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Abstract

An orthogonal inclusion graph is constructed from totally isotropic subspaces of an
orthogonal space over a finite field of odd characteristic with a finite dimension. Its vertices
correspond to all nontrivial totally isotropic subspaces, with two vertices adjacent whenever
one is a proper subset of the other. In this work, we determine the independence number and
the domination number of this graph in dimension 4.
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1. Introduction

It is well-known that graph theory, linear algebra and abstract algebra have
many connections among themselves. Recent research has focused heavily on
studying graphs that emerge from the geometric properties of finite classical
groups. Since this paper primarily examines finite orthogonal groups and their
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associated spaces, we begin by reviewing the existing literature on graphs that
originate from these mathematical structures.

A paper [8] investigated orthogonal graphs over finite fields of odd
characteristic whose vertex set is the set of totally isotropic subspaces of
dimension one. In there, the authors computed the graphs' parameters, chromatic
numbers and automorphism groups. Some years later, these graphs were extended
to the cases of finite Galois rings in [11] and finite commutative rings in [16].
Additionally, there is considerable research on graphs defined by the totally
isotropic subspaces of higher dimensions, see [10, 19]. For a similar line of works
on symplectic graphs, we refer the reader to [12, 13, 14, 15, 19, 20, 21, 24].

Recently, a new connection between graphs and vector spaces has been
established by Das [3, 4]. For a finite-dimensional vector space V over a finite
field, Das introduced the subspace inclusion graph, denoted by In(V). Its
vertices are the nonzero proper subspaces of V and two vertices are joining if and
only if one is a proper subset of the other. Later, a subgraph of In(V) defined
from symplectic totally isotropic subspaces over a finite field was introduced and
several properties of this subgraph were investigated [9]. A related study on
orthogonal spaces over finite fields of odd characteristic was conducted by Fan in
her Master's thesis [5]. Beyond finite geometry over fields or rings, inclusion
graphs also play important roles in other mathematical structures, such as
topological spaces. The reader may consult references [17, 18] for further details.

Motivated by these references, we consider orthogonal inclusion graphs
over finite fields of odd characteristic in dimension 4. In particular, the
domination number and the independence number of the graphs are calculated.
This work is also inspired by [23], in which the exact domination number of
In(V) was computed when V is in dimension 3, the smallest dimension in
which the problem is nontrivial. However, the problem remains open for all
higher dimensions.

Structure of the rest of this paper: Section 2 covers key graph-theoretic
terminology and discusses orthogonal spaces over finite fields of odd
characteristic. The definition of an orthogonal inclusion graph is presented.
Finally, Section 3 concludes by determining the independence and domination
numbers of the dimension of the orthogonal space is 4.

2. Graph and orthogonal space

In what follows, we review key definitions and terminology from graph
theory. The reader is referred to [1, 2, 7] for more details.

We only consider an undirected simple graph G with the set V' of vertices
and the set E of edges. Denoted by x:y, a vertex x is adjacent to a vertex y.
The set N(x) = {y € V|x:y} is called the neighbor of x € V. For U Cc V, we
define N(U) =Uyey N(x). The degree of x is given by deg(x): = |N(x)]|.

A path whose terminal vertex coincides with its initial vertex is called a
cycle, and the length of the shortest cycle is the girth of G, denoted by g(G). For
x and y in V, we denote their shortest connecting path length as d(x,y), with
diam(G): = max, ey d(x,y) representing the graph's diameter.
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An independent set in G is a subset of V where no two vertices are joining.
The independence number a(G) is the maximum possible cardinality of an
independent set. A dominating set D of G is a subset of vertices such that
V = N(D) U D. The domination number y(G) is the minimum cardinality of a
vertex set D satisfying the above equation.

In our work here, we consider a graph that arises from an orthogonal space
over a finite field of odd characteristic. Thus, we shall first recall some important
terminologies about this space. For more details, the reader can consult the
reference [22].

Let n = 2 be an integer and g be an odd prime power. For the finite field
[F4, the n-dimensional vector space over this field is given by

Fg = {(ay,ay, ..., ap)|a; € Fg,i = 1,2,...,n}.

