Journal of Discrete Mathematical Sciences & Cryptography
ISSN 0972-0529 (Print), ISSN 2169-0065 (Online)

Vol. 29 (2026), No. 4, pp. 1685-1694

DOI : 10.47974/JDMSC-2393

Fundamental properties and results of interval type-2 fuzzy rhotrix : A
research perspective

E. Santhanamari '

G. Kavitha *

Department of Mathematics

Hindustan Institute of Technology and Science
Chennai 603103

Tamil Nadu

India

Abstract

This research paper discusses the concept of interval type - 2 fuzzy rhotrix, by focusing
its definitions, properties, and significant results. The study begins by defining interval type
- 2 fuzzy rhotrix as an extension of traditional rhotrix theory that incorporates interval type
- 2 fuzzy logic, with uncertainty and imprecision. The algebraic properties such as addition,
multiplication, identity elements, determinant, transpose, codeterminant function and
Index of IT2FR are systematically discussed, with rigorous proofs and examples provided to
substantiate these fundamental characteristics, this work aims to enhance the understanding
of interval type - 2 fuzzy rhotrix in both mathematical theory and real-world situations.
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1. Introduction

“Interval Type-2 Fuzzy Rhotrix” (IT2FR) is an advanced mathematical
framework that extends the traditional fuzzy logic by incorporating uncertainty.
This research paper gives the foundational concepts of interval type-2 fuzzy
rhotrix with its properties. The paper begins by defining interval type-2 fuzzy
rhotrix by expressing their ability to project uncertainty effectively than type-1
fuzzy rhotrix. It discusses the algebraic operations such as addition,
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Multiplication, inverse, determinant, coupled IT2FM (Interval Type 2 Fuzzy
Matrix), Codeterminant, and Index of IT2FR. Overall, this study gives the
comprehensive introduction to IT2FR, for future research and applications in
many fields.

2. Literature review

Sola et al. [1] explore the concepts of “interval type 2 fuzzy sets and
interval-valued fuzzy sets”, by discussing their generalization properties.
Ajibade [2] describes mathematical constructs that extend classical matrix
theory by arranging elements in a rhomboidal fashion and examines the
fundamental operations. Sani [3] presents a novel multiplication technique in
rhotrices. Isere [4] introduces the concept of rhotrix with natural numbers. Isere
[5] discusses the properties of natural rhotrix, using diagonal function. Sani [6]
describes a coupled matrix that involves rotating the columns of rhotrices by 45
degrees. Shyamal and Pal [7] introduced the concept of interval valued fuzzy
matrices and studied their fundamental algebraic properties, providing a
framework to handle uncertainty in matrix structures. Pal [8] presented several
theoretical results on fuzzy matrices, including their operations and applications
in decision making and optimization problems. Kumar and Gupta [9] explored
the statistical applications of fuzzy matrices, demonstrating their usefulness in
analyzing imprecise and uncertain data. Khan and Ahmed [10] examined the
applications of rhotrix theory in discrete mathematical structures, particularly in
combinatorial analysis and cryptography.

3. Interval Type 2 Fuzzy Rhotrix (IT2FR)

IT2FM is a mathematical structure that extends the concept of traditional
fuzzy matrices by incorporating IT2F sets into its framework. In this context,
each element of the matrix is represented as an IT2FE, which is characterized by
upper and lower membership functions.

[fﬁ ta Lin |
Definition 3.1: An IT2FM is Pgem =| %21 t22 " lan| with each
) Fr A
element &;;is an IT2FE (Interval Type 2 Fuzzy Element) defined by its upper and

lower membership functions.

Example 3.1: Consider a weather forecast of a particular location for 3 days,
and the parameters are temperature, humidity, and precipitation.

