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Abstract

The purpose of this article is to establish a sub algebra of an almost distributive lattice
R by defining the Core of R notated by 3_ for any 7t € R. The features of 3_ are investigated.
Some properties of R is characterised according to the structure of J_st. Moreover, the sets 3,,,
3,; are introduced and 3, is proved to be a distributive lattice with 0. The relation between
the set 3,, and Birkhoff centre of R is demonstrated.
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1. Introduction

In 1980, the launch of the almost distributive lattice was made by G. C. Rao
and U. M. Swamy to generalise the notion of lattices and to imitate sorts of rings
such as regular, biregular, associate rings and triple system. The proposal of G. C.
Rao and U. M. Swamy contained the definition of almost distributive lattices
abbreviated as ADL. The concept was attached with many properties that extend
the characteristics of lattices. Further, several aspects of almost distributive were
studied by many authors. See [6] and [8], [9].

A lattice is defined to be a nonempty set gathered with two the binary
operations join and meet which are associative and commutative and satisfy the
absorption identities. The genesis of lattice was established by chales S. Pierice
and Ernst Schroder. In the mid 1930s, Birkhoff's developed the general lattice
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theory [5] . Nowadays, lattice theory extended into fuzzy, algebra and logic. See
[11, [3] and [4].

In this proof, we investigate the utility of constructing a lattice from ADL by
introducing elements with the property of commutativity. For an ADL R and an
element w € R, we outline the Core of R notated by J,. Several properties of
S are illustrated with many examples. Also, the distributivity of ‘R is tested by
the concept of ;.

Furthermore, the sets Jy, Jx are defined to be the union and the
intersection of J, for any m € R. The scoop of this article is to study the lattice
parts of R which turns out to be Jy and those m € R satisfying Iy, = Iz

Moreover, we illustrate the relation between the set %m and Birkhoff centre of R
which is a kind of generation.

2. Preliminaries

For the sake of consistency, we quote previous definitions and results which
illustrate many concepts in the paper. A Lattice is an algebra (R;",Y) satisfying
that the idempotent, commutativity, associativity and the absorption laws for both
operation. A lattice R is said to be distributive if

sV(PA) =(Vp)A(sVi),
sAh(PVE) =(@GAp)V(sAL),
for 5,p,t € R.

In [11], the authors characterised the algebra (R,*,Y,0) of type (2,2,0) as
an almost distributive lattice if the operations satisfy the given axioms for any
p,tsinR

sV0=35, 0As=0, sAYV(®PAD) =(Vp AL GAS)V({EADP) =LA

(svp), @vs)A(@VDP)=tV(sAD), tVs)As=s.

We use the abbreviation ADL for almost distributive lattice. In the following
context we refer to R to be almost distributive lattice unless otherwise stated. In
the following lemma, we mention the absorption laws which are valid in ADLs.

Lemma 1 [11] Assume that t,5,p € R the following equalities are satisfied
(1) sAs=s=3sVs,

(i) sA0=0,

(iii)) OVs=s=(tAs) Vs,

@iv) tvs)Ap=(sVi)Ap,

(V) (A Ap=(sA)Ap,

(Vi) tA(tvs)=t=tV(tAs),
(vi)) (vs)At=t=1tV(sAt),
(vii) (sAt)Ap=sA(tAp)

(ix) sAt=tifandonlyif sVt=s,
x) tAs=tifandonlyif tvs =s.
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Definition 2.2: [11] Let 5,t € R, s is said to be less than or equal to t in
symbols we write s <t provided that sAt=sor sVt=1.

From the previous definition we note that the relation < constructs a partial
order on R.

Proposition 2.3: Let s, # € R, we have the following equalities;
(1) sA#=(GA#)V(#As),
2) sv#=(#Vs)A(sVH#).

For more information see [2] and [7].

3. Core of Almost Distributive Lattice
For a fixed element w € R, we define
Jr={s€ER;, svr=mVs}
Obviously, 3, is a non empty set since 3, at least contains 0, 7.

Example 3.1:

(1) Consider a lattice £, we have that 3, = £ forany w € L.

(2) Set R tobe an ADL, hence J, = R.

(3) Consider R = {0,1,,p} endowed with the following operations

\ 0 t P A 0 t ] P
0 0 t 5 P 0 0 0 0 0
t t t t t t 0 t s P
3] 5 [ [ 5 [ 0 t ] P
p p t s p p 0 p p p

We see that (R; *, V,0) is an ADL. By simple calculation we get that
Jp =R and J; = {0,t,p}.

