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Abstract

The definition of b-coloring of a graph leads to the construction of what we call as
Color Class Complete Graph (CCCG). We find the b-chromatic number of the p-petal graph,
when p = 3, using the CCC Graph. We also find the b-chromatic number of the line graph,
middle graph and the total graph of the p-petal graph.
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1. Introduction

In a b-coloring of G, in every color class C; of C = {C;:i = 1 to k} there
exists at least one vertex, called a b-vertex that is adjacent to at least one vertex
in every other color class. The largest possible integer k is called the b-
chromatic number of G and is denoted by ¢ (G) [1].

Cs Cs

¢ C,

Figure 1
The b-chromatic number of the Prism graph Yg is Four

Refer to Figure 1. The b-vertices are enclosed by a square. The b-
chromatic number of the Prism graph Y,, is Four [2]. For an even number n, we
construct the four vertex color class complete graph K, with color classes

1. Cl = A1 U Bl = {vl} U {‘U4, 176, ey vn_4, vn_z, u3, us, u7, ...,un_3, un_l};
The b - vertex is v,

2. CZ = Az U Bz = {172, un} U {175, 177, ey vn_s, u4, u6, u8, ey un_4_, un_z}
where B, = @; The b - vertex is v,

3. (3 =A3UB; ={v,,u,} where B; = @; The b - vertex is v,
C, = Ay UB, = {v;,v,_1,u;} where B, = @; The b - vertex is u,

1

\ 7 v,

> 4 1: g )

Figure 2
Two different versions of the 3-petal graph with a = 3 petals

V3



B-CHROMATIC NUMBER OF 3-PETAL GRAPH FAMILIES 1611

A petal graph G of n vertices and a petals with petal sequence {P]} is said
to be a p-petal graph [3], denoted G = B,,, if every petal in G is of size p and
(P, P;y1)=2,i=0,1,2,..,a— 1with P,,; = P;. In a p-petal graph the petal
size p is always odd.

In this paper, we consider 3-petal graphs with a = 3 petals. Figure 2 shows
two different versions of the 3-petal graph with the same number of petals.

Viz Vi

Figure 3
Line graph of the 3-petal graph with a = 3 petals

In the works of Whitney [4] originated the concept of line graph. Figure 3
shows the line graph of the 3-petal graph with 3 petals.
Hamada and Yoshimura [5] introduced the middle graph of a graph G,

denoted M(G). Figure 4 shows the middle graph of the 3-petal graph with 3
petals.

Figure 4
Middle graph of the 3-petal graph with a = 3 petals
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Behzad and Chartrand [6] defined the total graph of a graph. Figure 5
shows the total graph of the 3-petal graph with 3 petals.

Irving and Manlove provided an upper bound for the b-chromatic number
of a graph G. They proved that ¢(G) < m(G), where m(G) is the m-degree of
the graph. They also proved that the b-chromatic number is NP-complete.

Kouider and Maheo [7] proved that ¢ (G) < % + ’Zm + %, for a graph G of

size m. Vijayalakshmi et al [8] gave the b-chromatic number of the middle
graph of some graphs.

Figure 5
Total graph of the 3-petal graph with a = 3 petals

2. Main Results
We prove the following theorems:

Theorem 2.1: The b-chromatic number of the 3-petal graph G = P, 3 is given

4 a>3
byo@ =1{3 073

Proof: The chromatic number of the 3-petal graph G is three. The maximum
degree of G is three and there are at least 2a = 6 vertices of degree three. Hence
the largest possible induced complete subgraph is K, and therefore, the b-
chromatic number @(G) < 4. The graph G has 2a vertices on its core each of
degree three. Hence, the maximum possible complete graph is K.
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Casel:a >3

Let us consider the vertices v,.3, Vgt4, Vgss and v,,, of degree three. We
assign a proper coloring to the vertex v, 5 as shown in Figure 6.

C3:v,

CiiVays Cy:Vg44

Figure 6
V443 is the b-vertex of the color class C4

Similarly, b-coloring is done for each of the remaining three vertices v, 4,
Vg5 and v, , together with its neighbours using these four colors. These four
vertices form the b-vertex set of the b-coloring of the graph G. The b-coloring
of these four vertices is shown in Figure 7.

The petal graph has minimum 8 vertices on the core of the graph. We
include these vertices in the color classes A;, i = 1 to 4. These sets of vertices
will have the b-vertices and their neighbours only. The graph also has more
vertices which are not elements of A;. We include these vertices in separate
color classes denoted B;. The union C; of the color classes A; and B; will have
all the vertices of the graph and form the color class complete graph.

