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On the b-chromatic number of 3-petal graph families
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Abstract
The definition of b-coloring of a graph leads to the construction of what we call as 

Color Class Complete Graph (CCCG). We find the b-chromatic number of the p-petal graph, 
when p = 3, using the CCC Graph. We also find the b-chromatic number of the line graph, 
middle graph and the total graph of the p-petal graph.

Subject Classification:  05C15.

Keywords: b-coloring, b-chromatic number, p-petal graph, Line graph, Complement graph.

†	 E-mail:	winson.rajaian@utas.edu.om
*	E-mail:	vkn.sh@rmkec.ac.in (Corresponding Author)
§	 E-mail:	santhosh.moni@utas.edu.om
‡	 E-mail:	sulaiman.rawther@utas.edu.om

Journal of Discrete Mathematical Sciences & Cryptography
ISSN  0972-0529 (Print), ISSN  2169-0065 (Online)
Vol. 29 (2026), No. 4,  pp. 1609–1627
DOI : 10.47974/JDMSC-2345

†	 ORCID-ID: 0009-0002-9319-3384
*	ORCID-ID: 0000-0002-6143-9039
§	 ORCID-ID: 0009-0004-1102-1138
‡	 ORCID-ID: 0009-0009-9351-9330

http://www.tarupublications.com
http://dx.doi.org/10.47974/JDMSC-2345


1610� W. RAJAIAN ET AL.

 

1. Introduction 
In a  -coloring of  , in every color class    of   *           + there 

exists at least one vertex, called a  -vertex that is adjacent to at least one vertex 
in every other color class. The largest possible integer   is called the  -
chromatic number of   and is denoted by  ( ) [1].  

 

 
Figure 1 

The  -chromatic number of the Prism graph    is Four 
 
Refer to Figure 1. The  -vertices are enclosed by a square. The  -

chromatic number of the Prism graph    is Four [2]. For an even number  , we 
construct the four vertex color class complete graph    with color classes 
1.          *  +  *                                      +; 

The   - vertex is    
2.          *     +  *                                 + 

where     ; The   - vertex is    
3.          *     + where     ; The   - vertex is    
4.          *          + where     ; The   - vertex is    

 

 
Figure 2 

Two different versions of the  -petal graph with     petals 
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A petal graph   of   vertices and   petals with petal sequence {  } is said 
to be a  -petal graph [3], denoted        , if every petal in   is of size   and 
 (       )                  with        . In a  -petal graph the petal 
size   is always odd.  

In this paper, we consider  -petal graphs with     petals. Figure 2 shows 
two different versions of the  -petal graph with the same number of petals. 

 

 
Figure 3 

Line graph of the  -petal graph with     petals 
 
In the works of Whitney [4] originated the concept of line graph. Figure 3 

shows the line graph of the  -petal graph with 3 petals. 
Hamada and Yoshimura [5] introduced the middle graph of a graph  , 

denoted  ( ). Figure 4 shows the middle graph of the  -petal graph with 3 
petals. 

 
Figure 4 

Middle graph of the  -petal graph with     petals 
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Behzad and Chartrand [6] defined the total graph of a graph. Figure 5 
shows the total graph of the  -petal graph with 3 petals. 

Irving and Manlove provided an upper bound for the  -chromatic number 
of a graph  . They proved that  ( )   ( ), where  ( ) is the  -degree of 
the graph. They also proved that the  -chromatic number is NP-complete.  

Kouider and Maheo [7] proved that  ( )   
  √    

 , for a graph   of 

size  . Vijayalakshmi et al [8] gave the  -chromatic number of the middle 
graph of some graphs. 

 

 
Figure 5 

Total graph of the  -petal graph with     petals 

2. Main Results 
We prove the following theorems: 

Theorem 2.1: The  -chromatic number of the  -petal graph         is given 

by  ( )  {     
      

Proof: The chromatic number of the  -petal graph   is three. The maximum 
degree of   is three and there are at least      vertices of degree three. Hence 
the largest possible induced complete subgraph is    and therefore, the  -
chromatic number  ( )   . The graph   has    vertices on its core each of 
degree three. Hence, the maximum possible complete graph is   . 
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Case 1:     
Let us consider the vertices     ,     ,      and      of degree three. We 

assign a proper coloring to the vertex      as shown in Figure 6.  
 

 
Figure 6 

     is the  -vertex of the color class    
 
Similarly,  -coloring is done for each of the remaining three vertices     , 

     and      together with its neighbours using these four colors. These four 
vertices form the  -vertex set of the  -coloring of the graph  . The  -coloring 
of these four vertices is shown in Figure 7. 

