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Abstract

In this paper, codes for Cartesian product of graphs such as K,[J P, and strong product
of graphs such as K, X P, using k-resolving sets are determined. We also obtain infinite
families of K, P, and K, X P, of k-dimension. Also, the k-metric dimension of K,(J P, and K, X
P is studied, an exact formula for their dimensions is determined and the codes are obtained.
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1. Introduction

Coding Theory begun from the year 1948 through the publication of Claude
Shannon [1]. This subject is focused on the development of error-correcting
codes. These codes are used in detecting and correcting transmission errors
caused by some noisy channel.

For the past half century, coding theory has grown into an immense
discipline. It intersects with mathematics and engineering. It has applications in
communication systems such as satellite, cellular telephone transmissions and in
storing data. Good codes have practical applications. As a result, researchers have
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shifted beyond block codes to other types of codes such as convolutional codes,
space-time codes, quantum codes and so on [2].

Many mathematical results have been used in Coding Theory. The important
role played by algebra, combinatorics and geometry in the development of Coding
Theory is an acknowledged fact [2]. For more information refer [2, 3, 4].

The concept of k-metric dimension was introduced by Estrada-Moreno,
Rodri’guez- Vela’zquez, and Yero [5]. Despite being a new topic, significant
research has taken place. The k-metric dimension of trees [5], cycles [5], paths
[5], unicyclic graphs [6], splice and link, hierarchical products [7], corona
products [8], lexicographic products [9], NP-completeness [10], some bounds for
k [11], grid graphs [12], stacked prisms [13] and Rook's graphs [14] have been
studied. For basic definitions and results on k-metric dimension see [5, 12, 13,
14, 15, 16].

Product of graphs being a fundamental concept, forms an important part of
graph theory. They have applications in chemical graph theory [17, 18],
domination [19], coding theory [12, 13, 14] etc. For basic definitions on products
see [20].

Bailey and Yero [12], began a new trend that utilises graph parameters in
developing codes. In this paper, the same concept is extended to Cartesian
products and strong products involving paths and complete graphs.

2. Main Results

Here we obtain our main results.

Let H denote the graph K,OP, and {ay,a,,...,a;}=4A and
{b,b,,...,bs} = B be the vertex sets of K, and P, respectively. To obtain the
k -metric dimension of K, [JP;, we first determine for which k values, a
k-metric basis exists. The next result answers this.

Theorem 2.1: Graph H = K, O P, is 2s-metric dimensional for any integers
s=2,t=3.

Proof: First we show k < 2s. For this, let us consider (aq, b;) and (a,, by).
Then, Dy ((ay, by), (az, b1)) = ({ay, @} X B)
(~D(a,b) ={ze€eV(H):dy(a,z) # dy(b,2)}).
Therefore, |Dy((aq, b1), (ay, b1))| = 2s. Thus H is k-metric dimensional
where k < 2s. Next we show k = 2s. Consider two distinct vertices of H
namely, (ai,bj) and (ap,bq).

Casel: i =p.

Thus j#q and {a;} X {bj,bq} c DH((ai, b)), (ap,bq)) where i =
1,2,....,t.

Also |({a;} x B) n Dy((ay, b)), (ap, by))| = s —1 when s > 3 and

|({a;} x B) n Dy ((ay, by), (ap,bq))| >s when s=2 and t=3, for
i=12,..,t.
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Thus, we have
1Dy (@i, by, (ap, be))|
> [{a} x {b, bg}| + |({a:} x B) N Dy ((a;, by), (ap, by))
—2,fori=12,...,t
>s—1,fori=1,2,...,t.
Hence in general,
|Du((ai, b)), (ay, by))| = st —¢.
>ts—s ifs=>t.
> 2s, since t = 3.
Hence |Dy((a;, b)), (ay,by))| =2s, if s>t
If s<tthen st—t>s?—s=s(s—1).
This implies st —t > s and s — 1.
Consider st —t >s. This implies that st >s+4t. Hence st > 2s
(because s < t). Hence, |DH((ai,bj), (ap,bq))| >st—t=2s,if s<t.
When s =2, t =3, |Dy((ay b)), (ap, by))| = s, for i =1,2,...,t

Thus,
|Du((ai, b)), (ap, by))| = s+s+s (t =3 times).
> 3s
> 2s
Casell: j = q.

