby confirming the consistency of the formulation.
Indeed, in [21], Arpaci and Yilmaz developed a method for computing
powers of the matrix Qf(x) using k-order Jacobsthal polynomials. In their
approach, they derived explicit formulas for the matrix entries based on the
Fibonacci—Jacobsthal fundamental system, contributing to the structural
understanding of these polynomials.
The following property can be formulated for 2 -order Jacobsthal
polynomials

(1-k<i<O0). “4)
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Theorem 1: The ratio two consecutive Jacobsthal polynomials is

) _
lim &5 = (1 ++/1 + 8x).
n (%)

Proof: Let us suppose that lim,,_,, ]]n(;f)l(();) = A(x). Then, using Expression (2),
n
we get
@ @
T Jn T (O)+2x], 24 (%) 2_x
A@) = lim |5 e Gy

Therefore, since A%(x) — A(x) — 2x = 0 we show that the roots of this

equation are A(x) = (1 + VT +8x) and A71(x) = 2 (1 — V1 + 8x).

In the aim to prepare the ground of the coding method, let us consider the
following important matrices Qg (x), Exn(x) and Ry(x). First, the matrix
Qi (x) isthe k X k companion matrix defined as follows

1 2x x2 xk=2 xk-1
/ 1 0 0 .. 0 0 \|
|0 1 0 0 0 |
Q) =lo o0 1 0 o | Q)
\6 00 . 0 0 )
0 0 O 1 0 7 kxk
Second, for every n = k, we consider the k X k matrix E},(x) defined
by
/1“‘ 1€ T KA €5 N KA ¢ SR KA €9 B AN €)) \
|1"‘ 0 hA®  RAm . /“‘ () S 00
Bn) = | h® B0 B5® - e “‘) ON
\fﬁ‘)kﬂ(x) B0 IP@ - ,E"Lm(x) ,S")2k+1<x> )
I3 () “” e (0) ](k) 20w N 100

(6)

where we set ]EI;) (x) =0, forevery 1 <n < k. Finally, let R;(x) be the matrix
given by
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19 190 1900 - 1Pw 1P

“‘) ,(x) “‘) L) 8,00 w0 |
(k) (k)
Rk(x)—Ekk(x)—'/k L) 1200 T o0 |
\Jf’”(x) JP@ o 0 0 )
JPw o 0 . 0 1

A straightforward computations allows us to get
Epni1(x) = Qu(x)Ey ,,(x), for everyn = k.

Moreover, an iterative using the preceding matrix equation allows us to
establish the following result.

Theorem 2: For every n = 0,
Exn+k(X) = Qi (X) Ry (x). (7

Proof: The proof is obtained by using the principle of mathematical induction
based on an iterative process.

Theorem 2 shows the importance of calculating the matrix powers Q; of
the matrix Q. For illustrative purpose of Theorem 2, we consider the special case
k = 2. In this case, we have the following corollary.

Corollary 1: For every n > 1,

n _ ]n+1(x) Zx]n(x)
2w =107 2wl ®

Similarly, the powers EZ,(x) of the matrix E,,(x) are given by

n _ ]n—l(x) ]n—Z(x)
B = [0 o) ©

Proof: Let us prove the first assertion by using induction. For n = 1 the equation

() 2xX5(O]_ 1 2
(®) is satisfied. That s, we have Q:00 =70 5 0l=[1 o7
Suppose that Expression (8) holds for n=p, namely, QF(x)=
]p+1(x) Zx]p(x) ~
p(x) 2x]p_1(x)]' For n =p + 1 we have

p+1(x) Zx]p (x)

p+1 1 2x Tps2(%)  2x)p41 (%)
@=a@ew =0 ol o=,

p+1(x) zx]p(x)
Therefore, the proof of the first assertion is completed.
For the second assertion, we can proceed in the same way. That is, for

. . . Jo(x)  J-1(x)
=1 th learl fied. Th E. = =
n the equation is clearly satisfied. That is, E, ,(x) [,_1 6 Jp ()
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[(Z)x 2] Suppose that Expression (9) holds for n = p, namely, E; () =
Bp—l(x) ]p—2(x)

() Jys(x)
. a0 S 12r 0] [2pa() poa)
CAOREACESOTY ris i | ol B Wi

Therefore, the proof of assertion (9) is completed.

