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Abstract
The inverse sum indeg (ISI) index of a simple graph X is expressed by
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in which E, represents the edge set of the graph X and d, (c,) indicates the degree of the

vertex ¢, in K. The ISI index is one of the 20 selected indices from a group of 148 discrete
Adriatic indices that have been proposed as remarkable predictors of physico-chemical
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properties of molecular structures. In addition, this index has been detected as an excellent
measure for predicting the total surface area of isomers of octane. In this study, we establish a
comparison between the ISI index for various standard graph operations, including the sum,
corona product, disjunctive product, Cartesian product, lexicographic product, and strong
product, alongside the ISI index of their respective factors. This comparison is achieved by
presenting new and sharp upper and lower bounds on the ISI index for the aforementioned
graph operations, expressed based on the ISI indices of their respective factors. The necessary
and sufficient conditions for the inequalities to hold as equalities are also analyzed. In the
specific case where all factors are regular graphs, we provide exact formulas for the ISI
index. Utilizing these results, we present precise values for the ISI index of various graphs
of mathematical or chemical significance, including cone graphs, windmill graphs, thorn
graphs, C,-nanotori, Rook’s graphs, prism graphs, and closed fence graphs.

Subject Classification (2020): 05C09, 05C07, 05C76.

Keywords: Vertex degree, Graph invariant, Graph operations.

1. Introduction

Let K represent a finite simple graph, with Vi and Ej indicating its sets
of vertices and edges, respectively. For ¢4 € Vi, the degree dy(¢yx) is the
number of vertices ¢’y € Vi for which ¢3¢’ € Ey. The notations &3 and Ag
represent the minimum degree and maximum degree of K, respectively. A graph
K isreferred to as k-regular graph, whenever dy(¢5c) = k for every ¢y € V.

Molecular graphs or chemical graphs of chemical compounds are labeled
graphs whose vertices indicate the atoms of the compounds and edges indicate the
chemical bonds. Topological indices are two-dimensional descriptors that can be
computed from the chemical graphs, do not relate to the method the graph is
depicted or labeled, and have no requirement of energy minimization of the
molecular structure. These invariants are utilized in advancing quantitative
structure-activity (QSAR) and quantitative structure-property (QSPR)
relationships. Topological indices are categorized into various types, with
vertex-degree-based (VDB) indices being particularly noteworthy. They serve as
valuable tools for examining a range of properties of chemical structures, such as
boiling point, enthalpy of vaporization, entropy, rotational radius, and viscosity.
Dozens of VDB indices with different levels of applications have been
established so far in the mathematical-chemistry literature [1]. Among the
diversity of VDB topological indices, Zagreb indices [2, 3], Randi¢ connectivity
index [4, 5], atom-bond connectivity index [6], harmonic index [7], sum
connectivity index [8], geometric-arithmetic index [9], inverse sum indeg index
[10], symmetric division deg index [10, 11], variable sum exdeg index [12, 13],
atom-bond sum-connectivity index [14, 15], arithmetic-geometric index [16, 17],
and VL index [18] can be mentioned.
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The Zagreb indices are recognized as two of the leading VDB invariants.
They were proposed by Gutman and Trinajsti¢ [2] in 1972 and further developed
by Gutman et al. [3] in 1975. They are formulated by

M (¥) = Zg‘KEV]( dyc(5x)* = nggrerx (dyc (550) + dsc(§'3)),
My (X)) = Yepeerseerse Dac(§3)dac(6'3).

These invariants are employed in the exploration of molecular complexity,
ZE-isomerism, chirality, and hetero-systems, indicating their potential use in the
creation of multi-linear regression models. For further insights into extremal
results and bounds, see [19, 20], and for their modifications, refer to [21, 22].