Can be proved in similar manner as Case I.

Caselll: i #p, j # q.
Let i < p. Depending on whether j is strictly greater or lesser than g,
consider the following cases:

Case Il (A): j <gq.

We note that at the most two vertices of ({ay,...,a,} X {b}HU
(ag,..., a3 x {bg}) U ({a;} X {by,...,bg}) U ({ap} x {bj,...,bs}) do  not
belong to the set Dy ((a;, bj), (ap, bg)). Consequently

|Du((ai, b)), (ap, b))| = {as, ..., ap} x {b;}| + [{as..., a:} x {by}|
+{a;} x {by,...,bg}| + |[{a,}x{b;,....bs}| — 6
Zp+(t—i+1)+qg+(s—j+1)—6
=pt+t+s+q—i—j—4
>s+t—4 (vi<pj<q).
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We observe that s+t—4>s if t>4 and s+t—4>=5—1 when
t = 3. When t > 4, we have s +t = s + 4. This implies, 2(s +t) = 25+ 8 =
2s. When t = 3, we have s +t > s + 3. This means, 2(s +t) = 2s + 6 = 2s.
Thus, |Dy((as b)), (ap, by))| = 2s.

CaseIII (B): j > q.
Similar to previous case.
From all the cases, we conclude k > 2s.
Thus k = 2s. Therefore K, [1 P; is 2s-metric dimensional.

The result given below gives an interesting formula for k-metric dimension
of K, O F,.

Theorem 2.2:
(E) t—1, kisodd,
dimy(H) = dim (K, U ) = ’ kt ki
< is even

where t = 3 and s = 2 are any integers and k € {1,2,...,2s}.

Proof: When k=1, from [21], B(K,OP)=t—1. Thus dimy(H) =
dim(H) =t —1, so we consider the proof only for k = 2. Let (a;,b;) and
(ap, bg) be distinct and arbitrary vertices of H.

Casel: t <s.
Depending on k being odd or even, consider the following cases.

Case IA: k is odd.
Here the metric basis is

S={ay,...,a,1} X {by,...,b ) U ({ac} X {by,..., bs_1}).
(This is obtained using the k-metric dimension algorithm given in section
3). For every k, the metric representations is distinct, for every vertex and every
such distinct pairs differs in minimum k positions. Thus S becomes a

k-resolving set. Hence dim, (H) < (?) t—1.

Now we prove that dim, (H) = (%) t—1.
Case TA.L: Let t be even. When k = 2s — 1, dim,,_(H) < st — 1. Let S’ be
a k-metric basis of H =K, P, with cardinality < st —1. That is §' =

{(ay,b1),..., (a1, bs), (az,b1),...,(az, bs),..., (s, by), ..., (s, bs_)} where
¢ = 3 is a constant. Consider the following vertices (aze—1, b2e—1), (A2e) b2e—1),
(az—1,bs) and (ay, b). Let L = Dy ((ze-1,bze-1), (@ze) b2e-1)) NS’ and

M = Dy ((ar-1, bs), (ar, bs)) N S". Now

IL| = Dy ((@ze—1, bre—1)s (@zes bae—1)) N'S'| = [({aze-1, @z} X B) N S|
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+ 1.
T 2u+2

This repeats e times where 1 <e <t and 1 <u <t and
IM| = 1Dy ((ac-1, bs), (ar, b)) N S'| = |({ac-1,a} x B)n S|

>2u+2_(e+1)
We have
IS'l = |L| + [M]
kt
>(m+1) +—2—(€+1)
2uz(e+1)—1
2——1. (vestu<st)
Suppose |S|———1 Then |L]| = (—+1)e and |M| = m—( e+

1). Consider (aze_1,bs), (as, bye_q1) €S and S =L U M. Let P; denote all the
vertices of H except (a,._q,bs) and P, denote all the vertices of H except
(ag, bye_1). That is, P; = ({aze_1} X {by,...,bs_1}U{ase,...,a;_1} X B U
({at} X {bl' ) bs—S})) and PZ = ({al; ey at—l} X B) U ({at} X {bZe' ey bs—l})'
So
, k
P, NS =(ﬁ+1)e—1
and

|Pan|— _6_2.