Let e; be an n-dimensional vector whose ith component is 1 and 0
elsewhere for i = 1,2, ...,n. Recall that two matrices A and B are cogredient if
there exists a nonsingular matrix P satisfying B = P*AP, where P denotes the
matrix transpose of P.

Consider an invertible symmetric matrix S of size n X n with entries from
the finite field F,, thatis, S* = S and det(S) # 0. By [22], S is cogredient to

0 I
Savis = L, 0 )
A
where I, is the identity matrix of order v, § is either 0,1 or 2 and
) if6 =0,

(i)or(z), ifé =1,

(1 _Z), if6 =2,

where @ represents an empty set and z is a fixed nonsquare unit of F,. To
simplify notation, we denote S,,,5 by S. Let n = 2v + 6. An n X n matrix T
over [F, is called orthogonal with respect to S if it satisfies the relation

TSTT = S.

The collection of all such orthogonal matrices forms a group under matrix
multiplication, known as the orthogonal group of degree n over F, relative to
S, denoted by On(FF;S). When S; and S, are cogredient nonsingular
symmetric matrices, their corresponding orthogonal groups 0, (F,,S;) and
0n(FFg,S,) are isomorphic. Consequently, we may restrict our attention to a
standard representative S and simply write Oy, ,5(IF,) for the orthogonal group.

The group 0,y45(F4) acts naturally on IF%‘“"S

[Fév+6 X 02v+5(IFq) - IFZV_HS

(Ce1 s X246, T) = (X1, X2046) T

via right multiplication:
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This action gives rise to the orthogonal space over F, with dimension
(2v + §), which we denote by O.

For any subspace P ¢ @ of dimension m, its dual subspace P* consists of
all vectors orthogonal to P with respect to S:

Pt ={y € 0O|ySxt = 0 forall x € P}.

The dual subspace P+ has dimension 2v + § — m.

By slight abuse of notation, we also write P for the matrix formed by basis
vectors of the subspace P. A subspace P is called fotally isotropic if it satisfies
PSPT =0, or equivalently, if P c P*. The maximal possible dimension of a
totally isotropic subspace is v, and such maximal subspaces always exist. In fact,
every totally isotropic subspace is contained in a maximal one. Concrete
examples include (ey, ..., e,) and (e, , ..., €5,), where the basis vectors satisfy

T _ Coe
eSey,j=06;fori,j=1,..,v,

where §;; is the Kronecker delta.
Let @ be a (2v + §)-dimensional orthogonal space over [, (with ¢ odd

and v = 2). The orthogonal inclusion graph In(Q) has as vertices all nontrivial
totally isotropic subspaces, with adjacency given by inclusion:
P:P, &P, cPyorP, cP;.

This graph embeds naturally as an induced subgraph of the inclusion graph
In(V) for the vector space V = IF%"*‘S. Note that subspaces of equal dimension
are never adjacent in In(Q).

The graph In(@) was originally studied in [5]. It was shown that In(Q) is
a connected graph. Furthermore, several parameters and properties of the
graph---including the number of vertices, vertex degree, diameter, girth, clique
number, chromatic number, planarity, and Eulerian property---were determined.

As far as we know, several interesting parameters of the graph In(Q) have
not yet been investigated. This work focuses on two such parameters: a(In(0))
and y(In(Q)) of In(Q®). While determining these parameters in general
dimensions appears to be prohibitively complex, the smallest case of dimension 4
offers a manageable and nontrivial setting in which the results can be obtained.

3. Main results

In this section, we present the smallest case of In(Q), that is, when
n = 2(2) = 4, over a finite field F; of odd characteristic. The independence
number a(In(Q)) and the domination number y(In(@)) for this case are
determined. We recall some useful ingredients when n = 4 as follows.

Lemma 3.1: [5] Let n = 4. Then

1.  In(0) is bipartite with partite sets V; and V,, the set of vertices of
dimension 1 and 2, with |Vi|=(q+1? and |V,|=2(q+1),
respectively. Moreover, every vertex in V, has a degree 2 and each vertex
in V, has a degree q + 1.