]. For n =p + 1 we have

From the general Expression (7) and the special cases given by Expressions
(8)-(9), we can derive some identities and matrix equations. For example, for
every x, we have the two following identities

detEZ,(x) = 2x and detE}, (x) = (—1)"2x™ 3.

Indeed, the first identity is derived from a simple direct computation. For the

second identity, it is clear that detE},(x) = J,_1(%)Jn_3(x) — JA_,(x). Hence,

we get the result by exploiting the Cassini property for the Jacobsthal polynomials
(see [19]). Additionally, a straightforward computation shows that

1 2x" 2x 0 1) Ja—2(x)
QRO R) =11 ]hﬂﬂhﬂ)

obtain the following matrlces identity
Q7 (%)- Ry (x) = Ezn (%).
Additionally, for x = 1 we obtain the following matrix representation

amrRm=[1 A7 =[] =rn

Finally, for k = 3 a direct computation shows that

] which allows us to

1 2x x 0 (3)1 (x) ](3)2 (x) ](3)3 )
Q3 (x).R3(x) = [1 0 ] [ l = (3)2(x) ](3)3(x) ](3)4(x)
20 T2 L2 @)

Therefore, the powers QF (x) of the matrix Q;(x) are given under the
form.

Q3 (%)-R3(x) = E3pn(x).

3. The Coding/Decoding Method for the k-Order Jacobsthal Polynomials

In this section, we define a new coding/decoding method via the k-order
Jacobsthal polynomials. The main steps of our method are described here below.

. The Coding Algorithm The coding steps can be summarized under the
following form.
- Step 1: Consider the text is a structure which occurs from m character
and choose the arbitrary values r and i.
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Step 2: Substitute a general Jacobsthal number for each character from
the Latin alphabet given in Table 2 and obtain the message matrix M
of order k.

Step 3: Constitute the matrix Ej ,,(x), given by (6). We call the matrix
E} n(x) as &€cecoding matrix".

Step 4: Multiply the message matrix M with Ej ,(x) and then, obtain
the encrypted matrix C.

Step 5: Send the encrypted matrix C to the receiver.

. The Decoding Algorithm The decoding steps can be summarized as
follows.

Step 1: Consider the encrypted matrix C and constitute the inverse
matrix (Ej,(x))~*. Here n is received from the source.

Step 2: Compute C X (Ey,(x))™! and constitute the message matrix
M whose entries are general Jacobsthal numbers.

Step 3: Taking into account the arbitrary values r and i which are
received from the source, substitute the character from the Latin
alphabet given in Table 2 for each general Jacobsthal number and
obtain the message matrix M of order k.

Step 4: Convert the decoded matrix to the text message by using the
Latin alphabet.

This alphabet is written according to mod 40 for the arbitrary value of JZ.
In addition to all these, we emphasize the importance of the method by pointing
out that with this method, we can encrypt the message matrix by dividing it into
arbitrary square matrix blocks, or we can encrypt it directly without dividing it
into blocks.

Table 2
The representation of characters with general Jacobsthal numbers.
A B C D E F G H
1+Ji |24 Ja [ 3+ ian [ 4+ Jtus |5+ Ta [ 6+ res | 7+ Jiue | 8+ /iy

) ] K L M N 0 P
9+Jlg |10+ | 11 12 13 14 15 16
o |t |Fee |Fres [Fias |[Fias

Q R S T U 4 w X

17 18 19 20 21 22 23 24
e |trerr  |Hraas  |YJrane  [tJraze  |Frem |t |Fress

Y Z 0 1 2 3 4 5

25 26 27 28 29 30 31 32
tJrsze |tJraos |+Jraze |¥Jiear |tJrezs |Flreas |Flresz |+ Jrass

6 7 8 9 ! ? . ,

33 34 35 36 37 38 39 40
+iesa | tJiass |tJiasa |Flrazs |FJieza |t Jieas  |[FJrezs | i
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For more clarity and conciseness, let us illustrate that the coding/decoding
method works efficiently with two examples. The first example concerns the
encoding/decoding of a single word and the second example involves the
encoding/decoding of a sentence. We point out that, for these examples the steps
of our method also can be checked by utilizing some famous mathematical
software such as Maple or Mathematica.

Example 1: Let us code/decode the following word utilizing our method
"MATHEMATICS".