2u+2
Consider the vertices (aq, by), (ay, by),...(a;—1,bs_1), (at, bs).
Let Z = DH((al, bl)‘ (az, bz)) Then,
[ZnS'| = (L+ 1)6 and [ZnS'| = K (e + 1) for all the pairs of
2u+2 2u+2
vertices along the diagonal.
Now,

|ZnS’|s|PlnS’|=( K

2u+2

+1)e—1,
and
1ZnS|<|P,NnS|=——e—2.
2u+2

This is a contradiction.
Thus, |S'| # st — 3 and hence |S'| = st — 1.
Applying the same process when k =2s —3,2s —5,---,3, we obtain

similar contradictions. Therefore |S'| = (k+1) t—1.

Case IALII: Let t be odd. When k = 2s — 1, dim,,_;(H) < st — 1.

Depending on st —1 being odd or even, we consider the following
subcases.
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Subcase TALILI: Let st —1 be even. We shall prove that no smaller
k-resolving set exists. Let S’ be a k-metric basis for H = K,[OP, of cardinality
less than st — 1. We consider the vertices (@y0—1, P20-1), (@26, D20-1), (@2, bs)
and (@;—1, bs). Let L = Dy((aze-1,b2e-1), (Aze) b2e-1)) N'S" and
M =Dy ((ar-2,bs), (ac-1,b5)) N S".
Now
IL| = |Dy((aze-1, b2e-1), (Azes b2e-1)) NS
/ k—(4u-3)
= |({@ze—1, 02} x BY N §'| = (FE2) e —w
which repeats e times where 1 < e <t and w is an arbitrary constant and
IM| = |Dy((ar-2, bs), (ag-1,b5)) N 'l
= |({ar-2, a1} X B) N S|

> (D) gy,

Now we have,

IS'] = L] + M|
> [(71(_(?_3)) t— w] e+ (7’(_(4:_3)) t+w.
Hence |S'| = (@) t(e+1) —we +w.

Observe that |8'| = (2)t—1. 1f |§'| = ()t =1 Then |L|=
2 2
(=2 te — we, M| = ()t £ w.
4 4

Consider (ay,_1,bs),(a;_1,b;) €S and S =L U M.

Let P; represent all the vertices of H except (@ze_1,bs) and P,
represent all the vertices of H except (a;_q, by). Thatis, P; = ({aye_q1, ar_1} X
{bl,...,bs_l})U({aze,...,at_z}xB) and PZ = ({aze_l,...,at_z}xB)U
({ar_1} x {by,...,bs_1}). Then

|PlnS’|=($)te—we—1

and
IP,n S| = (@)tiw— 1.

Consider the vertices (aq, b;), (az, by), ..., (@;—1, bs_1), (s, bs).

Let Z = Dy ((ay, by), (az, by)).

1ZnS'| = (@) te—we and |[ZNS'| = (@) t + w for all the
pairs of vertices along the diagonal.

Thus,

1ZnS|<|P,NnS'| = (@)te—we— 1,

and

|Zn5’|s|P2nS'|=(@)tiw—1.
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This is a contradiction.
Applying the same process for k = 2s — 3,2s — 5, --+, 3, we obtain similar

contradictions. Hence |S'| > (%) t—1.
Subcase TALILII: Let st — 1 be odd. Proof'is similar to Subcase [AI.Il.1.
From all the cases, we conclude, dim, (H) = (k+1) t—1.

Thus dim,(H) = ()¢ - 1. 2

T2
Case IAIL k is even.

First it will be shown that dim,(H) < % Here the metric basis is

S=({ay,...,a;} x{bq,...,bs}) (which is obtained from the k -metric
dimension algorithm). Clearly all vertices have unique representation and each
pair of these representations differs in atleast k positions. Thus S becomes a

k-resolving set. Hence dim, (H) < %

Next it will be shown that dim, (H) = % When k = 2s, dim,;(H) < st.
We have D,(H)=V(K,OP). We know that K,[JP, is 2s -metric
dimensional. Thus, it follows that, dim,,(H) = |D,s(H)| = st. Hence
dim,;(H) = st. When k < 2s, that is, k =25 —2,2s — 4, ....,2 we follow
the same procedure as when k is odd and arrive at similar contradictions. Thus
we get dimy(H) = % Hence dimy,(H) = %
Case II: t > s. Similar arguments as in Case I hold.