ORTHOGONAL INCLUSION GRAPHS OF ODD CHARACTERISTIC 1867

2. In(Q) is connected with diameter 4.
3. The girth of In(0) is g(In(Q)) = 8.

3.1 Independence number

To find the independence number of In(Q@), we first recall the following
terminologies for a graph G with the vertex set V.

1. The vertex cover number t(G) represents the minimum number of vertices
needed to intersect every edge.

2. The matching number a'(G) counts the maximum number of pairwise
disjoint edges in G.
From [6], we have the equality:
a(G) +t(G) =|V|.
Moreover, if G is bipartite, then Konig's Theorem (see [1]) implies

7(G) = a'(G) and so a(G) = |V| — a'(G). We now recall Hall's theorem as
follows.

Lemma 3.2: (P. Hall 1933). Let G be a bipartite graph with partite sets V; and
V,. A matching that saturates every vertex of V, exists if and only if, for every
subset S € V,,

IN(S| = IS]-
By Lemma 3.1, In(@) bipartite without isolated vertices. To obtain the
main result on the independence number, it remains to compute a'(In(0)).

Theorem 3.3: If n = 4, then a(In(0)) = (q + 1)%

Proof: Note that the matching number a'(In(Q)) cannot exceed |V,| = 2q + 2
as in Lemma 3.1 (1). Next, we show that for every subset S of V,,
INCSI = |S].
Let S be a subset of V, and k = |S|. We see that any two vertices in V,

share at most one common neighbor in V;; otherwise, this would create a cycle of
length 4, which contradicts g(In(0Q)) = 8 stated in Lemma 3.1(3). Then

N(S) = (q + Dk — (’;)

Note that (g + 1)k — k2 >k if and only if 2q + 1 = k. Moreover, if
k=2q+2=|V,|, then N(S) = |V;] = (¢ + 1)*> = 2q + 2 = |V,| = k. So, we
have the claim. By Lemma 3.2, a'(In(Q)) = |V,|. Therefore, a(In(0Q)) =
V] — &'(In(0)) = (g + 1)*.

3.2 Domination number

Finally, we study the domination number of In(Q). Consider the standard
basis {e;, e,, e3,e,} for the orthogonal space @. We describe all vertices of
In(0) using this basis as follows.
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Vertices of dimension 1:

Write a vector x = c,e; + c,e, + c3e3 + c,e, and suppose that (x) is
totally isotropic. Then we have cyc3 + c,c = 0. If ¢ # 0, then we can let
¢c; =1 and ¢3 = —c,c,. On the other hand, if ¢; =0, then ¢, or ¢, =0.
Hence, we have the following distinct vertices.

1. (eg +ae; —afe; + Pe,); a,f € Fy.

2. (e;taes); a €F,.

3. (e3tae,); a €F,.
4

(€4)-

Vertices of dimension 2:

Construct vertices of dimension 2 by choosing two vectors from the above
lists and then check the totally isotropic condition. We have all distinct vertices as
follows.

1. (eg +aeye; —aes); a €F,.
(e; +aey,e3 — 294); a € Fg\{0}.

2
3. (eq, ey).
4 (€2, €3).
5 (€3,€4).

Now, by the adjacency condition, we can find the neighbors of each vertex
in dimension 1 as follows. For fixed elements a, § € F, where a # 0, we see
that:

N({e; + ae, — afes + Pey)) = {(e1 + Pes, e, — Bes), (er + aeye5 — iezt)}a
N({ey + Bes)) = {(e1 + Pes, e; — Pes), (e1, e4)},

N({e; + Bes)) = {{e1 — Pes, e, + Pes), (e, €3)},

N({es + @es)) = {(e1 =~ ez 05 + aey), (€3, €4)),

N({e3)) = {(e2, e3), (€3, es)},

N({es)) = {{e1, es), (€3, €4)}.

In what follows, we analyze the domination number of In(@). Under the
above setting, we can find one important dominating set as follows.