Lemma 3.2: For m,t € R and s € 3, the following are satisfied
(1) mvtitAmES,,

2) sv(mrvs)=nmVs=(sVm)Vs,

(3) sA(mVs)=s=(sVm)As,

4 @As)vm=m,

5) (mAs)Am=mAs,

6) (MAs)Vs=s=(sAm)Vs.

Theorem 3.3: Let R be an ADL, then

(i) s€J;ifandonlyif m€J,,

(1) If s and m are comparable elements, then s € 3, and w € J,.
(i) If my < 1y, then Iz, € Jn,,

(iv) If s € 3, then there exist 0,p € I such that 0 < s <D,
(V) Jn, =3Jx, ifandonly if m, € SSnz and m, € 33711'
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Proof:

(ii)) Assume that s <m, weget sAT=s5. TAs=mA(sAT) =sAm. Hence
we get the required.

(iii) Since m, < 7y, then m, ATy = Ty AT, = T,. Let 5 € J, then

sSAT, = sAN((My ATT)VT,y) =(sA (M A1)V (SAT,)

(myAsAT )V (sAT,) =My, ATty AS)V (sAT,)

(my As)V (sAmy) =1, As.

(iv) Assume that 0 =sAm. We see dAs=(0As)As=mAs=0. Thus
0 < s. Similarly, by letting 0 = sV m.

(iv) If my € 33712, then 7y As =sAmy for every s € J,,. Therefore 3., &

Jr,- By same manner, we get that J,, S J.,. Conversely, assume that
Jr, = Jn,- Then every element commutes with 77; commutes also with 7,
and vice versa. Hence we get the required.

Corollary 3.4: For m € R, 3, is a lattice with 0 if one the following conditions
is satisfied

(i) each pair of elements in 3, are comparable elements.

(i) for elements s,t € 3, implies that s € J; or t € ..

Proposition 3.5: For s,te€R. If sAtE J, or sVIE T, then R is a
distributive lattice with 0.

Proof: Since sAt€ J,, then (sAH)V({HEAs)=({As)V(sAt). From
Proposition 2.3, we get that s At =1 As. Hence R is a distributive lattice with
0.

Theorem 3.6: If m € R, then s € J,; ifandonly if sAw =1 As.

Proof: Let s €3, then sVm =nVs. Hence tAs=(mAS)AT=mtA(sA
m) = s Am. On the other hand, let sAm =m As. We have that tA(sV ) =
mAs)V(rAm)=(sAm)Vm=m. Hence nVs=nV(sA(sVm) =@V
S)A(mV(sVrm)=(@mVs)A(sVT)=sVT.

In the upcoming, we prove that J, is a sub ADL.

Corollary 3.7: The set 3 is closed under meet and joint.
Proof: Suppose that s,t € 3, we deduce the following

(sADAT = sA(tAT)=sA(TAL)
= (sATm)At=mA(sAD).
(VAT = (sAT)V{EAT) = As)V (TAL)
=nA(sV1).
Hence sAt€ 3, and sVt E J,.
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Corollary 3.8: For m € R, let 5,t € J,. Then (sA)Vr =(sVr)A(Vm).

Corollary 3.9: If 3, = R for every m € R, then R is a distributive lattice with
0.

Theorem 3.10: For m € R, I, = {s € R; there exist 0 such that 0 AT =T A
0 satisfying s < 0}.

Proof: Let s € J,, then there exists d =sVm =m Vs such that s <0J and
0 € 3,. Hence s € {s € R, there exist 0 such that d Am =m AJ satisfying
s < 0}. Let s € R such that s <9 with 0 Am =m A D, then sAJ =s. Hence
ADAT=(AT)AI=@As)ANI=nA(SAD) =T As.

Proposition 3.11: Let t € R and s € J,;, then there exists A € R such that
sAtE SA'

Proof: We intent to prove that s At € I -
(sADV(@AL = (sVr)At=(T V)AL
= (A V (sAL).
We define the following notion
Snym, =8ER; sV =M Vs,5VT, =m, Vs}

Lemma 3.12: Let m;, m, € R, then
1) Brym, = Imy N Iy

) 3nym, = Snpm

() Brym, € Inynmy-

Theorem 3.13: Forevery s,t € R. If tAs €y, then " is commutative over R.