Another member of the populous family of VDB topological indices which
is worthy of attention is the inverse sum indeg (ISI) index. It was put forward by
Vukicevi¢ and Gasperov [10] in 2010 and further developed by Sedlar et al. [23]
in 2015. This invariant is expressed by

ISI(X) = ZCKC’KEEK 1 - T = ZC.‘KC’J(EE.‘K SRS :
dyc(s30) dgc(S73¢) dac(sae)+dac(§'5)

The ISI index is one of the 20 discrete Adriatic indices identified by
Vukicevi¢ and Gasperov [10] as notable predictors of the physico-chemical
properties of chemical structures. It is also proposed as an important measure for
predicting the total surface area of isomers of octane. In recent years, the ISI index
has garnered considerable attention from both mathematicians and chemists due
to its predictive capabilities. For example, Sedlar et al. [23] and An and Xiong
[24] investigated the extremal problems concerning the ISI index across various
special classes of graphs. Falahati-Nezhad et al. [25], Ali et al. [26] and Bharali et
al. [27] proposed a number of sharp bounds on the ISI index based on certain
graph parameters and connected this invariant to some best-known topological
indices. Mateji¢c et al. [28] and Gutman et al. [29] analyzed some
previously-established bounds on the ISI index and presented some new bounds.
In addition to extremal problems, the problem of calculating the ISI index for
chemical graphs and nano-structures were also considered in various researches.
For example, Das and Mondal [30] studied a variant of the ISI index for some
molecular graphs with chemical significance. Falahati-Nezhad and Azari [31]
investigated the ISI index for several families of nanotubes. Lokesha et al. [32]
calculated it for polycyclic aromatic hydrocarbons and polyhex nanotubes.

There are various methods for calculating topological indices of chemical
graphs related to chemical structures. One effective approach involves
constructing larger chemical graphs from smaller ones by applying one or more
appropriate graph operations. The topological properties of the resulting graphs,
known as composite graphs, are highly dependent on their constituent
components. Consequently, exploring the relationship between the topological
indices of graph operations and their factors is a significant research area within
chemical graph theory. The calculation of the ISI index for graph operations and
transformations has also been the focus of several recent studies. Lokesha et al.
[33] provided upper and lower bounds on the ISI index specific splice graphs,
taking into account the size, minimum degree, and maximum degree of their
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factors. Pattabiraman [34] obtained upper and lower bounds on the ISI index for
different graph operations, including composition, Cartesian product, join, corona
product, and Mycielski graph, in terms of the Zagreb indices, inverse degree,
Randi¢ index, harmonic index, and symmetric division degree index of their
factors. Additionally, Havare [35] provided upper bounds on the ISI index for the
sequential sum, Cartesian product, lexicographic product, and corona product
based on the first Zagreb index of their factors. Rani et al. [36] established sharp
upper and lower bounds on the ISI index for several graph operations, specifically
expressed based on the second Zagreb index of the respective operation itself. By
analyzing previous results, it becomes evident that most established inequalities
concerning the ISI index of graph operations do not depend on the ISI index of
their factors. Furthermore, many of these inequalities are not sharp, meaning that
the necessary and sufficient conditions for equality have not been thoroughly
examined. In this paper, we concentrate on the connection between the ISI index
of composite graphs and their factors. Specifically, we derive sharp bounds (both
upper and lower) on the ISI index for certain composite graphs, including the
sum, corona, disjunction, Cartesian, lexicographic, and strong products, in terms
of the ISI index of their factors and identify the conditions under which equality
occurs. Additionally, we provide precise formulas for the ISI index of these graph
operations in cases where all factors are regular graphs. These findings allow us to
determine the exact amounts of the ISI index for several graphs of chemical or
general interest.

2. Main Results

In this section, we assume the simple connected graphs K and R, which
have disjoint vertex sets. Additionally, we assume that, |Vy| = ng, |Vg| = ng,
|Esc| = myg and |Ex| = mg. We begin our discussion with the sum of graphs.

2.1 Sum

The sum K + R is the graph with Vi, = Vi U Vg and Eyyp = Eqc U
Eq U{cc'|c € Ve, " € Vi) (see [37]). Obviously, ng,r = ng +ng and
m:;(+R = My + mqe + Ny Nyp.

Theorem 2.1: The ISI index of K + R is bounded from above as

Ay Ap ng (M1 (X)+ngmyc)
ISIIK+R) < ISI(K) + ISI(R) + ———=
( ) Agc+ng ( ) Ap+ngy ( ) 2(63c+ng) (2 l)
ng (M1 (R)+ngmg) | nxng(bx+ng)(Az+ny) ’
2(8gr+nyx) Ag+Ag+ng+ng ’

Equality holds iff K and R are regular.