Hence the proof.

The next theorem gives the maximum value of k for which K, X P,
becomes k-metric dimensional.

Theorem 2.3: Graph H = K, X P; is 2-metric dimensional for any integers
t=>2ands =3

Proof: First, consider the vertices (aq, b;) and (a,, b;). Note,

Dy((aq, by), (az, by)) = {(ay, by), (az, by)}.
The set of non-trivial distinctive vertices is

D;‘}((alﬁ bl): (az, bl)) = ¢
Thus, (a;, b;) and (a,, b;) are twins. We note that every vertex pair of the

complete graph K, gives twins. Thus the total number of such vertex pairs of K;
t(t-1) st(t-1)

. Since we have s copies of K, it follows that there are pairs of

twins. Hence K, X P; is 2-metric dimensional.

The next result gives the general formula for dim,(K;XP;) for any
k € {1,2}.
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Theorem 2.4:
dim,(H) = dim,(K,XP,) = (k +t—2)s
where s = 3,t = 2 are any integers and k € {1,2}.

Proof: Case 1. k = 1. We will first show that dim,(H) < (t — 1)s. The metric
basisis S; = ({a4, a,,+++,a;_1} X B) (this is obtained using k-metric dimension
algorithm in section 3). Clearly each vertex has a unique representation, that is, no
two vertices have the same representation and each pair of metric representations
differs in minimum 1 position. Thus S; is a 1-resolving set. Hence dim,(H) <
(1+t—-2)s.

Now, it will be shown that dim,(H) = (t — 1)s, using contradiction.
Suppose S’ = ({aq,...,a;_5} X B) is a 1-metric basis of cardinality (t — 2)s.
We note that Dy ((a,—q, B), (a;, B)) = ¢. This means that (a,_,, B) and (a;, B)
have the same metric representations. Thus S’ cannotbe a 1-resolving set, which
contradicts the assumption. Hence our assumption that |S'| = (t — 2)s is wrong.
Therefore, dim;(K;XP,) > (t—2+1)s =(t —1)s. Hence dim,(K; X F) =
(t—1)s.

Case 2: k = 2. We will first show that dim, (K, X P;) < ts. In this case, the
metric basis is S, = ({a4,a,, -+, a;} X B). Clearly every vertex has distinct
representation and every pair differs in minimum 2 positions. Thus
dim,(K; X P) < ts.

Next we will show that dim,(K.XP,) >ts. We see that D,(H) =
V(K; X P;). From Theorem 2.3, we know that K,XP; is 2-metric dimensional.
Thus, it follows that dim,(K; X B,) = |D,(H)| = ts. Hence dim, (K, X P,) = ts.

The family of K, O P; and K; X P; is utilised, to obtain (K, [J P;, k)-codes
and (K; X P, k)-codes.

The following result gives the codewords obtained from k-resolving sets of
K, OP,.

Theorem 2.5: A (K;OP,;, k)-code contains nm codewords having length
= dimy (K, O P,) over an alphabet of size diam(K; (0 P,) = s having minimum
distance k, capable of correcting |(k — 1)/2] errors.

Proof: Follows from previous theorems of K, [ F;.

This result is illustrated with an example given below.

Example 2.6: Consider K3 [ P; as in Fig. 1. By Theorem 2.1, we know that

K5 OO P; is 6-metric dimensional. By Theorem 2.2, dimg (K3 O P;) = % =9.

Thus S =V(K;OP;) is a 6-resolving set. The distance matrix or metric
representations with respect to basis S is
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WN R WN RN RO
NRNNRNRO R
RPN WRNWO =N
WNRNRFROWN R
NRNRORNRN
RPN WO R NRNW
NP, OWNR WN R
R ORNR NN RN
ORNRNWRNW

Next determine the minimum Hamming distance(HD) for these.
9 6 6 6 8 6 6 817

[ee ]« Ne)NiecolieNe)We)RiNo]
(o) 3« We) W) We Ne ) INc o]
(e)NNe ) Nlecolie)Ne)Necciieolie))
(o< ]« Ne) W) WNo N Re) N0}
(e)Ne)Nie)WNoNe o) Je)Je))
(e)NNe ) Ncolieolie) e Reelie))
[e)JNeJiNelNe) Ne ) Ne) N e) o))
Neli\elie) o) Ne Rociie) o))