Temperature Humidity Preci
Day 1([0.8,1.0] [0.6,0.9] [0.0,0.2]
Day 21[0.7,1.0] [0.5,0.8] [0.1,0.3]
Day 3([0.6,09] [0.7,1.0] [0.0,0.1]
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Definition 3.2: The IT2FR can be defined as follows:

11
21 T22 723
T31 T32 T33 T34 T35

RITZFR =

Th-11 Tn-12 Th-13

Tt
Each element 7;; is an IT2FE defined between py(x) and pj(x) with n is
odd.
[0.2,0.5]
Example 3.2: Prypgrs = | [0.1,0.6] [0.3,0.9] [0.2,0.5] ) is an example of
[0.4,0.5]

IT2FR of order 3 and [0.3, 0.9] is the heart of the IT2FR.

Definition 3.3: Addition and Subtraction of two IT2FR
Let Piropr, Qirorg be the two IT2FR and it is given by

(@1, A1y ]
(@21, a2y] [asL, asy] [@ar, auy]
Prrarr = \[@s1, @sul (@61, A6yl (@71, a7y] [agr, agy]l  [@or, aoy]

(@10 @roull (@110 11wl (@120 @120]
[@131, A130]

[ﬁlL' ﬁIU]
[ﬁZL'ﬁZU] [ﬁ3L'ﬂ3U] [B4-L'ﬂ4-U]
QITZFR = [ﬁSL’ﬁSU] [ﬁ6L'ﬁ6U] [ﬁ7L'ﬂ7U] [ﬂBLJﬂSU] [ﬁ9Lv ﬁ‘)U]
[ﬁlOLlﬁlOU] [ﬁllL'ﬂllU] [ﬂIZLJﬂIZU]
[ﬁ13L' ﬂlBU]

Ny
R, R R,
Then Prrarr + Qrorr = (K5 Rg K, Ry &
Rio Ry Rp,
N3

Where R, = [(a;, + B )> (@ + ,Biw) 1 is IT2FE. Similarly, Pyropg -
Qir2rris the IT2FR and R, = [(ay, — B, ), (awy — Biy)] is IT2FE. After
operating the addition and subtraction, validate that each resulting interval is
within the range of [0, 1]. This can be accomplished by clamping the values.
Adjust the resulting interval [x, y] as follows replace x by 0 if x is less than 0,
and y by 1 if y is greater than 1. Suppose x > y, then adjust it to a default value
[0, 0].
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Example 3.3:
[0.5,0.9]
[0.1,0.9] [0.3,0.5] [0.1,0.5]
If Pirorr =([0.3,0.7] [0.4,0.7] [0,0.5] [0.4,0.7] [0.3,0.6])and
[0.5,0.6] [0.2,0.9] [0.2,0.9]
[0.2,0.3]
[0.4,0.8]
[0.1,0.8] [0.4,0.5] [0.3,0.4]
Qir2rr = ([0.4,09] [0.3,0.5] [0.4,0.6] [0.2,0.4] [0.1,0.4]) then
[0.1,0.2] [0.3,0.5] [0.4,0.5]
[0.2,0.6]
[0.9,1]
[0.2,1] [0.7,1] [0.4,0.9]
Pirorr + Qurarr =([0.7,1]  [0.7,1] [0.4,1] [0.8,0.9] [0.4,1]
[0.6,0.8] [0.5,1] [0.9,1]
[0.4,0.9]
[0.1,0.1]
[0,0.1] [0,0] [0,0.1]
Pirorr - Qirarg = (10,01 [0.1,0.2] [0,0.1] [0.2,0.3] [0,0]
[0.4,0.4] [0,0.4] [0,0.4]
[0,0]

Definition 3.4: Multiplication of two IT2FR
Heart Oriented Multiplication (HOM)

(a1, @1y]
Consider two IT2FR, Piropg = { [@21, @2yl [@31, 3y]  [@ar, day]
[asL, asyl

[Bi, Byl
Qir2rr = \ B2, B2ul  [B3r Bsul  [Bar Bay] | then the HOM defined
[BsL, Bsul
by