The petal graph has minimum 8 vertices on the core of the graph. We 
include these vertices in the color classes   ,     to  . These sets of vertices 
will have the  -vertices and their neighbours only. The graph also has more 
vertices which are not elements of   . We include these vertices in separate 
color classes denoted   . The union    of the color classes    and    will have 
all the vertices of the graph and form the color class complete graph.  

 

 
Figure 7 

The  -vertex of each color class from    to    
 
The sets    will be the same for graphs with number of petals    .  The 

sets    will be distinct for graphs with respect to the number of petals. 
Let us consider the vertices     ,     ,      and      of degree thee. We 

assign a proper coloring with four colors to the vertex      and its neighbours. 
The same is done for all the remaining vertices mentioned above using the same 
four colors.  
This proper coloring creates the set of color classes    as follows. 
1.    *       +; The   - vertex is      



1614� W. RAJAIAN ET AL.

 

2.    *       +; The   - vertex is      
3.    *            +; The   - vertex is      
4.    *            +  The   - vertex is         

A proper coloring is done for the remaining vertices using the same colors. 
When the number of petals are increasing, the color classes    will be distinct.  
1.    *                 + 
2.    *                + 
3.    *            + 
4.    * + 

 
Figure 8 

The Color Class Complete Graph    proves that  ( )   , when     
 
Refer Figure 8.  
Thus, when    ,  ( )    

Case 2:     
When we try to apply case 1, the vertex       gets two colors    and    when 
we do a proper coloring of the   - vertices that creates the set of color classes    
as follows. 
1.    *          +; The   - vertex is         
2.    *             +; The   - vertex is         

Thus,  ( )   .  
We try to reorganise the color classes as follows: 
The even suffixed vertices in the core cycle of   are assigned color   , the 

odd suffixed vertices are assigned color   , and the central vertices in the petals 
of   are assigned color   .  

The petal graph has 6 vertices on the core of the graph. We include the 
vertices   ,    and    in the color classes   ,     to  . These sets of vertices 
will have the  -vertices and their neighbours only. The graph also has more 
vertices which are not elements of   . We include these vertices in separate 
color classes denoted   . The union    of the color classes    and    will have 
all the vertices of the graph and form the color class complete graph.  



B-CHROMATIC NUMBER OF 3-PETAL GRAPH FAMILIES� 1615

 

 
Figure 9 

The  -vertex of each color class from    to    
 
We assign a proper coloring with three colors to the vertex    and its 

neighbours. Refer Figure 9. The same is done for all the remaining vertices 
mentioned above using the same three colors.  

This proper coloring creates the set of color classes    as follows. 
1.    *     +; The   - vertex is    
2.    *  +; The   - vertex is    
3.    *     +; The   - vertex is    

A proper coloring is done for the remaining vertices using the same colors. 
1.    *  + 
2.    *     + 
3.    *  + 

 
Figure 10 

The Color Class Complete Graph    proves that  ( )    when     
 
Refer Figure 10. 
Thus,  ( )   .        

Theorem 2.2: The  -chromatic number of the line graph of the  -petal graph   
is given by  ( ( ))    



1616� W. RAJAIAN ET AL.

 

Proof: The maximum degree of  ( ) is four and there are at least   vertices of 
degree four. Hence the largest possible color class complete graph is    and 
therefore,  ( ( ))   .  

Here, L( ) has    vertices each of degree four. When    , the core 
graph has at least five vertices of degree four. Hence, the maximum possible 
complete graph is   . Moreover, there are six vertices of degree four in the core 
graph of L( ).  

Let us consider the vertices   ,   ,   ,    and    of degree four. We assign 
a proper coloring to the vertex    as shown in Figure 11.  

Similarly,  -coloring is done for each of the remaining four vertices   ,   , 
   and    together with its neighbours using these five colors. These five 
vertices form the  -vertex set of the  -coloring of the line graph L( ).  

The  -coloring of these five vertices is shown in Figure 12. 
 

 
Figure 11 

   is the  -vertex of the color class    
 

 
Figure 12 

The  -vertex of each color class from    to    
 
Consider the complete graph    with color classes   ,   ,   ,    and   . 
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Case 1:     
The       vertices of  ( ) are included in the color classes as follows: 
1.    *         +; The  -vertex is    
2.    *      +; The  -vertex is    
3.    *     +; The  -vertex is    
4.    *      +; The  -vertex is    
5.    *         +; The  -vertex is    

Thus,  ( ( ))    
 

 
Figure 13 

The  -vertex of each color class from    to    

Case 2:     
The line graph has minimum 8 vertices on the core of the graph. We 

include these vertices in the color classes   ,     to  . These sets of vertices 
will have the  -vertices and their neighbours only. The graph also has more 
vertices which are not elements of   . We include these vertices in separate 
color classes denoted   . The union    of the color classes    and    will have 
all the vertices of the graph and form the color class complete graph.  