AN e

Lemma 3.4: Suppose that
D; ={(e; —e; + Pes+ Pey):f € Fy},
D, ={{es +e4)},
1
D; = {(e; + ae,, e3 — 264): a € F,\{0,—1}3,
D, = {(e1, e4), (€2, €3)}.
Then D = D; U D, UD3 U D, is a minimal dominating set of In(Q) with
cardinality 2q + 1, that is, any proper subset of D cannot be a dominating set.
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Proof: First, we divide the partite set V; of vertices of dimension 1 into the
following sets:

Vi1 ={(e1 + Bey): B €Ty},

Vi, ={(e; —e; + Bes + Pes): B € Fy},

Vis = {(e; + ae, —afe; + fe,):a € Fy\{0,—1}and f € F,},
Vie = {{e; +aez):a € Fy},

Vis = {{e3)},

Vie = {{es + e4)},

Viz = {{es + aey): a € Fy\{0,1}},
Vis = {{es)}-

For the partite set V, of vertices of dimension 2, we partition it into:
Vor = {(e; + ey, e, — aes):a € F ),
Voo = {{eg — ez, 63 + e4)},
Vo3 = {(e; + aey, e3 — %e4): a € F {0,—1}},

Vas = {{e1, e4), (€2, €3)},
Vas = {(e3, e4)}-
Note that D; = V,,, D, = V4, D3 = V,5 and D, = V,,. We show that any
vertex of In(0Q) notin D is adjacent to a vertex in D.

Note that each vertex in V;\D is adjacent to a vertex in D5 or D,. Indeed,

1. any vertex (e; + fe,) in Vi;, where § € F, is adjacent to {(e;, 4) in Dy;

2. any vertex (e; + ae, — afle; + fe,) in V3, where a € [Fq\{O, —1} and
B € [y, is adjacent to (e; + aey, e3, —§e4) in Ds;

3. any vertex (e, + aez) in V;,, where a € [F, is adjacent to (e,, e3) in Dy;
the vertex (e3) in V5 is adjacent to (e,, e3) in D,;

5. any vertex (e3 + ae,) in Vy;, where a € F;\{0,1} is adjacent to (e; —
%ez,e3 + ae,) in Ds;

6. the vertex (e,) in V;g is adjacentto (e;) in D,.

On the other hand, any vertex in V,\D is adjacent to a vertex in D; or D,. To see
this,
1. any vertex (e; + ae;, e, —aez) in V,;, where a € F,, is adjacent to
(e; — e, + ae; + ae,) in Dy;
2. any vertex in V,, and V,5 is adjacentto (e3 + e,) in D,.
Therefore, D = D, U D, U D3 U D, is a dominating set of In(Q) and it is
clear that |D| = 2q + 1.
To show that D is minimal, we suppose that D’ is another dominating set
of Jn(@) which is a proper subset of D. Then there exists a vertex P in D\D'.
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Case 1: P € D,. Then P = (e, — e, + fe; + Be,) for some f € F,. Note that
N(P) = {(e; + Bes, e, — Bes), (e, —ey,e3+e,)}. Then N(P)NnD' c N(P)n
D = @. Thus, P ¢ D' U N(D"), which contradicts the dominating set D'.

Case 2: P€eD, . Then P = (e +e,) . Since N(P)={(e; —eye;+
es),(es,e4)} and N(P)nD' € N(P) nD = @, it implies that P & D' U N(D"),
a contradiction.

Case 3: P€D;. Then P = (e; + ae,, e;3 —ie4) for some a € F,\{0,—1}.

Consider a vertex Q = (e3 + ae,) in V;, which is not in D. Note that N(Q) =
{P, (e, e,)}. Hence, Q & D' U N(D"), which is impossible.

Case 4: P € D,. Then P is either (e, e,) or {e,,e3). If P = (eq, e,), then the
vertex {(e,) in Vg doesn't belong D' N N(D"), a contradiction. Similarly, if
P = (e, e3), then the vertex (e;) in Vi doesn't belong D'NN(D"), a
contradiction.

Hence, D is a minimal dominating set of In(Q).

The following lemma provides some crucial observations.