Initially, we encrypt the text taking into account the steps of the coding
algorithm given above.
»  Step 1: Firstly, let us create the message matrix M as a square matrix with
the help of the given word "MATHEMATICS". Such matrix is as follows
M A T 0
_|H E M 0
M=1a 71 of
cC S 1
«  Step 2: Let us substitute a general Jacobsthal number for each character from
the Latin alphabet given in Table 2 and obtain the message matrix M. For
r=1and i = 2 we have

2744 2 349545 44739270

M:[m11 m12] I 2744 44739270

My My 34954—5 180 44739270
174782 45812984528 45812984528

 Step3:For k =2 and n =1 we have
1 2 2x 0 2
Epa(0) = QR =7 ]2 Y =[2F &

2x 0
»  Step 4: The encrypted submatrlces are given by

)_[2744 2 1[2x  2x] _ [5492x 5488x]

16112x 0 218x 186x
3  [349545 447392701[2x 2x
€1z = Maz X By (%) _[2744 44739270” ]
_ [90177630x 699090x]

89484028x 5488x I

_ _[2 34954571[2x 2x] _ [699094x 4x

Ca1 = Moy X Fz1 (%) _[6 174782] [Zx 0 ]_ 349576x 12x]'

c11 =My X Epq(x

Crp = My X By s (X) = [180 44739270 ] 2x 2x
’ 45812984528 45812984528112x 0
_ [89478900x 360x ]
183251938112x 91625969056x/1
Hence, we obtain the encrypted matrix C as follows
5492x 5488x 90177630x 699090x
_ C11 C12] IZle 186x  89484028x 5488x
521 C22 699094x 4x 89478900x 360x
349576x 12x 183251938112x 91625969056x
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Step 5: Send the encrypted matrix C to the receiver.

We decrypt the coded matrix taking into account the steps of the decoding
algorithm given above.

Myy = C1p X (B (x)™ =

Step 1: Let us consider the encrypted matrix C and create the inverse
(E;1(x))™" of the coding matrix, which is easily given by (E,,(x))™" =
0 1/2x

[1/2x —1/2x]'

Step 2: To decode the encrypted message, we multiply the submatrices with

their inverse, namely,

_ 5492x 5488x][0 1/2x
myq = cqp X (Ez1(x)) t= [218x 186 ”1/2x —/1/2x]
_[2744 2
~ 193 16/

_ [90177630x 699090x] [0 1/2x ]
89484028x 5488x 1/2x —1/2x
2[349545 44739270
2744 44739270V

_ 1 _[699094x 4x 1[0 1/2x
M2 = €21 X (B22(0)™ = 3495764 12x] [1/2x —1/2x]
2[2 349545
6 174782)
Myz = Cap X (B2 (¥))7! =
89478900x 360x ”O 1/2x ]
183251938112x 91625969056x1 11/2x —1/2x
_ [180 44739270
45812984528 45812984528/
Hence, we obtain matrix of the decode message under the following form
2744 2 349545 44739270
M:[Mn Mlz]: 93 16 2744 44739270
My1 Maa] |2 349545 180 44739270
6 174782 45812984528 45812984528

Step 3: Taking into account the character from the Latin alphabet given in
Table 2, we obtain the message matrix M of order k. Such matrix is given
under the form

2744 2 349545 44739270

M:[Mn Mu] _ |93 16 2744 44739270
My, My, 2 349545 180 44739270

6 174782 45812984528 45812984528

M A T 0

|\H E M 0

1A T I 0
c § ! 1

4Xx4
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*  Step 4: The decoded message is obtained as "MATHEMATICS".

Example 2: By utilizing the same method, let us code/decode the following
sentence

"MATHISEVERYWHERE"

Initially, we encrypt the text taking into account the steps of the coding algorithm

given above.

e Step 1: Let us create the code matrix using the message text. Such matrix is
given under the following form

M A T H
1 s E v
M= E R Y W

H E R Eluu

* Step 2: Let us write the code matrix C according to the alphabet table for
arbitrary value s. For r =1 and i = 2 we have