Proof: From the definition,
= Aac+r(S) dac4n ().
ISIQH +R) = Dggrer06+®) Gyeppiorran(en
The edges of K + R can be partitioned into the subsets E;, E, and Ej,
where Ey = {5¢l¢,¢" € Vac}, Bz ={¢'ls,¢" € Vg} and Ez = {¢¢'|c € Vi, " €
Va}.
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If ¢¢' € E;, then dyi2(s) = dyc(s) + ng and dyeiz(s") = dyc(§") + nx.
Therefore

dyc4r(6) dycsr(s) _ (dgc(9)+np)(dzc(sn+nz)
dyc+r(S)+dzc+r (SN dyc(§)+dgc(sN+2np
_ _ dx(©dx() nR(dgc(§)+dxc(sN)+nk

dgc(§)+dgc(§7)+2ng dgc(§)+dgc(¢7)+2ng
— [ 4x(9) dx () x (1 _ 2ng )
dgc(§)+dgc(s7) dyc (§)+dgc(¢7)+2ng
ng(dyc(5)+dgc (sN)+n%
dgc(§)+dgc(gr)+2ng

Bgc o dac(s) de(s) ng(dy(§)+dsc(s)+nk
T Axtng  dye(9)+dgyc(sn) 2(8x+ng) )

Then

(2.2)

d (¢) a (sn A nge(Mq(K)+ngmy)
Ve, TR < KR ISI(3¢) + FA—2

dyc+r($)+dac+r(s) — Ax+n 2(8x+ng)

Evidently, equality holds iff Ay = 5. By symmetry,

dgc+Rr(6) dac+r(SN) < Ag ISI(R) + ng (M1 (R)+ngmg) (2.3)
dyc+R()+dgc+r(s) — Artng 2(8g+ngc)

Equality occurs iff Ag = d5.

If ¢¢' € E5, where ¢ € Vi and ¢’ € Vg, then dy,z(¢) = dy () + ng and
dic+x(6") = dz(¢") + ng. Thus

1 1 1 1
dyc+r(§)  dac+r(s) — Axctng - Agtng

Equality occurs iff dg(¢) = Ay and dgx(¢") = Ag. Thus
dyc+R(S) dc+R(SN) - nang(Bgc+np) (Ar+nsc)
dyc+r()+dgcar(s) —  Ag+Ag+ngtng
and equality occurs iff for all ¢ € Vi and ¢ € Vg, dy(¢) = Ay and dg(¢") =
Ag. From (2.2), (2.3) and (2.4), we get (2.1) and the equality holds in (2.1) iff K
and R are regular.

Following a similar approach to the proof of Theorem 2.1, we can establish
the following results.

ZCC’EEZ

chIEE3 ’ (2~4)

Theorem 2.2: The ISI index of X + R is bounded from below as
ISICK +R) = —2X[SI(K) + —2—[SI(R) + RO zme)

Syc+ng Sp+ny 2(Agc+ng)
ng (M1 (R)+ngmg) | nyxnp(Sx+ng)(Sr+ny)
2(Ag+ny) Sy +dp+ny+ng ’

Equality occurs iff K and R are regular.

Corollary 2.3: For a k-regular graph K and a p-regular graph R,

ISI(K + R) = kng (k+ng)+png(p+ny) + n?CnR(K'H'LR)(P"'n?C).
4 K+p+ny+ng

Example 2.4: For the v-gonal u-cone graph C, +I?M and windmill graph
K, + puK,_; (see Figure 1), we have



6 N. DEHGARDI, M. AZARI AND Y. SHANG

— 2
1. ISIC, +K,) = @+%

_ nv-12-2) | pPE-1)?
2. ISI(Ky + uK,_,) = ot

Figure 1
The 6-gonal 3-cone graph Cg + K3 and the windmill graph K, + 4K,.

2.2 Corona product

The corona product X o R is formed by including one copy of the graph K
and ng copies of the graph R. In this construction, the ith vertex of K is
connected to all vertices in the ith copy of R, for each 1 < i < ny (as noted in
[37]). Obviously, ng.g = ng + ngng and my.p = my + ny(ng + my).