The sets    will be the same for graphs with number of petals    .  The 
sets    will be distinct for graphs with respect to the number of petals. 

Let us consider the vertices   ,   ,   ,    and    of degree four. We assign 
a proper coloring with five colors to the vertex    and its neighbours. Refer 
Figure 13. The same is done for all the remaining vertices mentioned above 
using the same five colors.  

This proper coloring creates the set of color classes    as follows. 
1.    *           +; The   - vertex is    
2.    *        +; The   - vertex is    
3.    *            +; The   - vertex is    
4.    *      +  The   - vertex is       
5.    *              +; The   - vertex is    

 
A proper coloring is done for the remaining vertices using the same colors. 

When the number of petals are increasing, the color classes    will be distinct.  
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We have the following cases: 

Case 2a:     
1.    *   + 
2.    *  + 
3.    *   + 
4.    * + 
5.    * + 

Case 2b:     
1.    *           + 
2.    *     + 
3.    *      + 
4.    * + 
5.    * + 

Case 2c:    ,   is even 
1.    *                                                            

             + 
2.    *                                                        

                    + 
3.    *                        + 
4.    * + 
5.    * + 

 

 
Figure 14 

The Color Class Complete Graph    proves that  ( ( ))    
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Case 2d:    ,   is odd 
1.    *                                                            

             + 
2.    *                                                        

                    + 
3.    *                        + 
4.    * + 
5.    * + 

Refer Figure 14. 
Thus,  ( ( ))           

Theorem 2.3: The  -chromatic number of the middle graph of the  -petal graph 
        is given by  ( ( ))  {     

      

Proof: Consider   with   petals. Then M( ) has    vertices each of degree six. 
When    , there are six vertices of degree six. Hence, the maximum possible 
complete graph is   . When    , there are at least seven vertices of degree 
six. Hence, the maximum possible complete graph is   .  

Therefore two cases arise. 

Case 1:     
Let us consider the vertices    ,    ,    ,    ,    , and     of degree six. 

We assign a proper coloring to the vertex     as shown in Figure 15. The sixth 
neighbouring vertex     is assigned color    that is already assigned to the 
vertex    , because, it does not have an excess color to be assigned. 

 

 
Figure 15 

    is the  -vertex of the color class    
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Figure 16 

The  -vertex of each color class from    to    
 
Similarly,  -coloring is done for each of the remaining five vertices    , 

   ,    ,    , and     together with its neighbours using these six colors. These 
six vertices form the  -vertex set of the  -coloring of the middle graph M( ).  

The  -coloring of these six vertices is shown in Figure 16. 
 

 
Figure 17 

The Color Class Complete Graph    proves that  ( ( ))   , when     

Consider the color classes   ,     to  . 
1.    *          +; The   - vertex is     
2.    *             +; The   - vertex is     
3.    *             +; The   - vertex is     
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4.    *             +  The   - vertex is        
5.    *          +; The   - vertex is     
6.    *          +; The   - vertex is     

 
Hence the  -chromatic number of the middle graph of the  -petal graph   

with number of petals     is six. Refer Figure 17. 

Case 2:     

 
Figure 18 

    is the  -vertex of the color class    
 
The middle graph has minimum 16 vertices on the core of the graph. This 

is the minimum requirement for the formation of the color class complete graph 
  . We include these vertices in the color classes   . These sets of vertices will 
have the  -vertices and their neighbours only. The graph also has more vertices 
which are not elements of   . We include these vertices in separate color classes 
denoted   . The union    of the color classes    and    will have all the vertices 
of the graph and form the color class complete graph.  

The sets    will be the same for graphs with number of petals    .  The 
sets    will be distinct for graphs with respect to the number of petals. 

Case 2a:     
Let us consider the vertices    ,    ,    ,    ,    ,     and     of degree 

six. We assign a proper coloring with seven colors to the vertex     and its 
neighbours. Refer Figure 18.  

The same is done for all the remaining vertices mentioned above using the 
same seven colors.  