2744 2 349545 93
M= 180 174782 16 1398123
16 87399 11184836 2796226]
93 16 87399 16

* Step 3: For k =4 and n = 1 we get the following matrix
x3+axt+ x5 x342x X3 3

x
3 4 3 3
Eys(@) = GoR@ =| * SO
x3 0 0 0
*  Step 4: The matrix related to the code message is given by
2744 2 349545 93
180 174782 16 1398123
¢ =MxEs() =16 87399 11184836 2796226
93 16 87399 16
X3+ 4xt x5 x342x* X3 3
x3 + 2x* x3 x3 0
x3 x3 0 0
x3 0 0 0

=

349638x° +20° + 22%) + 2784(x° + dx* + 15) 3495476 + 2744(0 + %) 2746x0 274dx }
13081306 + 47620 4+ 2¢') + 100G + 4t 4 5%)  174798° 4100+ 2¢) 176° 160 |
i13981062x FOT3090C +20%) + 160 + 4t 40%) 112722356 + 16(¢ + 2u%)  BTAISE 1623 J
87415x% + 16(x° + 2x*) + 93(¢° + 4x* + %) 8741523 + 93(x® + 2x*) 1093 e

+  Step 5: Send the encrypted matrix C to the receiver.

We decrypt the coded matrix taking into account the steps of the decoding

algorithm given above.

* Step 1: Let us consider the encrypted matrix C and create the inverse
(E45(x))™" of the coding matrix. This inverse is given by
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[0 0 0o =

| 1 -1

I R
(E4,5(x)) —| 1 -1 —2|
1 -1 -2 -1

*  Step 2: To decode the encrypted message, we multiply the submatrices with
their inverse
M = C X (Eys())™
[349638x° + 2(x* + 2x*) + 2744(x* + 4x* 4 1°) 3495472° 4 2744(x° + 2xY) 276 27444%)
) |1398139x3 FUAT( + 20 + 1800 + 4t +25) 174798 + 1800 + 2xY) 1749626 18011 |

l13981062x3+87399(x3+2x4)+16(x3+4x4+x5) 12720350 + 16(° + 2¢Y) 84158 166° }

87415¢° + 16(° + ") + 93(x* + &x* + 1Y) 87415¢° + 93(x* + %) 109+ 933
0 0 0 —
1 41 2744 2 349545 93
L0 = [ (180 174782 16 1398123
0 LS ‘_31 ‘_j 16 87399 11184836 2796226|"
. 55N 93 16 87399 16
x3 %3 X2 x
Therefore, the matrix of the decoded message is obtained under the form
2744 2 349545 93
M = | 180 174782 16 1398123
16 87399 11184836 2796226]
93 16 87399 16

*  Step 3: Taking into account the character from the Latin alphabet given in
Table 2, the message matrix M of order k = 4 is obtained under the form

M A T H
1 s E v
M_ERYW

H E R E Il
*  Step 4: The decoded message is obtained as "MATH IS EVERYWHERE".

4. Error Detection for k = 2

In this section, we describe a method for the construction of error-detecting
and error-correcting codes as a part of algebraic coding theory. For this purpose
and for greater clarity we will base ourselves on the previous examples.

Let us describe the first message as a nonsingular square matrix M of order
2, written under the form

m;
me)

(10)

M= [,
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Assume that all matrix entries are positive integers, i.e., My, My, M3, My >
0. Let us now choose any value of n for a E,,(x) matrix in (6), namely,
J1(x)  Jo(x) ] 2x 0 . . -1
E,,(x) = [, = . Then, the inverse is (E,,(x =
2,2( ) O(x) ]_1(x) [0 1] ( 2,2( ))
1) —Jo(x)
2zx[=Jo(x) J1(x)

statement

1
] = [ﬂ 0]. Given the foregoing, we have the following
0 1

MxE@ = [t ml[F 1=l cl=c

where
¢, =2xmy, ¢c;=m, c3=2xm3 and c, =my.
Then, the code message C = (cq,Cy,C3,C4) is sent to a channel. In the
following statement, it is explained how to decode the code message E.