Theorem 2.5: The ISI index of K o R is bounded from above as

Ay ngAg ng (M1 (K)+ngmy)
< RRATALC)TRRMK)
ISI(KoR) < Agctng ISI(K) + Agtl ISI(R) + 2 Cntnin) 25)
ng(Mi(R)+mg) | ngng(Ax+ng)(Ag+1) ’
2(6p+1) Ay +Ag+ng+1 ’

and equality occurs iff K and R are regular.

Proof: Consider three subsets of Ey.z as E; = {¢¢'|¢,¢" € Vi), E, =
{¢¢'ls,¢" € Vg} and E5 = {¢¢'|¢ € Vi, ¢' € Vg}. Obviously,
dgcor ($)dacor (67) dgcor($)dacor (67)
ISI(K o R) = Yorep, —XROUCRED P GLE IO
( ) Zgg €E1 dyeon (6)+dacam (s + e ZCC €E2 dyeop () +dacam (s (2.6)
+3 dgcor (§)dacor (57 :
SS'€E3 dyeap (o) +dacor ()
For ¢¢’ € Ey, dyor(s) = dyc(§) + ng and dyeor(s) = dyc(¢") + ng and
for ¢¢' € E5, dyor(c) = dr(¢) + 1 and dy.x(¢") = dgx(¢") + 1. Similar to the
argument of Theorem 2.1,

dicor () dacor (67) A ng (M (K)+ngmgc)
qureEl 3R (S)ARcoR < X . ISI(%0) 4 BRI TR (2.7)

dgcor()+dacor (1) — Axctn, 2(85c+ng) '
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dgcor(§)dgcor (S7) Ag My (R)+mg

< IS1 —_—, 2.
dgcor(9)+dacor(s) — Ag+l SIR) + 2(6z+1) (2:8)
and equality holds in both cases iff Ay = 6% and Ap = 5%.

Yocres,

For CC’ € E3 with ¢ € Vj{ and C, € VR , dg(ogg(g) = d?((c) + ng and
d?COR (c’) = d:R(CI) + 1. Then
dyor(Q)dzcer(6) _ (dxc()+ng)(dr(c)+1) < (Ax+n7e)(A1a+1).
dgcor () +dacor (S1) dy(§)+dr(¢N+ng+1l —  Agx+Art+ng+l
Therefore

de(oR(C)dJ(oR(C’) < ngng(Ax+ng)(Az+1) ) (2.9)
3coR () +dgcor (S7) Agc+Aptng+1

and equality occurs iff Ay = 65 and Ag = 5. From (2.6), (2.7), (2.8) and (2.9),
we get (2.5) and equality holds in (2.5) iff X and R are regular.

ZgglEE3

By employing reasoning similar to that used in Theorem 2.5, we can derive
the subsequent result.

Theorem 2.6: The ISI index of K o R is bounded from below as

Sy nydg ng (M1 (K)+ngmy)
ISI( o R) = B tin ISI(K) + e ISI(R) + T abging)
ng (M1 (R)+mg) | nxngr(Sx+ng)(dzr+1)
2(Ag+1) Sy+dgtng+1

Equality occurs iff KX and R are regular graphs.

Corollary 2.7: For a k-regular graph X and a p-regular graph R,

ISI(?C o :R) — Tl;KK()C+nyg)+4ng(1’lggp(p+1) + nxnfizizi)_"(f+1)

Example 2.8: For the thorn cycle C, o I?” (see Figure 2),

174 v(u+2) | vu(p+2)
ISI(C, ° K#) == + s

Figure 2
The thorn cycle Cg © K.

2.3 Disjunctive product
The disjunctive product KX VR is the graph with Viz = Vo X Vg and
Exvr = {(5%,52) ('3, §'=) 1S §'% € Vo S36'5c € Exc} U {(530,§=) (6%, ') 5%,
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S16, S % € Ve, 6r¢'» € Ex} (see [37]). Obviously, ngyr = ngng and myygp =
Mmyn% + mepni — 2myemg.