Prropg 0 Qrrorg =

(@31, @2u]Bs1, Bru] + (@31, @3y][Bar, Bsu] [@ar, 4y ][Bar, Bsu] +

la1, y)[Bar) Baud + [Buw, Brull@as, @3]
(Bors Bovllaas, @sy] sy, asyllBar, Baul + [Bsey Bsull@sy, asy] (Bar, Bav @31, @3y]



FUNDAMENTAL RESULTS OF INTERVAL TYPE-2 FUZZY RHOTRIX 1689

Row Column Multiplication (RCM)

Prropg 0 Qrropr =

(@, @y ][Buns Bl + [@arr Xay] [Bors Bou]
(@, @y ][ @y, @ay] + (@31, @3y] (B3, Bau] (@11, @y [Bars Bav ] +
[@s,, @sy] [Bar, Bov] (@21, @y ][Bas, Baw] + (st syl [Bsi, Bsu] [@ar, @4y ][Bsi, Bsu]

where
[ai, aiy] [ﬁjuﬁju] = [min ((aiL * ﬁjL)r (ay, * ﬁju)7 (ﬁjL * aju) S ﬂjU * aju))s
max ((ay, * aBy), (@i, * Biv), Biw * ) » (Bju * ajp))]-

Example 3.4 : Find P;ryrg 0 Qrr2rr

[0.2,0.5]
for Pjropp=1{ [0.1,0.6] [0.3,0.9] [0.2,0.5]
[0.4,0.5]
[0.4,0.5]
Qir2rr =([0.3,0.4] [0.4,0.6] [0.2,0.4] ) under HOM and RCM.
[0.3,0.5]
G
Solution: HOM: Pjyppg 0 Qirapr = €2 C3 Gy
Cs

¢, =[0.2,0.5][0.4,0.6] + [0.4,0.5][0.3,0.9]

[0.2,0.5] [0.4,0.6] = [min {0.2 * 0.4, 0.2*0.6, 0.5%0.4, 0.5*%0.6},
max {0.2 * 0.4, 0.2%0.6, 0.5%0.4, 0.5%0.6}] = [0.08, 0.30]
[0.4,0.5] [0.3,0.9] = [min {0.4 * 0.3, 0.4%0.9, 0.5%0.3, 0.5*0.9},
max {0.4 * 0.3, 0.4%0.9, 0.5%0.3, 0.5%0.9}] = [0.12, 0.45]
¢, = [0.08, 0.30] +[0.12, 0.45] = [0.18, 0.75]

C, = [0.04, 0.36] +[0.09, 0.36] = [0.13, 0.72]

C; =[0.12, 0.54]

C, = [0.08, 0.30] + [0.06, 0.36] = [0.14, 0.66]

Cs = [0.16,0.24] + [0.09, 0.45] = [0.25, 0.69]

[0.18,0.75]

HOM: Pyrypp 0 Qurapr = | [0.13,0.72]  [0.12,0.54]  [0.14,0.66]
[0.25, 0.69]

Slmllarly by RCM: PITZFR (6] QITZFR =
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[0.14,0.45]
[0.13,0.63] [0.12,0.54] [0.10,0.45]
[0.14,0.69]

Definition 3.5: The Transpose of IT2FR is calculated by interchanging the rows
and columns and is denoted by IT2FR".

Example 3.5: If
[0.5,0.7]
[0.1,0.9] [0.3,0.5] [0.1,0.5]
Prrr =1([0.3,0.7] [0.4,0.7] [0,0.5] [0.4,0.7] [0.3,0.6]) then
[0.5,0.6] [0.2,09] [0.5,0.9]
[0.5,0.6]
[0.5,0.7]
[0.1,0.5] [0.3,0.5] [0.1,0.5]
Pr,rr = {[0.3,0.6] [0.4,0.7] [0,0.5] [0.4,0.7] [0.3,0.7]
[0.5,0.9] [0.2,09] [0.5,0.6]
[0.5,0.6]

Definition 3.6: An IT2FR is said to be Null IT2FR is all its elements are of the
form [0, 0].