Clearly the minimum HD is 6. Thus by Theorem 2.5, there exists a
(K5 L1 P;,6) -code having 9 codewords namely 012123123, 101212212,
210321321, 123012123, 212101212, 321210321, 123123012, 212212101,

321321210.
PaN
9

Py by by b3 Ks i3 s

asby /| asby /| asbs

ashy \ ashy | agbs

a1by aiby a1bs

Figure 1
K;OP;s

The following result gives the codewords obtained from k-resolving sets
of K, X P,.
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Theorem 2.7: A (KX P, k) -code contains ts codewords having length
= dim, (K, X P,) over an alphabet of size diam(K; X P,) =s—1 and with
minimum distance k.

Proof: Follows from the previous theorems of K, X P;.

This result is illustrated using the example given below.

Example 2.8: Consider K3 X P; as in Fig. 2. By Theorem 2.3, we know that
K3 X P; is 2-metric dimensional. By Theorem 2.4, dim, (Ks X P;) = (24 3 —
2)3 =9. Thus S = ({ay, a,, a3} X B) is a 2-resolving set. The distance matrix
of K3 X Ps.

"TNRRPRNRRNRO
R R R R R RROR
PR NRRNO RN
NRRNRONR R
R R R R ORR R R,
RPRNORNR RN
NRONRRNRR
RPORRRRRRR
OCRNRRNRRN

a;
3)
37
/
& o » .

(131)1 (l;;()g (l;;[);;

V| agbs

aiby arby abs

Figure 2
K3 X Py

Now let us determine the minimum Hamming distance for these.

5 6 2 5 6 2 5 67
5 5 5 2 5 5 2 5
6 5 6 5 2 6 5 2
2 5 6 5 6 2 5 6
5 2 5 5 5 5 2 5
6 5 2 6 5 6 6 2
2 5 6 2 5 6 5 6
5 2 5 5 2 6 5 5
6 5 2 6 5 2 6 5
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It is seen that the minimum HD is 2. Thus by Theorem 2.7, there exists a
(K3 X P3,2) -code having 9 codewords namely 012112112,101111111,
210211211, 112012112, 111101111, 211210211, 112112012, 111111101,
211211210.

Remark 2.9: In our paper [13, 14], a new decoding algorithm was developed for
stacked prisms and Rook's graph and its complexity was analyzed. The same
algorithm works for (K; O P;, k)-codes.

3. Algorithm

Here an algorithm for obtaining the k-metric basis of products is provided.
The algorithm involves the following steps:

Step 1: Denote the distance matrix of K.[P,/K.XP; by d.

Step 2: A function rSubset(arr,r) is defined. It lists all combinations of the
array depending on r where r denotes the r-element sets of vertex sets of
K.OP, /K. XP,.

Step 3: Denote the dimensions of the distance matrix d by t and the total
combinations possible for any t and r by s, thatis, s = tCr.

Step 4: Consider an empty matrix A. For each i belonging to ¢, determine all the
rSubset(d.row(i),r) and add them to A.

Step 5: For i in range(s):
For k inrange(length of A):
Add (A[k][i]) to an empty matrix L.

Step 6: For each row x and row y in matrix L, we compute its minimum
hamming distance (which is nothing but the k-metric dimension). Define four
empty matrices namely H;, H,, E and F. If row x is same as row y then add
these rows to H, otherwise add them to H;. If length of H, equals t it implies
that minimum hamming distance of self loops is considered. To avoid this, we
always consider length of H, > t. When length of H, is greater than ¢, it implies
that there are rows in L whose minimum hamming distance is zero. In such a
case, we add all these rows to E otherwise add minimum value of H; to F.

Step 7: print (E+F).

This gives the metric dimensions of the r-set (including 0).

Step 8: The k-metric basis is obtained by printing the matrix L.
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4. Conclusion

In this paper, the open cases for k-metric dimension of K,[JP; and K.XP;
are studied. An exact formula for dim, (K;[OP,) and dim;(K.XP,) is obtained
and the codes that arise from their resolving sets are developed. Further, an
algorithm developed to compute the k-metric dimension of products is given.
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