Theorem 2.9: Let K or R have no isolated vertices. Then the ISI index of
K VR is bounded from above as

ISICVR) < 20y (n%—2mg)? ISI(K)+2A% (n%—2mgc)? ISI(R)
2npdyc+2ny Sp—0y Ar—Ayc SR
ancmR(ngzg—ngg)Ml (7C)+2ang((n§(—2mx)M1 (R)+4myemyp (n%cmgg+n322m;()

+ 2npdyc+2ny Sp—8ycAr—Axc SR

_ 2nkmpMj (K)+2ngemy My (R)—2ng My (R)M () —2n5c M1 (F)M2 (R)

2nplAgc+2ny Ar—Ayx Sp—83cAg
__ ngenp M, (K)My (R)+2M (F)M3 (R)
2npAgc+2ngAg—Ayx Sr—83cAg

Equality occurs iff K and R are regular.

(2.10)

Proof: Consider the subsets of Eyyz as E; = {(¢x =) (€ 5% ¢'») SR, S’ €
V63§ % EI Ex,}a E, :,{(C?C' CR)(C’J,('C'R)|CK'C'J§ € Vi, 6x6'z € Ex} and E3 =
{(530,52) (S5, SR S% S 5% € Exc, S2S'» € Eg}. Evidently,

— AgcvRr (§3,SR)dacvr (S'5¢,S'R)
ISIGEVR) = Diguosmmsmess dycvr(S3c,SR) +dacvr (§73¢'R)

dgevr (S3c.5R) dacvr (S730.6'R)
dxcvr (S3c,5R)+dacvr (S13.6'R)
dxvr (S3c,5R)Aacvr (17,6 R)
dacvr (S3c,5R)+dscvr (S730,6'R)

Suppose that, (¢, 52)(S'%,6'z) € Eq. Then dycyz (3, §z) = nrdac(3c) +
Nyedz (§z) — dac(§3c)dr(sz) and dyeyr(§'%,¢'z) = nrdsc(§'sc) + nyedr(§'z)
— d(¢'5)dz(¢'r). Therefore

ng(dc(§3c) + daxc(§'50)) + g (dr(5z) + dr(s'r)) — dsc(sx)dr(Sz)
—dyc(§'3c)dz(5'z)

= (ng =2 dg(s'n)) dac(s's) + (nsc = 2 dac(§'30)) d(s'z)

+(na =3 dr(sa)) duc(sa) + (nac = dac(sa0)) drsa)

+ Z(CK:CR)(C’]GC’R)EEZ (2.11)

- Z(CK‘CR)(C’K.C’R)E&

= (nfR —% dR(CIR)) 8y + (n;c —% dac(C’x)) Oz + (nae —% djz(CR)) 8¢
+ (nx —i dvc(Cac)) z
> 27’1736:7( + an(é'gg - 67CAR - A?C6R (212)

Hence for every edge (53, =) (S5, S'z) € Ej,

dgevr (S70,5R) xR (S'5,6'R)

dgevr (§30,5R)+HdcvR (S150,5'R)

— (Rrdyc(g30) +nacdr(Sr)—dxc (Sx)dr (S»)) (MR (6730) +nacdr (§'R) —dsc (§73c) AR (S'R))
ng (dgc(§3c)+dac (§73¢)) +ngc (AR (SR)+dR (§7R)) —dac (S3c) AR (SR)—d3c (673 ) AR (S'R)
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(n%—npdz(sr)—nrdz(5'R)+dR(s)dR (5'R)) dc (53) dac(s'5)

ng (dc (§3c)+dac(§130)) +ngc (AR (SR)+dR (§7R))—dxc (S3c)dr (SR)—d3c (§13¢) AR (§'R)
nyng (dr(§'R)dx (§30)+dr(SR)dx (§73¢)) —nxc dr (SR)AR(§/R) (dac (s3c)+dac (§730))
ng(dgc (§3c)+dac (§130)) +ngc (AR (SR)+dR (§7R))—dac (S ) dr (§R) —dac (S5 ) AR (S R)

ngdzr(sr)dz(s'®)
ng (dgc (§3c)+dac(§130)) +ngc (AR (SR) +dR (§7R))—dx (S3c)dr (SR)—dac (63 ) AR (§'R)
< 205 (nh—npdr(sr)—NRAR (s'R)+dR (SRR (S'R)) ( dgc(ac)dac (§73c) )
- 2ngdx+2ny dr—8xAr—Ax Sz dyc(s3c)+dxc (§7%)
+ xR (dr(sr®)dac (s3c)+dr(SR)dac (§73¢))—nxcdr (SRR (§7R) (dac (§3c)+dac(§'5¢0))
2np8yc+2ny S-S Ar—Ax SR
nZdz (s)dz (s')

