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Abstract
This study investigates the concept of gr-Pe-Jgr-PrySups as an extension of gr-Jgr-PrySub 

within the framework of Ω-graded commutative rings. Let Ω be a group with identity e, W 
= ⊕g∈Ω Wg a Ω-graded commutative ring, C = ⊕g∈Ω Cg a graded W-module, and P = ⊕g∈Ω Pg a 
graded ideal of W. A proper graded submodule U of C is identified as a graded Pe-Jgr-primary 
submodule if, whenever rg ch ∈ U\Pe U for rg ∈ h(W) and ch ∈ h(C), then either ch ∈ U + Jgr 
(C) or rg ∈ Gr((U + Jgr (C) :W C)), where Jgr (C) denotes the graded Jacobson radical of C. The 
paper presents some results concerning the properties and behaviors of this class of graded 
submodules. 
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This study investigates the concept of gr-      -PrySups as an extension of gr-   -PrySub 

within the framework of  -graded commutative rings. Let   be a group with identity  ,   
       a  -graded commutative ring,          a graded  -module, and          a 
graded ideal of  . A proper graded submodule   of   is identified as a graded       -primary 
submodule if, whenever            for         and        , then either             
or                     , where        denotes the graded Jacobson radical of  . The paper 
presents some results concerning the properties and behaviors of this class of graded submodules.  
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1. Introduction and Preliminaries 
The study of graded rings and modules has long been a topic of interest due 

to their significant applications in mathematics and physics. In differential 
geometry, graded Lie algebras play a crucial role, notably in the 
Frolicher-Nijenhuis bracket and the Nijenhuis-Richardson bracket [1]. Similarly, 
these structures address various physical challenges, such as those involving 
supermanifolds, supersymmetry, and the quantization of systems exhibiting 
symmetry [2, 3]. 

The concept of gr-primary ideals was first introduced in [4], forming the 
basis for further investigations into graded structures. Atani and Farzalipour [5] 
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later extended this idea by defining gr-PrySub, which have since been studied 
extensively by numerous researchers [6, 7, 8]. Subsequent generalizations have 
included gr- -absorbing primary submodules [9], gr-S- -absorbing primary 
submodules [10], gr-weakly  -absorbing primary submodules [11], gr-classical 
primary submodules [12], gr-weakly classical primary submodules [13], and 
gr-  -primary submodules [14]. 

More recently, Alnimer and Al-Zoubi [15] introduced the concept of 
gr-    -PrySubs as a new generalization of gr-PrySubs. Building upon this 
framework, the current paper proposes the notion of gr-      -PrySubs, which 
further extends the theory of gr-   -PrySubs. This work explores the fundamental 
properties of this class of gr-Sub. 

A submodule     is called a graded submodule (abbreviated as, gr-Sub) 
of   if                     . For additional details, see [16]. 

A gr-Sub   of   is called a   -maximal submodule (abbreviated as, 
gr-MSub) if     and if there is a gr-Sub   of   with      , then either 
    or    , see [16]. The gr-Jacobson radical of  ,       , is defined as 
the intersection of all gr-MSubs of  . If   has no gr-MSubs, then by definition, 
         [16]. Additionally, it has been shown [17, Lemma 2.11] that if   is a 
gr-Sub of  , then                   forms a gr-ideal of  . From 
here on, we adopt the notation established in [14]. For background information 
and fundamental results related to modules and graded modules, readers may 
consult [16, 18, 19, 20, 22]. 

2. Results 
The gr-radical of a gr-ideal  ,      , is the set of all   ∑          

such that for each     there exists      with   
    . If       , then 

        if and only if      for some    , see [4]. 

Definition 2.1: Let          be a gr-Id of  ,          a gr-Sub of   
and      
(i)  The submodule    is defined to be an  -  -    -primary submodule 

(simply,  -   -    -PrySub) of the   -module    if        and 
whenever              where       and      , then either 
                      for some      or                

(ii)  The submodule   is defined to be a graded   -   -primary submodule 
(simply, gr-  -   -PrySub) of   if      and whenever            
where         and          then either                   for 
some      or               
 
A proper gr-Sub   of   is called a gr-   -PrySub if        where 

        and          then                      or      
       [15]. 
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It is evident that every gr-   -PrySub is also a gr-  -   -PrySub. However, 
the reverse is not always true, as demonstrated by the following example. 

Example 2.2; Let      and        Then   is a  -graded ring with 
       and             Let        then   is a graded  -module 
with        and       ̅  ̅    Consider the gr-Id         of   and 
the gr-Sub     ̅     of  . Then, as         we get   is a 
gr-  -   -PrySub. But   is not a gr-   -PrySub of   since         ̅  ̅  
  ̅  ̅    but   ̅  ̅             ̅     and                    
          for all        

Let          be a gr-Id of  . A proper gr-Sub   of   is called a 
gr-   -    -PSub if            where         and          then 
                 or            , see [21]. 