=
Va+1 CatVassz Ci:Vass CyiVass C3iVay4s Vate
Figure 7
The b-vertex of each color class from C; to C4

The sets A; will be the same for graphs with number of petals a = 4. The
sets B; will be distinct for graphs with respect to the number of petals.

Let us consider the vertices Vg3, Vgya, Vays and vg,, of degree thee. We
assign a proper coloring with four colors to the vertex v,,3 and its neighbours.
The same is done for all the remaining vertices mentioned above using the same
four colors.

This proper coloring creates the set of color classes A; as follows.
1. A; ={vs,v443}; The b - vertex is Vg5
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2. A, ={v,,v444}; The b - vertex is v 44
3. A3 ={vy, V441, Va4s}; The b - vertex is v, s
4. A, = {1, V442, Vg46); The b - vertex is vy,

A proper coloring is done for the remaining vertices using the same colors.
When the number of petals are increasing, the color classes B; will be distinct.

L. By ={v417,Vas9, ) V3a-1}
2. By = {va18 Var100 - V3a}
3. By ={vy, Vg, ., Vg 1}
4 B, = {3}
Cy Gy

C, C,
Figure 8
The Color Class Complete Graph K, proves that ¢(G) = 4, when a > 3

Refer Figure 8.
Thus, when a > 3, p(G) = 4

Case2:a =3

When we try to apply case 1, the vertex v; = v, gets two colors C; and C, when
we do a proper coloring of the b - vertices that creates the set of color classes 4;
as follows.

1. A ={v3,v,,3 = vg}; The b - vertex is v, 3 = Vg

2. A, ={v; =v3,Vq44 = Vy}; The b - vertex is v 44 = vy

Thus, ¢ (G) # 4.

We try to reorganise the color classes as follows:

The even suffixed vertices in the core cycle of G are assigned color ¢y, the
odd suffixed vertices are assigned color ¢,, and the central vertices in the petals
of G are assigned color c3.

The petal graph has 6 vertices on the core of the graph. We include the
vertices Vg, U, and vg in the color classes A;, i = 1 to 3. These sets of vertices
will have the b-vertices and their neighbours only. The graph also has more
vertices which are not elements of A;. We include these vertices in separate
color classes denoted B;. The union C; of the color classes 4; and B; will have
all the vertices of the graph and form the color class complete graph.



B-CHROMATIC NUMBER OF 3-PETAL GRAPH FAMILIES 1615

U L)

Figure 9
The b-vertex of each color class from C; to C3

We assign a proper coloring with three colors to the vertex v and its
neighbours. Refer Figure 9. The same is done for all the remaining vertices
mentioned above using the same three colors.

This proper coloring creates the set of color classes A; as follows.
1. Ay ={vs,ve}; The b - vertex is v,

2. A, ={v;}; The b - vertex is v,

3. A; ={v,,vg}; The b - vertex is vg

A proper coloring is done for the remaining vertices using the same colors.
1. B; ={v,}
2. B, ={vs, v}
3. By ={v}
G

G Ce

Figure 10
The Color Class Complete Graph K3 proves that ¢(G) = 3 whena = 3

Refer Figure 10.
Thus, ¢(G) = 3.

Theorem 2.2: The b-chromatic number of the line graph of the 3-petal graph G
is given by p(L(G)) =5
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Proof: The maximum degree of L(G) is four and there are at least 5 vertices of
degree four. Hence the largest possible color class complete graph is K5 and
therefore, @ (L(G)) < 5.

Here, L(G) has 2a vertices each of degree four. When a = 3, the core
graph has at least five vertices of degree four. Hence, the maximum possible
complete graph is K5. Moreover, there are six vertices of degree four in the core
graph of L(G).

Let us consider the vertices vy, v,, V3, v, and vs of degree four. We assign
a proper coloring to the vertex v; as shown in Figure 11.

Similarly, b-coloring is done for each of the remaining four vertices v,, vs,
v, and vs together with its neighbours using these five colors. These five
vertices form the b-vertex set of the b-coloring of the line graph L(G).

The b-coloring of these five vertices is shown in Figure 12.