2ngpdyc+2ny Sp—8ycAr—Axc SR '

Therefore

dgcvr (S70,5R)dxcvR (S15,6'R)
dgevr (S30,6R)+dacvr (§730,6R)
dgevr (S70,5R)dxcvR (S35 R)
dgevr (S30,6R) +dacvr (73,6 R)
< 2Ag5c (% —2mg)? ISI(I0)+2ngmg (nk—2mg) My (K) +4mgnimb .
- 2ngp by +2nyc Sp—O63c AR—Axc SR
Equality holds iff Ay = 65 and Ap = 8. By symmetry,
dgcvr (§0,5R)dacvr (S73¢,5'R)
dgevRr (S70,6R)+A3cvR (S13,67R)
< 2Ax (n%—2my)? ISI(R)+2ngmgc (n5—2my) M1 (R) +4mgnzmi: .
- 2ngbyc+2nyc =0 Ar—ADgc SR

Equality holds iff Ay = &4 and Ay = 65.

Z(c;c.c::e)(c'x,c'aa)Eh

= YoncineVa LexrxeEx

Z(Cycme)(c'x.cm)eEz

(2.13)

(2.14)

Assume that, (¢, 52)(S'%,¢'%) € E3. ,Thelll dscvr (S5 Cye,) = nyedyc(Cyc), +
Ngedr () — dyc (3 )dr(Sz) and  dyvr ('3, ¢ =) = Nrdyc(§'5c) + Nycdr(§'z)

—dy(¢'30)dz (¢'%). Similar to Eq. (2.12), we obtain:
ng (dy (§3c) + dsc(§'50)) + 1y (dz(§z) + d=(§'z)) — dsc (s3)d= (S)
—dyx (§'x)dz(§'%)
< 2nply + 2n5chg — Mg — Syclp.
Hence for every edge e = (¢x, ¢2)(¢'%,¢'%) € E3,
dgcvr (S3c,SR)dxcvR (75,6 R)

dgcvr (§30,6R) xR (S73,5'R)
_ (mgdx(sx)+tngxdr(sr)—dx (Sx)dr(§R)) (nrdx (¢'x)+nxdr(s'r)—dx (§'%)dR(S'R))

T np(dic(sa)+Hasc(6130) s (AR (SR) TR (SR~ d3c (530 AR (6R) —dac (573 dR (S'R)
(nk—nzdz(sr)—nrdr(s'R)+dz (sR)dR(5'R)) dac(5x) dac(sr5c)
2npAxc+2nyAR—Ay Sr—83cAg
+ nyng(dr(§'R)dx (§3) +dr (§R)dx (§730)) —nyc dr (§R) AR (§'R) (dxc ($3c) +d3c (S%))
2npAxc+2ng AR —Agyc SR—63c AR
ngdz(s)dz(s'®)
2npAgc+2nygAR—Ay Sr—63cAg ’
Therefore

v

dgcvr (§3c,6R) dacvr (S730,6'R)
§1HSIRICES Qo (cac.60) +acur (6130.51R)

2 (x5
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=y y ( dgcvr (§x,$R)dxcvr (15,61 R) dgevr (§x,6'R)dxcvr (§73¢,SR) )
SRSIREER £G5S KEEK Nageym (oac.60) +acvr (S73067R)  dacur(S3c.6'R)+dacur (673,5R)
2(ngmp—ng M1 (R)+Mp(R)) Mz ()
2ngAgc+2ny Ap—Ax Sp—83cAr
ngnpMy (J0)M1 (R)—2n5c M1 ()M (R)+2nZmgc Ma (R)
2nplAgc+2ny Ar—Ayx Sp—83cAgp )
Equality holds iff Ay = 85 and Ay = 5.
From (2.11), (2.13), (2.14) and (2.15), we get (2.10). In addition, equality
holds in (2.10) iff X and R are regular.

+

(2.15)

Similar to the reasoning presented in the proof of Theorem 2.9, we can
derive the subsequent results.