Lemma 3.5: Let P be a vertex of dimension 1 in In(Q) and N(P) = {Q4,Q,},
where Q1,Q, are vertices of dimension 2. Then

L. N(Q) NN(Q;) = {P},

2. IN(NQO\{PH|=q+1 forall i =1,2,

3. N(N@D\{PH N N(N(E)\{P}) = @, and

4. V2= N(N(@Q@D\{P}) UNN@I\{PD.

Proof: Recall that deg(P;) = q + 1 = deg(P,). Now, let

N(Q,) = {P,Pi1,Py3, ..., P;} and N(Q,) = {P, Py, Ps3, ..., Pyg}.

If P;; = P,; for some i,j € {1,2,...,q}, then P:Q;:P;; = P,;:Q;:P is a
cycle of length 4 which contradicts the girth g(In(@)) = 8 in Lemma 3.1 (3).
Hence, N(Q;) N N(Q,) = {P}. This proves (1).

Next, let i € {1,2}. Since dim(P;;) = 1, we have deg(P;;) = 2. So we let
N(P;j) = {Q;, Qij}, where Q;; is a vertex of dimension 2, forall j = {1,2, ..., q}.
Hence,

N(N(Q)\{P}) = N({Pi1, Piz, -, Pig}) = {Q;, Qi1, Qiz, -, Qig }-

Suppose that Q;; = Q;;, where j # j'. Then Q;: P;j: Q;j = Qyji: P2 Q; isa
cycle of length 4 which contradicts g(In(Q)) = 8. Thus, [N(N(Q)\{P}| =
q + 1. This proves (2).

Note that Q; # Q;,; for all i,i" € {1,2} with i #i' and j € {1,2,...,q};
otherwise, there is a cycle of length 4. Suppose that Q;; = Q,j, for some



ORTHOGONAL INCLUSION GRAPHS OF ODD CHARACTERISTIC 1871

j,j' €{1,2,..,q}. Then P:Q;: Py;: Q1; = Qyj,: P2ji: Q2: P is a cycle of length 6,
which contradicts the girth of In(Q@). Therefore,

{Qlﬂ Qllﬂ QZZ' R QZq} n {QZ' QZl' QZZ' R QZq} = Q)

This completes (3).

Finally, by (2), the set N(N(Q;)\{P}) consists of g+ 1 vertices of
dimension 2 for each i = 1,2. This result together with (3) imply |N(N(Q1)\
{P}) UNN(Q)\{PH| = 2(q +1). Since N(N(Q)\{P}) UNN(Q)\{P})
V, and |V,| = 2(q + 1), we obtain that

V, = N(N(Q\{P}) U N(N(Q@)\{P}).

Therefore, we have (4).

The following theorem provides the exact value of the domination number
of our graph.

Theorem 3.6: Let O be an orthogonal space over T, of dimension 4. Then
y(In(0)) = 2q + 1.

Proof: First, the set D in Lemma 3.4 is a dominating set of Jn(Q) with
[D| = 2q + 1. Hence, y(In(0)) < 2q + 1.

Next we show that the converse holds. Let D’ be a dominating set of In(Q)
with |[D'| = y(In(0)). Recall that the graph In(Q) is bipartite with partite sets
V, of vertices of dimension 1 and V, of vertices of dimension 2 in In(Q).
Suppose that D, =D'nV,, D,=D'nV,, |D;|=d; and |D,| =d,. Then
d, +d, = |D'| = y(n(0)) < 2q + 1. Since D' is a dominating set,

V1 =D1 UN(Dz) and VZ =N(D1)UD2. (31)
Note that |V,| = 2(q + 1). Next, we claim that
IND)| <d;+1 3.2)

If d; =1, then it is clear that |[N(D;)|=2=d,; +1. For d; = 2, let

D, = {PW,p@ P@} Suppose the contrary that [N(D;)| > d; + 1. Then
there exists P(0) € D, such that

N(PU) N (U, N(PD)) = 0. (3.3)