This proper coloring creates the set of color classes    as follows. 
1.    *               +; The   - vertex is     
2.    *           +; The   - vertex is     
3.    *             +; The   - vertex is     
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4.    *          +  The   - vertex is        
5.    *          +; The   - vertex is     
6.    *          +; The   - vertex is     
7.    *               +; The   - vertex is     

A proper coloring is done for the remaining vertices using the same colors and 
the color classes    are constructed as follows: 
1.    *     + 
2.    *     + 
3.    * + 
4.    * + 
5.    * + 
6.    * + 
7.    * + 

 
The color classes          ,     to   form the color class complete 

graph   . 
The color classes   , when the number of petals     will be the same. 

The color classes    will be different for graphs with number of petals    , 
    and    . This is because, the number of vertices will be increasing 
when the number of petals is inceasing. 

Case 2b:     
Let us consider the vertices      ,      ,      ,      ,      ,       and 

      of degree six. We assign a proper coloring with seven colors to the vertex 
      and its neighbours. The same is done for all the remaining vertices 
mentioned above using the same seven colors. Refer Figure 19. 

 

 
Figure 19 

The  -vertex of each color class from    to    
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This proper coloring creates the set of color classes    as follows. 
1.    *                      +; The   - vertex is       
2.    *                +; The   - vertex is       
3.    *                     +; The   - vertex is       
4.    *                +  The   - vertex is          
5.    *                      +; The   - vertex is       
6.    *                +; The   - vertex is       
7.    *                    +; The   - vertex is       

 
We construct the color classes    as follows: 

When     
1.    *               + 
2.    *         + 
3.    *   + 
4.    *    + 
5.    * + 
6.    * + 
7.    * + 

When     
1.    *                          + 
2.    *             + 
3.    *       + 
4.    *           + 
5.    * + 
6.    * + 
7.    * + 

When     
1.    *                                                         + 
2.    *                                      + 
3.    *                                 + 
4.    *                                        + 
5.    *                           + 
6.    * + 
7.    * + 
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Figure 20 

The Color Class Complete Graph    proves that  ( ( ))   , when     
 
Thus, when    , the  -chromatic number of the middle graph  ( ) of 

the  -petal graph   is seven. Refer Figure 20.     

Theorem 2.4: The  -chromatic number of the total graph of the  -petal graph 
        is given by  ( ( ))    

Proof: Consider   with   petals. Then  ( ) has    vertices     ,     ,     , 
…,      ,    ,      ,      ,      , …,       and     of degree six. Hence, the 
maximum possible complete graph is   . 

Let us consider the vertices      ,     ,      ,     ,     ,       and 
     of degree six. We assign a proper coloring to the vertex       as shown in 
Figure 21. 

 
Figure 21 

    is the  -vertex of the color class    
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Similarly,  -coloring is done for each of the remaining six vertices     , 
     ,     ,     ,       and      together with its neighbours using these 
seven colors. These seven vertices form the  -vertex set of the  -coloring of the 
total graph  ( ).  

The  -coloring of these seven vertices is shown in Figure 22. 
Consider the color classes          ,     to  . 
We construct the color classes    as follows: 

 

 
Figure 22 

The  -vertex of each color class from    to    
 

1.    *        +; The   - vertex is       
2.    *        +; The   - vertex is      
3.    *              +; The   - vertex is       
4.    *               +  The   - vertex is         
5.    *          +; The   - vertex is      
6.    *              +; The   - vertex is       
7.    *            +; The   - vertex is      

We construct the color classes    as follows: 
1.    *                                                 + 
2.    *                                           + 
3.    *                                   + 
4.    *                    + 
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5.    { } 
6.    { } 
7.    { } 

 
Figure 23 

The Color Class Complete Graph    proves that      ))    
 
Thus,      ))   . Refer Figure 23.   

3. Conclusions and Recommendations 
When     the  -petal graph is not planar. Its also interesting because of 

its feasibility in getting the results.  

We hope that the following recommendations give important results: 
A. We can extend our work to the complementary graph, split graph and the 

star graph of the  -petal graph. We can find the bounds for  -chromatic 
number of  , when    . 

B. Ghanbari and AlikhanI [9] have studied about the TDC number and given 
some important results with reference to the neighbourhood of two graphs. 
They have investigated about the TDC number of  -gluing of two graphs. 
It will be quite interesting to investigate the TDC number of families of 
petal graphs. 

C. The Geo chromatic number      ) introduced by Samli and Chelladurai 
[10] is the minimum cardinality among all geo chromatic sets of Paul and 
Mary [11] discussed about the geo chromatic number of various graphs 
such as sunlet graph, prism graph and book graph. We can extend the work 
on the families of petal graphs.  
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