Definition 3.7: An IT2FR of order n is said to be Identity IT2FR or unit IT2FR
if the heart of IT2FR is [1, 1] and all other elements are [0, 0] under the HOM.
In the case of ROM all the elements in the diagonal are [1, 1], the other elements
are [0, 0]. Qrpr is said to be the identity of Pirypr if PrraprO Qirarr =
Pir2rr[10].

[a1, a1y]
Pir2rr0 Qrrzrr = | [@2n oyl [asp, @yl [, asy] |0
[asL, @5yl

[B11, Bru]
[ﬁZL'ﬁZU] [ﬁBL'ﬁSU] [ﬂ4Llﬂ4U]
[ﬁSL' ﬂSU]

[y, @1yl[Bar, oy} + [Buns Prvll@ay, azy]
(a1, @y (B3, Bsy] + [@s1, a3y ][Bs1, Bsu] [@ar, A4y ][Bsr) Bsu] +
(Bors Bavllasy, a3y lasy, asy)[Bsr, Bsu] + [Bs, Bsullazs, azy] (Bas, B[, @3y
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(a1, a1yl
=\ [azp, a2yl [asp, asy]l  [@ar, auyl
[asL, asy]
By equating
[, a1ul[Bsr, Bav} + [Bin Brullasw, asu] = [@1n, a1y]
[azr, @2ulBsr, Bzul + [Bar, Baull@sy, syl = [@zr, azy]
[asL, asu][Bsr Bsu] = [asL, azul
[@ar, @av][Bar, Baul + [Bars Bavll@sL, asy] = [@ar, a4y]
lasy, asullBsr, Bsul + [Bsw Bsullaaw, azyl= [as., asyl
Solving this equation, we get that
[a1, a1y] = [@2n, @2yl = [, syl = [as,, asy] = [0,0] & [ag,, azy]

= [11]
[0,0]
Therefore { [0,0] [1,1] [0,0] |is the identity element under HOM.
[0,0]
[1,1]
Similarly, { [0,0] [1,1] [0,0] ) is the identity element under RCM.
[1,1]
(a1, a1y]
Definition 3.8: Let Piropp={ (@21, @2y]  [@31, a3y]  [@4r, @ay] |be the given
[asL, asy]

IT2FR and the det (Pirapr ) =[@sp, azyl [[@11, @rull@sy, syl — [@2r, azy]
[@sr, Xay] ]

Example 3.6: Find the determinant of the

[0.2,0.5]
Piropr = | [0.1,0.6] [0.3,0.9] [0.2,0.5]
[0.4,0.5]

Solution:

det (Pirarr ) = [0.3,0.9] [[0.2,0.5] [0.4,0.5] - [0.1,0.4] [0.2, 0.5]]
=[0.3, 0.9] [0.08, 0.25] — [0.02, 0.20] = [0.3, 0.9] [0.06, 0.05] = [0.15, 0.54].

Properties 3.1: Let Piropr, Qiropr be the two IT2FR and it is given by are two
IT2FR of dimension n then we can verify the following results

1. det (Prrzrr Qir2rr) = det Prrapg det Qrrarr

2. det (Prrapr + Qirarr ) = det Pirppg + det Qrropg
3. det (k PITZFR) = k det PITZFR
4

det (Prropg ) = det (Plropg )
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Definition 3.9: The Coupled IT2F matrix is obtained by rotating the given
IT2FR through 45° (represented by half transpose g ). For a 5-dimensional
IT2FR, we have

T
(a1, a10] 2
T (@21, @ay] (s, asy] [, X4y ]
PI%ZFR T [asy, syl [@er @eul [a7., a7u] [ag, agy]  [@or, ctoy]

(@100, @1ou] (@110, @11w] (@121, A120]
[@131, @130]