WLOG, we assume that ip =1 and N(PM)NNPP)=¢ . Let

N(P®) = {0{”, 05"} and N(P®) = {@}”, 5"} where ¢;", 05", Q{Y and

52) are four distinct vertices of dimension 2. By Lemma 3.5, we have

1 1
Vo = NN HMPDY U NN (QEI\PDY.
Since Q¥ €V,, WLOG, we suppose that Q2 € N(N(Q )\ {PD}).
Then Q¥:P, for some vertex P, € N(Q”) and P, #P® . Hence,

1(2):P1: 1(1). It can be shown by Lemma 3.1 (2) that there exists a vertex
P, e N(QV) n N(Q%?) and P, # P,. Note that (3.3) implies that Py, P, & D;.
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Thus, at least two vertices from {Ql(l), él), 52), éz)} must be in D,. If
N(D;) = d; + 2, then we would have
2q+1=2d,+d =2 (V| -=ND)+2)+dy =2q+2,
a contradiction. Assume that N(D;) = dy + 2 + i, where i = 1. Consider the set
of dy —2 vertices D;, = {P®),P™,... PV} and the set of dy —2+i
vertices N’ = N(DO\{Q™, 0", 0, 0?3, Since deg(P®) = 2 for cach i,
there are at least i vertices PU1), PU2), . PUD sych that each one is adjacent to
two vertices in N’ with no common neighbor for each pair, i.e., N(PU)) n
N(PUY) = @ forall s # t.If i iseven, then, similarly to the previous arguments
for P and P® atleast i vertices from N’ must be in D,. Thus,
2q+1=2d,+d =2 (V| - ND))+2+i)+d, =2q+2,
a contradiction. Assume that i is odd and suppose that N(P/1) = {QY 1), ng 1)}.
Again we can argue that there exist three distinct vertices P, Py, P3, € V3\D;
such that le): P, Ql(jl), Ql(z): P, Ql(jl) and QZ(Z): P;,: Qéjl). Then at least three
vertices from {Q", @V, @@, 0%, QUY, UV} must be in D,. Consider the
set {PU2), pUs),  PUD}. As the previous case, at least i — 1 vertices from this
set must be in D,. Hence,
2q+1=2d,+d =2V, -ND)+3+({—-1)+d, =2q+2,
which is a contradiction. Thus, we have the claim |[N(D,))| < d; + 1. It implies
that |V,| = [IN(D;) U D,| < |N(Dy)| +d, < (dy + 1) + d,. Therefore,
2q+1=|V,| —1<dy +d, =y([In(0)).
This completes the proof.

Note that if g = 3, then the above theorems imply a(In(0Q)) = 16 and
y(n(0)) =7.

Example 1: Let O be an orthogonal space over F; of dimension 4. The
following list is for 1-dimensional totally isotropic subspaces of O:

Py = (e;), P, = (e4), P3 = (e2), P, = (e3),

Ps = (ey + e4), Ps = (€1 + 2e,), P; = (e; + 2e3), Py = (e, + €3),

Py = (e; + 2e;), P1g = (€1 + €3), Py = (€3 + €4), Py = (e3 + 2ey),

Pis =(e; +2e, +es+e,),P,=(e; +e,+2e;+e,),

Pis = (e; + 2e, + 2e5 + 2e,), Pig = (€1 + e, + e5 + 2e,),

where denotes the vector with a 1 in the ith coordinate and 0’s elsewhere. Next,
we describe all 2-dimensional totally isotropic subspaces of @ as follows:

Q1 =(e1, e4),Q; = (ez,€3), Q5 = (e, €3), Qs = (€3, €4),
Qs = (61 + 64, ez + 263), Q6 = (el + 284, ez + 63),
Q7 =(e1 + 2ey,e3 + e,), Q5 = (€1 + €3, €5 + 2e,).
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The graph of In(Q) is illustrated in Figure 1. The independence number is
a(In(0)) = 16,

by Theorem 3.3, with an independent set {P;, P,, ..., P;¢}. From Theorem 3.6, we
have

y(n(0)) =7
with a dominating set {Py, Py, P13, P15, @1, Q2, Qg}-

Figure 1
In(0) in dimension 4 over F3
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