C4:IJ12 CS:U']

=
Cyuitg Ci:vy (21 v
Figure 11
v, is the b-vertex of the color class C,

,O-.
- ~
&

Viz V11

Figure 12
The b-vertex of each color class from C; to Cs

Consider the complete graph K with color classes C;, C,, C3, C, and Cs.
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Casel:a =3

The 4a = 12 vertices of L(G) are included in the color classes as follows:
1. €, = {vy,vg,v10}; The b-vertex is v,

C, = {v,,v,,}; The b-vertex is v,

C5 = {v3, v¢}; The b-vertex is v

C, = {v4, v12}; The b-vertex is v,

Cs = {vs, v, Vg }; The b-vertex is vg

Thus, ¢(L(G)) =5

vk v

Vsgq Vags1 V2a+2 V3a43 V2a+4 Vaats

1O tor
Vaa Ciivi Cp: 0 Cy: 03 Cyi vy Cs: U5 Ve
Figure 13

The b-vertex of each color class from C; to Cs

Case2:a >4

The line graph has minimum 8 vertices on the core of the graph. We
include these vertices in the color classes 4;, i = 1 to 5. These sets of vertices
will have the b-vertices and their neighbours only. The graph also has more
vertices which are not elements of A;. We include these vertices in separate
color classes denoted B;. The union C; of the color classes A; and B; will have
all the vertices of the graph and form the color class complete graph.

The sets A; will be the same for graphs with number of petals a = 4. The
sets B; will be distinct for graphs with respect to the number of petals.

Let us consider the vertices vy, v,, V3, v, and vs of degree four. We assign
a proper coloring with five colors to the vertex v; and its neighbours. Refer
Figure 13. The same is done for all the remaining vertices mentioned above
using the same five colors.

This proper coloring creates the set of color classes A; as follows.
1. Ay ={vy, 6, Vq42}; The b - vertex is v,

Ay = {v,y,Vy445}; The b - vertex is v,

Az = {V3, V24, Vogsa}; The b - vertex is vy

Ay = {V4,V4,}; The b - vertex is v,

vk v

As = {Vs, V3041, Vaqa3}; The b - vertex is vg

A proper coloring is done for the remaining vertices using the same colors.
When the number of petals are increasing, the color classes B; will be distinct.
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We have the following cases:

Case2a:a =4

1. By ={vu}
2 B, = {v;}
3. B3 ={vs}
4. B,={ }
5 Bs={ }

Case2b:a =5

1. By = {vi6, V18 V10}

2 B, = {v;,v,}
3. B3 ={vg, v}
4. B,={ }
5 By = {3}

Case 2c: a > 5, a is even

1. By = {¥11,V15 V19, ) V2a—1, V2a+e V2a+sr V2a+9 Vza+12) V2a+13 V2a+16r
wos Vag—4 Vaq-3}

2. By ={v7,V9,V13,V17, V21, -» V2a—3 V2a+100 V2a+11 V2a+14 V2as1s
Vaa+18s -+ Vaa—2) Vaa—1}

3. B3 = {Vg, V10, V12s =) V2q—2, V2a+7}

. By={}
5. Bs = {3}

i

Cs C,

g, (e

Figure 14
The Color Class Complete Graph K proves that ¢ (L(G)) =5
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Case 2d: a > 5, a is odd

1. By = {V11,V15 V19, -) V2a—3, V2a+6 V2a+8 V2a+9 V2a+12) V2a+13 V2a+16)
v Vag—2, Vaa—1}

2. By ={v7,V9,V13, V17, V21, -» V2a—1, V2a+100 V2a+11 V2a+14 V2a+1s
V20418 > Vaa—ar Vaa—3}

3. B3 ={vg, V10, V12 - » V2a-2) V2a+7}

. By={1}

5. Bs={ }
Refer Figure 14.
Thus, @ (L(G)) =5

Theorem 2.3: The b-chromatic number of the middle graph of the 3-petal graph

G = P, is given by o(M(G)) = {Z: Z z 2
Proof: Consider G with a petals. Then M(G) has 2a vertices each of degree six.
When a = 3, there are six vertices of degree six. Hence, the maximum possible
complete graph is Ks. When a > 3, there are at least seven vertices of degree
six. Hence, the maximum possible complete graph is K.

Therefore two cases arise.

Casel:a=3

Let us consider the vertices vy, V1g, V19, Va0, V21, and v;¢ of degree six.
We assign a proper coloring to the vertex v;, as shown in Figure 15. The sixth
neighbouring vertex v, is assigned color C4 that is already assigned to the
vertex vy¢, because, it does not have an excess color to be assigned.