Proof: Suppose that s,t € R, we have that tAs € I, N J;. Therefore tAs €
Jst © Jsnt- Then (FAs) A(sAt) = (A A(EAs). Weseethat (sAD)A(EA
5) =sA(tA)As =sA(tAs) =tAs. Also, we have that (tAs) A (sAt) =
tA(sAs)At = tA(sAt) = sAt. Hence sAt=tAs.

By a similar manner, we deduce the upcoming theorem;

Theorem 3.14: Consider m,s € R. Suppose that sV €T, , then Vv is

commutative over R.

Theorem 3.15: For s,t € R, we have the following;
(1) sAte I, ifandonlyif sVt E Jen
2) sAt=tAs ifandonlyif s,t € Jau.

Proof:
(1) We note the following
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SAtEJt & BADV(sV) =(sVI)V(sAD)
& sV1EE Jar
(2) We have that
sAt=tAs € s€EJ,tEJ,
<= SJtESE,nSthth'

On the other hand, let 5,1t € 4. Then (sAD)A(sVE) =(sVLI)A(sAL).
Now, we have that (sAt)A(sVE) =((sADAS) V(A AL =(sA(A
s))V(sAt) = (tAs)V (sAt) = tAs. Also, we observe that (sV1) A (sA
) =((sVi)As)ALt =sAtL

4. Related sets of 3,

We set the notations %m and Jg for the union and the intersection of all
3. We observe the following;

Lemma 4.1: The following are valid
(1) §(R = {t € R; there exists s € R such that t ANs = s Nt}
(2) Jn = {t € R; satisfying that t As = s At for every s € R}.

Proof:

(1) Set te §m, then t € 3, for some mw € R. Therefore tAT =m At for
some 7 € R, then t € {t € R; there exists s € R such that tAs =sAt}.
On the other hand, let t € R satisfying that there exists s € R satisfying

that £t As = s A . By the annotation of iﬁ, we get that t € §§R.
(2) Consider t € Jg, then t€J, for every m € J,. We conclude that

tAm =mAt for every m € R, hence t within the intersection of all J.
Conversely, assume that t € {t € R; for every s € R satisfying that
tAs = s At}. Directly from the definition of Jg, we get the required.

In the upcoming lemma we study essential properties of §§R and Jg.

Lemma 4.2: Let s € Iy and m € R, then
(1) sAm, TVsEJg,
(2) 7V areclosed over 3y,

A

(3) 'V is right distributive over in Jg.

Proposition 4.3: Forany w € R, s € Jg ifand onlyif bV =7V b.

In the following, we introduce the elements @ € R which construct lattice
by using the notion of J, .

Theorem 4.4: For m € R, I is distributive lattice if and only if I, = Jz.
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Proof: Consider 35, = I, assume that 5,t € J,. Therefore sAp =pAs for
every p € J;. Then s At =1tAs. Now, assume that 5,1, p € 3y, , then

tv(sVp) [tA((tvs)Vp)]V(sVDp)

= [tv(EVvpIA[(tVs) VPV (sVp)]
[tV (sVP)]A[(tVs)Vp]
[AV(sVP)A(RVS)]VI(EV(sVP)) Ap]
= (tvs)Vp.

Conversely, let 3, be a distributive lattice. It is obvious to see that
C 3, and assume that s € J,. Then s At =1tAs for every t € J, since

S3n
3 is a lattice.
Similarly, we can prove that Jy is a distributive lattice with 0. Jg is a

distributive lattice with 0.

Corollary 4.5: R is a distributive lattice if and only if R = Jy.

In [10], Swamy et al. introduced Birkhoff centre of ADL which notated by
B(R) which stands for the following definition;

B(R) = {p € R | there exists w € R satisfying
that p Am =0 and p V 7 is maximal }

It is obvious that if p € B(R), then p Ao =0 =0 Ap for some o € K.
Hence p € §m, which is considered to be a generalisation of B(R). However, It
is remarkable that §m =R since any element p € R commute with itself,
therefore p € 3, < fsm. As a future work instead of dealing with §m, we
investigate the following set

§§R* = {b € R | there exists an non zero w € R

satisfying that m # b and tvb =b v r}

We see that §m not necessarily to be R, consider the following example

Example 4.6: Let I be a non empty set, set d € I'. Define for any 0,6 € I' the
following operation

6, ifb=2 _ (9, ifb=2a
bv‘s‘{b, ifb % a“db’\‘s‘{s, ifb # @
We see that (R;Y,*, ) is an almost distributive lattice and 0 is the zero

element. In this example, R is said to be the discrete almost distributive lattice.

Now, It is easy to prove that 59; = {0}.
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