[Cl Cz] 1 0 2[61/2?6 Cz]z[ml mz]:M
C3 €4 (Z)x L c3/2x cq]  lmz my '

As a general form, the coding matrix € and the message matrix M can be
written as

C=MxELG) =2 gz] Bn—l(x) ]n—z(x)] _ [2 Z]

ms n—Z(x) ]n—B(x)
and
Jn-3(x) _ Jn—2(x)
C. C _1)"n—2,n-3 _1)—2,n-3
_ n -1 _ |*1 2] |- =x (-1)"2x
M = Cx(Ez())" = [63 C4]  na® Jno1(®)
(_1)n—2xn—3 (_1)n—2xn—3
Jn-3(®)c1—C2Jn—2(x) —Jn—2(X)C1+Cc2Jn-1(X)
_ (_1)n—2xn—3 (_1)n—2xn—3
T Un—3(®cs3—Cafn—2(x) —Jn-20¥)cz*+can-1(0)|"
(_1)n—2xn—3 (_1)n—2xn—3

Since my, m,, m3, m, are positive integers, we obtain

my = BRSO > 0 m, = S S0, (1)
my = Jn—3(x)c3—CaJn—2(x) > 0,m, = —Jn—2(x)c3+can-1(x) > 0. (12)

(_1)n—2xn—3 (_1)n—2xn—3

We show that from (12) we get In=2() o G o Jnma (D ppg Expression
Jn-3(x) 2 Jn—2(%)
Jn—2(x) _ G Jn—1(x)

(12) implies that we have Consequently, when n

) ] Jn—3() ¢4 Jn—2()
converges to infinity we obtain

—Z—lz/l(x),—ziz/l(x) where 1(x) =§(1+\/1 + 8x). (13)
2 4

4.1 Error detection

Detecting and correcting errors in the code message C, caused by some
external factors such as noise in the communication channel, is one of the main



1720 F.YILMAZ ET AL.

goals of coding theory. The main idea is to use the matrix's determinant property
as the message's verification criterion. Let's say the first message M gets
transmitted by

my mp

[m3 m4]
where all elements m,, m,, m3, m, of the matrix M are positive integers. The
determinant of M is detM = m;m, —m,m; and the matrix of the code
message C is given under the form

C = M x E2,(x). (14)
Hence,
det C = det(M X EJ,(x)) = det M x detE},(x) = det M x (—1)"2x""3
(15)

This result establishes a direct connection between the determinant of the
original message matrix M and that of the encoded matrix C. The relation
expressed in equation (15) offers a novel approach for error detection utilizing the
matrix E7,(x). In this method, the sender calculates the determinant of the
original message M (as defined in equation (10)) and transmits it together with
the encoded message C through the communication channel. The receiver then
computes the determinant of the received matrix C and compares it to the
originally sent determinant M. If the equality described in (14) holds, the
received code matrix C is confirmed to be free of errors and can be accurately
decoded. Conversely, a discrepancy indicates the presence of errors in the
transmitted message. Detecting such errors is a crucial initial step in ensuring
reliable communication.

4.2 Error correction
The E3',(x) matrix can be used to realize the possibility of restoring the
code message, C. For n = 2 we get

2x 0
E2. (%) = [/1(x) Jo(x)
2=l ol =l 1
Subsequently, the multiphcatlon of the message matrix, namely,

my Zx 0] [me1 ]_ [61
my

2 - 2] _
MXE3,(0) = [ 2xm o o]=c a6

where
c, =2xmy, €, =m, Cc3=2xmy and c, =m,.

We determine the determinant of the message matrix M after creating the
code matrix E. The determinant C = (¢, ¢,, €3, ¢4) is transmitted to the contact
channel after the coding message. Assume that the code message C contains a
unique way for the communication channel to identify the mistake in each of its
constituents ¢;,c,,c3 and c¢,. Assume for the moment that an error is
encountered with ¢y, the first element in €. When u is the corrupted element of
code message C, we can then describe the code message in matrix form as
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u c
follows C' = [ cs Ci]' However, the remaining matrix entries need to be
accurate and equivalent to the following
C; =My, C3 = 2xmg and ¢, = my.
Then, using the coding method's principles, we may create the following
equation to calculate u
UCy — CyC3 = UM, — 2xm,ms = 2x(mym, — mymy). (17)
From (17) we get
u = 2xm,. (18)
By comparing the computed value in (18) with the matrix entry c; of the
code matrix C given in (16), we identify that u = ¢;. This comparison utilizes
the determinant property of the matrix EJ',(x) to reconstruct the encoded
message C. However, in practical scenarios, it is typically unknown which
element of the received code has been corrupted. To address this uncertainty, we
consider multiple hypotheses regarding the potentially erroneous elements and
evaluate each case accordingly. An additional constraint in our model is that all
entries in the code matrix C are required to be integers.
We begin with the assumption that a single error has occurred in the matrix

C during transmission. Under this assumption, we distinguish four possible types
of single-entry errors that may affect the integrity of the matrix.