Cot V12 Cs: 045

Figure 15
V47 is the b-vertex of the color class C
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Figure 16
The b-vertex of each color class from C; to Cg

Similarly, b-coloring is done for each of the remaining five vertices v;g,
V19, Vog, V21, and vy together with its neighbours using these six colors. These
six vertices form the b-vertex set of the b-coloring of the middle graph M(G).
The b-coloring of these six vertices is shown in Figure 16.

Cs G

Cs C,

Cy C;

Figure 17
The Color Class Complete Graph K proves that ¢(M(G)) = 6, whena = 3

Consider the color classes C;, i = 1to 6.

1. €y ={vy,v11,V17}; The b - vertex is vy,

2. C, = {v1, V4, V14, V1g}; The b - vertex is vyg
3. C3 ={vs3,Vs, V13, V10}; The b - vertex is vy
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C4 = {vz, Ve, V10 vzo}; The b - vertex is Va0
CS = {v7, V15, v21}; The b - vertex is Vo1

o v s

Cﬁ = {178, V12, vlﬁ}; The b - vertex iS 1716

Hence the b-chromatic number of the middle graph of the 3-petal graph G
with number of petals a = 3 is six. Refer Figure 17.

Case2:a >3

Chivyg Ce:vys

Figure 18
V5, is the b-vertex of the color class C;

The middle graph has minimum 16 vertices on the core of the graph. This
is the minimum requirement for the formation of the color class complete graph
K. We include these vertices in the color classes A4;. These sets of vertices will
have the b-vertices and their neighbours only. The graph also has more vertices
which are not elements of 4;. We include these vertices in separate color classes
denoted B;. The union C; of the color classes A; and B; will have all the vertices
of the graph and form the color class complete graph.

The sets A; will be the same for graphs with number of petals a > 4. The
sets B; will be distinct for graphs with respect to the number of petals.

Case2a:a =4

Let us consider the vertices v,,, Va3, Vay, Vas, Vag, Va7 and v,g of degree
six. We assign a proper coloring with seven colors to the vertex v,, and its
neighbours. Refer Figure 18.

The same is done for all the remaining vertices mentioned above using the
same seven colors.

This proper coloring creates the set of color classes A; as follows.
1. Ay = {v14, V13, V17, V2, }; The b - vertex is v,,

2. A, = {v1y,V14,V,3}; The b - vertex is v,5

3. A ={vs, 4,019, V24 }; The b - vertex is v,
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A, = {v5, V15, V25 }; The b - vertex is v,
As = {vg, V21, V56 }; The b - vertex is v,
Ag = {vo, V15, Va7 }; The b - vertex is v,

N s

A7 = {1710, 1714, 1720, vzs}; The b - vertex iS vzg

A proper coloring is done for the remaining vertices using the same colors and
the color classes B; are constructed as follows:

1. By ={vy, v}
2 B, = {vy,v3}
3. B;={1}
4. B,={ }
5 Bs={ }
6 Be={ }
7 B, ={}

The color classes C; = A; UB;, i =1 to 7 form the color class complete
graph K.

The color classes A;, when the number of petals a > 5 will be the same.
The color classes B; will be different for graphs with number of petals a = 5,
a =6 and a = 7. This is because, the number of vertices will be increasing
when the number of petals is inceasing.

Case2b:a >5

Let us consider the vertices Vsg42, Vsq+3> Vsatar Vsa+ss Vsares Vsarr and
Vs,4g Of degree six. We assign a proper coloring with seven colors to the vertex
Vsq42 and its neighbours. The same is done for all the remaining vertices
mentioned above using the same seven colors. Refer Figure 19.

Figure 19
The b-vertex of each color class from C; to C,
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This proper coloring creates the set of color classes A; as follows.
Ay = {Va47,V3a+5 V3ase Usasz}s The b - vertex is v,
Ay = {Vasg V3a44, Vsars}; The b - vertex is vsq43
Az = {Va12,Var9 V3a+7 Vsarals The b - vertex is vsq 4

= {va+3' V3a+6 v5a+5}; The b - vertex is Vsa+s

AS = {va+4' Vsa+1) Vsa+er 175a+9}; The b - vertex is VUsa+6

Ag = {Vay5,V3a+3, Vsasr}; The b - vertex is vq 7

N kAW =
S
IS

A7 = {Va46 V3a42) Vsa Vsars); The b - vertex is vs, 44

We construct the color classes B; as follows:

Whena =5

1. By ={vy,v;, 04,06, V15}

2. B, ={v3,vs,v35}

3. B3 = {vy6}

4. By ={vy3}

5. Bs={ }

6. Bg={ }

7. B,={}

Whena =6

1. By = {vy,v;, 04, V6, V7, V16, V17, V18}

2. B, = {v3, s, V4, Vap}

3. B3 ={vi9,vs1}

4. By = {v26, V28, V2o}

5. Bs={}

6. By={ }

7. B,={}

Whena > 7

1. By = {vy,v,, 04,0, V7, Vg, -, Va, Vat1, Va+10 Vat+11 Vas12r = Y3a—1, V3al
2. B, = {v3, V5, V50410  Vsa+12) Vsa+14r +r V7a-2, V74 }
3. B3 = {V3a41, Vsa+11 Vsa+13s = V7a—3 V7a—1}

4. By = {V3a48 V3a+10 V3a+11 V3a+13s » Vsa-3) Vsa—1}
5. Bs = {V3a+12 Vza+14r - Vsa—s Vsa—2}

6. Bg={ }

7. B,={ }
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Cy C;

Cs Cs

Cs Cy

Figure 20
The Color Class Complete Graph K proves that ¢(M(G)) = 7, when a > 4

Thus, when a > 4, the b-chromatic number of the middle graph M(G) of
the 3-petal graph G is seven. Refer Figure 20.

Theorem 2.4: The b-chromatic number of the total graph of the 3-petal graph
G = P, isgivenby (T(G)) =7

Proof: Consider G with a petals. Then T(G) has 4a vertices Vg1, Vgiz, Vatss
eevs V3a—1> V3a> Vsas1s Vsas2> Vsatss ---» Vrq—1 and v,, of degree six. Hence, the
maximum possible complete graph is K.

Let us consider the vertices Vgqy2, Vgt3> Vsass> Vasris Vaszr Vsasr and
Vq44 Of degree six. We assign a proper coloring to the vertex vg,,, as shown in
Figure 21.

Figure 21
V47 is the b-vertex of the color class C;
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Similarly, b-coloring is done for each of the remaining six vertices v, 3,
Vsa+3> Vat1s Vaszs Vsar1 and vg,, together with its neighbours using these
seven colors. These seven vertices form the b-vertex set of the b-coloring of the
total graph T(G).

The b-coloring of these seven vertices is shown in Figure 22.

Consider the color classes C; = A; UB;,i =1to 7.

We construct the color classes A; as follows:

Figure 22
The b-vertex of each color class from C; to C,

A; = {vq,Vs4q42}; The b - vertex is vgqo

Ay = {Vg43,V74); The b - vertex is v, 5

Az = {Vq, V3041, Vsas3}; The b - vertex is vgq43
= {Vas1, Vasrs Vzasrs}; The b - vertex is v 4
As = {V442,V3442}; The b - vertex is v, 4,

Ag = {V2,Vsa+1, Vsaral; The b - vertex is vsqqq

NN A WD -
eSS
IS

A; = {Vg4a, V30 Vsq); The b - vertex is vg44

We construct the color classes B; as follows:

1. By ={Va17,Vasor - V3a-3, V3a—1, Vaarar Vaater = r Vsa—a Vsa—2}
2. By ={Var6 Vass - V3a—2, V3a+5 V3a+7 -+ Vsa—3 Vsa—1}

3. B3 ={v3,V4, Vs, ., Va—1, Vsats Vsat7s -+ V7a—1}
4

By = {Vsa46) Vsassr - » V7a—2 }
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Bs={ }
Be={ }
B;={}
Gy
[ C,
Ce Cy
Cs Cy
Figure 23

The Color Class Complete Graph K proves that @(T(G)) = 7

Thus, ¢ (T (G)) = 7. Refer Figure 23.

3. Conclusions and Recommendations

When p > 3 the p-petal graph is not planar. Its also interesting because of

its feasibility in getting the results.

We hope that the following recommendations give important results:

A.

We can extend our work to the complementary graph, split graph and the
star graph of the 3-petal graph. We can find the bounds for b-chromatic
number of G, when p > 3.

Ghanbari and Alikhanl [9] have studied about the TDC number and given
some important results with reference to the neighbourhood of two graphs.
They have investigated about the TDC number of r-gluing of two graphs.
It will be quite interesting to investigate the TDC number of families of
petal graphs.

The Geo chromatic number y,4.(G) introduced by Samli and Chelladurai
[10] is the minimum cardinality among all geo chromatic sets of Paul and
Mary [11] discussed about the geo chromatic number of various graphs
such as sunlet graph, prism graph and book graph. We can extend the work
on the families of petal graphs.
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