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Abstract
To create independent edges in a graph G, this work presents a variant of the zero 

forcing set called the ‘edge-forcing set.’ A collection of vertices in G that can influence their 
neighbors to force all vertices to become forced iteratively is called a zero forcing set. If a 
forced vertex has exactly one unforced neighbor at any given step, it forces that neighbor to 
become forced as well. This concept is extended to edges by the edge-forcing set. We show 
that figuring out the edge-forcing number, the smallest number of vertices required to build 
an edge-forcing set is an NP-complete task. Additionally, for a variety of tree-like structures, 
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we investigate the edge-forcing number, giving precise values for sibling trees and defining 
bounds for hypertree.
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1.  Introduction  
A graph’s propagation model is analogous to an activation process, in 

which a starting set of active vertices iteratively applies a given activation rule 
to gradually activate the remaining vertices. Until no more vertices can be 
activated, this process is repeated. The goal of this research is to determine, 
using a certain forcing technique, the minimal size of such a collection of active 
vertices. 

[14]-[19] explore advanced fuzzy graph theory and its applications in 
multi-attribute decision-making, psychological sciences, and medicine. The 
works by S. Kosari and collaborators delve into various types of fuzzy and 
vague graphs, including q-rung orthopair fuzzy Zagreb indices, perfectly regular 
fuzzy graphs, and vague domination concepts. These models are applied to real-
world scenarios such as decision-making problems and psychological analysis, 
offering new mathematical frameworks for uncertainty handling. Collectively, 
the studies contribute to the growing field of soft computing, offering new 
perspectives and methodologies that bridge theoretical graph structures with 
practical problem-solving across disciplines.  

First proposed in relation to the minimal rank problem, the ’zero forcing 
number’ is a graph parameter [3]. In 2007, [4] and [5] introduced the idea of a 
zero forcing set, sometimes referred to as a” infecting set,” in relation to 
quantum systems. It has been demonstrated that determining the zero forcing 
number is NP-complete [6] and has been used in theoretical computer science, 
especially as a mixed search model [2].  

In the zero forcing problem, the objective is to find the smallest set of 
nodes S in a graph G such that all other nodes can be activated through the 
forcing process [1].  

“Total forcing” [12, 7], “Connected forcing” [8, 9, 10], and “k-forcing” 
[11, 4] are some of the forcing variations that have been investigated. The whole 
force problem has also been demonstrated to be NP-complete [12]. The “Edge-
Forcing Problem” is a new problem introduced in this paper that has been shown 
to be NP-complete [13]. For particular tree-like architectures, we also 
investigate the edge-forcing number, obtaining precise values. In order to better 
comprehend structural features and optimise complex networked systems, recent 
research has examined the structural and domination-related properties of graph 
networks as well as methods pertaining to k-power domination problems [20, 
21, 22, 23]. 
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2 Main Result  
2.1 Hypertree  

An interconnection structure for computer systems with several processors 
that may be expanded progressively is called a hypertree. It blends the 
characteristics of a hypercube and a binary tree. It has the easily expandable 
feature of tree structures and is small, much like a hypercube. When 
implementing multiprocessor networks, the hypertree structure is appealing. As 
demonstrated by Rajasingh et al., Figure 1 is isomorphic.  

 

 

Figure 1 
 (a) Original drawing of HT(3) and (b) HT(3) redrawn 

2.2 Edge-forcing in Hypertree  
Definition 2.1: Let HT*(2) be the graph obtained from HT(2) by deleting the 
root vertex of degree 2. Let the two children of the root vertex of HT(2) be 
denoted by u and v as shown in Figure 2.  
 

 

Figure 2 
(a) HT(2) (b) HT*(2) (c) HT*(2) redrawn 

Lemma 1: Let HT*(2) be an induced subgraph of a graph G with u and v as cut 
vertices and for x ∈ V (HT*(2)) {u, v}, deg G x = deg H T ∗(2) x. Then an edge-
forcing set of G contains at least one edge of HT*(2).  

Proof: Let‘s say not. The remaining vertices of HT*(2) cannot be monitored 
even if u and v are monitored by edges that are not in HT*(2) because the 
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monitoring procedure cannot be carried out with both u and v next to two 
unmonitored vertices of HT*(2), respectively. This suggests that there is at least 
one edge in HT*(2) in any edge-forcing set of G. Remark 1: As induced 
subgraphs, we see that HT(r), r ≥ 2 contains 2r−2copies of HT*(2), each of which 
satisfies the requirements of Lemma 1. Thus, we derive the following Lemma 
from Lemma 1, r ≥ 2, and the structure of HT(r).  

Lemma 2: ζe(HT(n)) ≥ 2r-2, r ≥ 2. We now proceed to obtain an upper bound 
for ζe(HT(n)), r ≥ 2.  

Analogous to HT*(2), we define HT*(i) as the graph obtained from HT(i), 
by deleting the root node of HT(i), 3 ≤ i ≤ r. See Figure 3.  

 

Figure 3 
(a) HT(3) (b) HT*(3) (c) HT*(3) redrawn 

Remark 2: 2r−3copies of HT*(3) are present as induced subgraphs in HT(r), r ≥ 
3.  

Lemma 3: ζe(HT(n)) ≤ 3. 2r−3, r ≥ 3.  

Proof: As illustrated in Figure 4, select three edges from a subgraph HT*(3) of 
HT(r).  