U c c C2
@[, o® ool ol 7 (19)
where u,v,w, z are the corrupted elements. Here, we may test many theories

(19). Based on the checking relation (15), we can build the following algebraic
equations to test the hypotheses (a), (b), (c), and (d)

ucy — c;c3 = det M det(EZ,(x))

(a single-error scenario in which the corrupted entry is c;), (20)
c1¢, — veg = det M det(EZ,(x))
(a single-error scenario in which the corrupted entry is c,), 21)

c1¢q — c;w = det M det(E},(x))

(a single-error scenario in which the corrupted entry is c3), (22)
€1Z — cyc3 = det M det(EZ,(x))
(a single-error scenario in which the corrupted entry is c,), (23)

According to (20)-(23), there are four ways of calculating the probable
single mistakes.

U = dethet(EQz(x))+0203’ (24)
Cq
b = —dethet(E;fZ(x))+Clc4’ (25)

c3
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w = —dethet(EZz(x))+clc4' (26)

C2

_ dethet(Eg’Z(x))+czc3. 7
€1

The formulas (24)—(27) offer four distinct variations corresponding to a
single-error case. However, the correct version must be identified by selecting
integer-valued solutions for the variables u, v,w and z, while also ensuring that
these values satisfy the additional consistency conditions specified in (13). If the
evaluations of (24) or (27) do not yield integers, it may indicate that the assumed
error position is incorrect, or alternatively, that the check element
det(M)det(EZ,(x)) contains an error. In such a case, the approximations
provided by (13) can be used to assess the validity of the code matrix C.
Similarly, all possible double-error configurations in the code matrix can be
systematically tested using this approach. For instance, consider the double-error
case represented by the matrix

u v
le, < (28)
where u and v are the corrupted elements. Applying the first consistency
condition (15), we derive the following algebraic equation corresponding to
matrix (28):
uc, — vey = det M det(E3,(x)). (29)
On the other hand, per the second checking relation (13), the relationship
between u and v is as follows
u = —A(x)v. 30)
It is important to emphasize that equation (29) is a Diophantine equation that
admits multiple solutions. Among these, the values of u and v must be chosen
in such a way that the consistency condition given by (30) is satisfied. By
analogy, one can show that all possible double-error patterns in the code matrix
can be corrected by jointly applying the checking relations (13) and (15) together
with a suitable solution to a Diophantine equation similar to (29). Furthermore,
this approach can be extended to correct triple-error cases in the code matrix C,

such as
u v
[W C4]

where the corrupted elements are u,v and w.

Our approach to repair error relies on exploiting the relations (13), (15), and
the fact that the code matrix's elements are integers to verify various hypotheses
regarding defects in the code matrix. We must reject the code matrix C as
defective and irrecoverable if none of our solutions result in integer outcomes that
satisfy (13) and (15). This indicates that the checking element detM is incorrect
or that there is a case of a fourfold error in C. Among the
(*C;+*C,+*C3+*C,) = 2* — 1 =15 examples, our approach permits the

rectification of 14 cases. This also indicates that the method's corrective ability is
14

== 0.9333 = 93.33%.
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5. Concluding Remarks

In this study, we propose a novel coding and decoding framework that
utilizes a generalized form of Jacobsthal polynomials. Unlike existing methods,
our approach introduces a new alphabet constructed from generalized Jacobsthal
numbers and incorporates k -order Jacobsthal polynomials into the coding
process. Several illustrative examples are provided to demonstrate the practical
application of the method. To the best of our knowledge, the results presented
here have not yet been addressed in the existing literature.

Polynomials are known to play a fundamental role in mathematics and have
become an essential component of modern cryptographic systems. In particular,
they are central to the processes of encryption and decryption in secure
communication. In this context, the study opens the door to new perspectives in
coding theory. Specifically, the matrix-based structure underlying the Jacobsthal
coding technique offers distinctive advantages over classical algebraic methods.
One of its key features is the integration of matrix theory in constructing novel
error-correcting codes, where errors can be detected and corrected at the level of
matrix elements, enabling efficient handling of larger information units.
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