Theorem 2.3: Let          be a gr-Id of   and   a gr-Sub of   such that 
              is a graded radical ideal. Then   is a gr-  -   -PrySub of   
if and only if   is a gr-  -   -PSub of     

Proof: The proof comes from                                   

Theorem 2.4: Let          be a gr-Id of   and   a gr-  -   -PrySub of 
    
(i)  If   is a gr-Sub of   with     and                then   is a 

gr-  -   -PrySub of    
(ii)  If          is a gr-Id of   with      then   is a gr-  -   -PrySub 

of     

Proof:     Straightforward.      The proof comes from               

Theorem 2.5: Let          be a gr-Id of   and   a gr-Sub of    Then the 
following statements are equivalent:  
(1)    is a gr-  -   -PrySub of    
(2)  For any gr-Id   of   and any gr-Sub   of   with           then 

either                     or              

Proof:         Let   be a gr-Id of   and   a gr-Sub of   such that 
          Let us assume that                     and     
        So, there are                               and       
                  But           , this yields that either          
            or             as   is a gr-  -   -PrySub of  , which is a 
contradiction. Hence, either                     or             
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        Let            for some         and          So 
      is a gr-Id of   generated by    and       is a gr-Sub of   
generated by     So,          which yields that either         
            or             Therefore, either                      
or               

Theorem 2.6: Let          be a gr-Id of   and   a gr-  -   -PrySub of 
   If        is a multiplicatively closed subset of   with            
and                       , then      is a gr-       -   -PrySub of the 
    -module        

Proof: It is clear that           as             Now, let   
  

  
  
 

    
    

                                 for some   
  
         and 

  
  
          Thus, for some      we have              which follows 

that either                      or               as   is a 
gr-  -   -PrySub of    Hence, either                                    
or   

  
     

    
                 So, as a result we get      is a 

gr-       -   -PrySub of        

Theorem 2.7: Let          be a gr-Id of   and   a gr-  -   -PrySub of 
   If   is a gr-Sub of   with     and                            
then     is a gr-  -   -PrySub of       

Proof: Let         and             with                 
               Hence,            which follows that either          
            or              So, either                        
    or                    Thus,     is a gr-  -   -PrySub of       

Let          be a gr-Sub of   and      Then    is said to be an 
 -    -PrySub of the   -module    if        and whenever         
where       and        then either               or          
        for some     , [15]. 

Theorem 2.8: Let          be a gr-Id of  ,          a gr-Sub of   
and      If    is an  -  -   -PrySub of     then either             
     or    is an  -   -PrySub of      

Proof: Assume that                  and let    be an  -  -   -PrySub of 
    Now, let         for some       and        If            then 
we get the result as    is an  -  -   -PrySub of     So, assume            
Now, If            then there exists        with             so as 
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          with                    we get either           
               or                    Hence, either           
               or                Also, if                   then 
there exists               with            and then as           we 
get                    implies either                              
or                Thus, either                          or    
            So assume that           and                   Now, 
by our assumption there are               and        with        
      Hence, as           and           we get             
              This yields that either                              
or                   and then either                          or 
               Hence, as a result    is an  -   -PrySub of      

Corollary 2.9: Let          be a gr-Sub of   and      If    is an 
 -   -    -PrySub of    which is not an  -    -PrySub of     then 
                  

Proof: Take       in Theorem 2.8.  
A graded  -module   is referred to as a graded local (   -local) 

 -module if it contains precisely one gr-MSub (see [16]). A graded  -module 
  is described as graded semisimple (  -semisimple) if every graded submodule 
of   can be expressed as a direct summand of  , [16]. 

Theorem 2.10: Let          be a gr-Id of   and   a gr-  -   -PrySub of 
    
(i) If         , then   is a gr-  -PrySub of    
(ii)  If   is a gr-local module and   is a gr-MSub of  , then   is a 

gr-  -PrySub of    
(iii)  If   is a gr-semiprime module, then   is a gr-  -PrySub of     

Proof:  
     Straightforward. 
      The proof comes from          as   is a gr-local  -module and   is 

a gr-MSub of    
        is a gr-semisimple follows that           Hence, we get the result.  

Theorem 2.11: Let    be a  -graded ring,    a graded   -module and 
           a gr-Id of   , for        Let           
(i)  If    is a gr-   -   -PrySub of    with                    and 

                       then       is a gr-   -    -PrySub of 
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(ii)  If    is a gr-   -   -PrySub of    with                    and 
                       then       is a gr-   -    -PrySub of 
        

Proof: 
    Let                    and                    such that 

                                                      So, 
                                   and then                 
which yields that either                or                   for 
some       Then as                       we conclude either 
                           or                          
           for some       Therefore, we get the result. 

      The proof is similar to that in       

Theorem 2.12: Let    be a  -graded ring,    a graded   -module,    
        a gr-Id of    and    a proper gr-Sub of   , for        Let 
          
     If          for      , then       is a gr-  -   -PrySub of        
      If    is a gr-PrySub of     then       is a gr-  -   -PrySub of        
      If    is a gr-   -   -PrySub of    with                       and 

          then       is a gr-  -   -PrySub of        
     If    is a gr-PrySub of     then       is a gr-  -   -PrySub of        
     If    is a gr-   -   -PrySub of    with                       and 

          then       is a gr-  -   -PrySub of         

Proof:  
     It is clear that                    , so we get the result. 
      We have       is a gr-PrySub of       as    is a gr-PrySub of     

So,       is a gr-  -   -PrySub of        
      Since                               The result comes from 

Theorem 2.11. 
      The proof follows a similar approach to the one used in part (ii). 
     The proof follows a similar approach to the one used in part (iii).  

Theorem 2.13: Let          be a gr-Id of   and   a gr-Sub of    Then 
  is a gr-  -   -PrySub of   if and only if       is a gr-  -   -PrySub of 
        

Proof: Let         and                   such that            
                            Thus,            which follows that 
either             or                   for some       So, either 
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                        or                               for 
some       Hence, we get the result. Conversely, let         and 
        with             So,                            which 
gives either                         or                  
             for some       Then we have either             or 
                  for some       Therefore,   is a gr-  -   -PrySub of 
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