 

Figure 4 
HT*(3) with chosen edges marked in red 

 
Similarly, in HT(r), r ≥ 3, choose three of these edges in each of the 

2r−3copies of HT*(3). Refer to Figure 5.  
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Figure 5 
HT(6) with forcing edges marked in red 

 
By using induction on the dimension r of HT(r), r ≥ 3, we demonstrate the 

result. Think about HT(3). It is possible to manually verify that every vertex in 
HT*(3) is being watched from Figure 4. This suggests that the same set of edges 
is watching over HT(3). Refer to Figure 6.  

 

 

Figure 6 
Edge-forcing set of HT(3) 

 
Assume that once the edges are chosen, 3.2r−4 edges continue to monitor 

HT(r-1) and HT*(r-1). HT(r-1) contains exactly two copies of HT*(r-1). 
Therefore, all the vertices of HT(r) are monitored by 3.2r−3 edges of HT(r). 
Consequently, the following outcome is obtained by ζe(HT(n)) ≤ 3.2r−3, r ≥ 3. By 
Lemma 2 and Lemma 3,  

Theorem 1: Let HT(r) be the hypertree of dimension r, r ≥ 3. Then, 
2r−2ζe(HT(r)) ≤ 3/2. 2r−2, r ≥ 3.  

2.3 X-Tree  
The X-tree is a variation of the R-tree, a tree-based data structure designed 

for indexing multi-dimensional data such as bounding boxes, rectangles, and 
geographic information. X-trees are specifically built to handle high-dimensional 
feature spaces by reducing overlap and redundancy.  
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Definition 2.2: A complete binary tree on 2r+1 - 1 vertices yield a X-tree XT(r) 
by adding pathways Pi of length 2i−1 across all of the vertices at level i, from left 
to right. Remark 3: In the X-tree XT(r), r ≥ 3, the vertices in pairings of levels i 
and i - 1 cause i = r, r - 2, r - 4,... 2 or 1 depending on whether r is even or odd. 
This results in 2r−2 number of vertex disjoint copies of K3.  

2.4 Edge-Forcing in X-Tree  

 

 
Figure 7 

XT(4) with vertices in 4 levels 
 
Level i in Figure 7 has 2i-1 vertices for 1 ≤ i ≤ r. An edge in Level r is 

referred to as a triangle edge if it induces a 3-cycle when its end vertices are 
combined with a vertex in Level (r-1). A 3-cycle with an apex vertex in Level 
(r-1) and one edge in Level r is referred to as a base triangle. XT(r) contains 2r−2 

base triangles, r ≥ 2.  

Theorem 2: ζe(HT(r)) ≤ 2r-1.  

Proof: An edge-forcing set of XT(r) is the collection of triangular edges from 
each of the basis triangles of XT(r). Starting from the leftmost vertex in Level r, 
these edges keep an eye on every vertex in Level (r-1), starting with the leftmost 
vertex in Level (r-1). Subsequently, the monitored vertices in Level i, r-1 ≥ i ≥ 
1, monitor every vertex in Level (i-1). ζe(HT(r)) ≤ 2r-1, because of this. Refer to 
Figure 7-8.  

Conjecture: ζe(HT(r)) = 2r-1.  
 

 

Figure 8 
XT(4) with triangle edges (forcing edges) marked in red 



TREE-LIKE ARCHITECTURES� 1783

2.5 Sibling Tree  
A tree data structure having nodes related to their siblings—that is, nodes 

with the same parent—is called a sibling tree. Sibling trees are appropriate for 
depicting more intricate hierarchical relationships because, in contrast to binary 
trees, they are not constrained to a set number of offspring.  

2.6 Edge-Forcing in Sibling Tree  
As illustrated in Figure 9, Level i has 2i vertices for 0 ≤ i ≤ r. In Level r, an 

edge is referred to as a triangle edge, and the 3-cycle that contains it is known as 
a base triangle. SibT(r) has 2r-1 base triangles.  

Lemma 4: An edge-forcing set of SibT(r), r ≥ 1, possesses at least one edge 
from each base triangle.  

Proof: Let‘s say not. Let T denote a base triangle in an edge-forcing set of 
SibT(r) that initially has no edges. Let v represent T‘s apex vertex in Level (r-1). 
Since V is next to two unmonitored vertices of T, the monitoring process cannot 
proceed even if v is monitored. This demonstrates that at least one edge of each 
base triangle is present in the edge-forcing set of SibT(r). Because we have 2r-1 
base triangles in SibT(r), r ≥ 1, we thus arrive at the following conclusion. 
Lemma 5: ζe(HT(r)) ≥ 2r-1.  

 

Figure 9 
SibT(3) with base triangles T1, T2, T3, T4 

Theorem 3: ζe(HT(r)) = 2r-1, r ≥ 1.  

Proof: Let F be the collection of all SibT(r) triangle edges. |F| then equals 2r-1. 
These edges keep an eye on every vertex in Level (r-1), which in turn keeps an 
eye on every vertex in the remaining levels. ζe(HT(r)) = 2r-1, r ≥ 1. Refer to 
Figure 10.  
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Figure 10 

SibT(4) with triangle edges (forcing edges) marked in red 

3. Conclusion  
In tree-like designs such as Hypertrees, X-trees, and Sibling trees, the edge-

forcing set has been investigated. Bounds for Hypertrees and X-trees have been 
defined, while the precise edge-forcing number for Sibling trees has been 
established.  
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