[ay, a1u] (a4, asyl [@or, agy]
/ [asy, asyl [as., syl \
| [, az0] [a7., a7yl (@12, @120] |
(@61, 6u] (@111, @110]
[as., asyl (@101, @100] (@131, @130]
= [BC] s, coupled matrix is made of two square matrices with orders of t

and t -1 where t = nTH

a1 aiy] (@, aay] [@oL, oy]

B=| [az, az2u] [@7,@7y]  [@120, @12¢] | and
[asy syl @100 @100] (@131 130]
_ ( [, asy]l  [@sL, asy] )
[aer @su] (@111, 110]

where B is the complementary Component matrix of the coupled matrix [BC] 5.
If we fill zeros at the missing places, the resulting n x n matrix is filled coupled
matrix. The filled coupled matrix of above is given by

/[au: ayy] [0,0] [asr, aay] [0,0] [@oL, aoy] \

[0,0] [asL, azy] [0,0] [asL, asu] [0,0]
| [az, a2y] [0,0] [a7., a7u] [0,0] (@121, @120] |
[0,0] (@61, a6u] [0,0] (@11, @110] [0,0]
[as, Bs] [0,0] [@10, @100] [0,0] (@131, @130]

Definition 3.10: The number of three-dimensional IT2FR than can be drawn
either along the major row or major column is said to be the index of IT2FR
which is denoted by p. The Index of IT2FR of dimension 1, 3,5, 7,9 are 0, 1, 2,
3, 4 respectively.

Example 3.7:
[0.5,0.7]
[0.1,0.9] [0.3,0.5] [0.1,0.5]
If Prpypr =([0.3,0.7] [0.4,0.7] [0,0.5] [0.4,0.7] [0.3,0.6]
[0.5,0.6] [0.2,0.9] [0.5,0.9]
[0.5,0.6]
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Then p(Pirapg) = 2.

Solution: Along Major Row the 3-dimensional IT2FR are

[0.1,0.9] [0.1,0.5]
[0.3,0.7] [0.4,0.7] [0,0.5] | &{ [0,0.5] [0.4,0.7] [0.3,0.6]
[0.5,0.6] [0.5,0.6]

Therefore p(Prrapg) = 2
Along Major Column the 3-dimensional IT2FR are

[0.5,0.7] [0,0.5]
[0.1,09] [0.3,0.5] [0.1,0.5] ) &{ [0.5,0.6] [0.2,0.9] [0.5,0.9]
[0,0.5] [0.5,0.6]

Therefore p(Pyrorr) = 2. Hence p(Pirorg) = 2 for 5- dimensional odd
IT2FR.

Definition 3.11: The Codeterminant function of the higher dimensional IT2FR
is calculated by reducing into IT2FR of dimension 3 and the determinant of each
of them is calculated and summing up and is denoted by Codet.

Example 3.8: Let
[0.5,0.7]
[0.1,0.9] [0.3,0.5] [0.1,0.5]
Prorr =1(10.3,0.7] [0.4,0.7] [0,0.5] [0.4,0.7] [0.3,0.6]
[0.5,0.6] [0.2,0.9] [0.5,0.9]

[0.5,0.6]
then
[0.1,0.9] [0.1,0.5]
[0.3,0.7] [0.4,0.7] [0,0.5] ) &{ [0,0.5] [0.4,0.7] [0.3,0.6]
[0.5,0.6] [0.5,0.6]

are two 3-dimensional IT2FR that can be reduced from P,p,rz and let it be
Qrr2rr and Riropg

Then det (QITZFR) = [002, 01] and det (RITZFR): [002, 042]

Hence Codet (P;rypg) =[0.04, 0.52].

Conclusion

This paper gives a brief idea about IT2FR and the basic definitions like
determinant, transpose, Codeterminant function and Index of IT2FR. IT2FM has
vast application in spam detection, FHAP, and the energy vehicle industry. We
can extend this application for IT2FR.
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