Theorem 2.10: Let K or R have no isolated vertices. Then the ISI index of

K VR is bounded from below as

285 (n%—2mg)? ISI(K)+285 (% —2mgc)? ISI(R)
2nRAgc+2n3cAR—Ayc SR—65c AR

ISI(KVR) >

+ 2ngemey (n;zz—ngg)Ml X)+2ngmye (n%c—me)Ml R)+4myemp (nfcmgﬁnémg()

2nRAgc+2n3cAR—Ayc SR—65c AR
_ 2nkmpM, (K)+2n5my My (R)—2ng My (R)Ma (¥)—2ngc My (K)Ma (R)
2nR 65 +2n3cSRr—83c Ar—Ax bR
_ ngengMy (K)M3 (R)+2M2 (K M3 (R)
2ngpbyc+2nycSp—8ycAr—Agc SR

Equality occurs iff K and R are regular.

Corollary 2.11: For a k-regular graph X and a p-regular graph R,

ISI(KVR) = """R(K"R:” nac=p)”

Example 2.12: For the graphs C, vV C,, K, V K, and C, V K, (see Figure 3),
1. ISI(C, V() =vu(v+pu—2)?
2. ISI(K, VK,) =2

vu(vu—-v+2)
" .

3. ISI(C,VK,) =

s

Figure 3
The graph C, Vv K.
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2.4 Cartesian product
The Cartesian product K IR is a graph whose vertex set is given by
V(K OR) =Vy X Vg, and whose edge set is defined as E(K O R) =

{(530, 5= (S50, SR) ISR € Vo 6365 € Esc} U {(S3c, §2) (S5, SRS € Vo, $26'% €
Ex} (see [37]). Obviously, nynr = nghg and mywr = MyNg + NyeMe.

Theorem 2.13: Let K or R have no isolated vertices. Then the ISI index of
K OR is bounded from above as
neplAy nyAg
ISIKOR) < ey ISI(K) + ey ISI(R)
3(mgM; (K)+mgcMq(R))
2(83c+6®)

and equality occurs iff K and R are regular.

(2.16)
+

’

Proof: The set of Ey o5 is divided into the subsets E; and E, as follows:

E1 = {(53,52) ("%, S2) IS € VR S36'5 € Exc},
E; = {(530,52) (S50, §'») IS5 € Vi, S2'x € Eg}-
For  (63,62)(S'%,S®) € E1 » dyxr(SxS=) = dx(Sx) + dr(sz) and
dyar(§'5:§z) = dyc(§'sc) + dz(sz). Moreover,

2dg(sR) = dzr(sr) - Sz
dyc(s30)+dgc(sr30)+2dr(Sr) — Ax+dr(sr)  Axc+6r

Hence for every (¢s,62)(¢"5, =) € E1,
dyx oR(SxsRIAx OR(SI5c5R) _ (dxc(s30) +dr(6»))(dxc (6750) +dR (SR))

dgc O R(S30,5R)+dsc OR(S73,6R) dgc(§3c)+dgc(§73¢)+2dR (SR)
— dgc(§3c)dyc (7%) dg (sr)(dgc (§30) +dzc (s'3)) +dr(sR)?
dgc(§3c)+dgc(§73c)+2dR (SR) dgc(§3c)+dac(§73¢)+2dR (SR)
= x(dx(§rx) ( _ 2dg(s®) )
dgc(§3c)+dac(S73¢) dgc(§x)+dgc(73c)+2dR(SR)

dg (s») (dgc (s30) +dzc (s'3)) +dr (SR)?

dgc(§3c)+dzc (§73¢)+2dR (SR)

Ay (dK(CK)dyc(C’x)) dR(QR)(dK(Q'JC)"’dJC(Q"f}C))"'dR(gR)Z_
T Age+6r \dyc(s3c)+dac(S13c) 2(83c+6%)

+

Therefore

dyc o R(S3c.$R)dzc O R(S75,SR)

dgc O R (S3c,5R) +dsc O R(S730,6R)

dyc ar(Sac.sr)d3c O R(S50,SR) 2.17)
dx 0 r(Sx.sR)Hdx 0R(S1%,5R) ’

Z(CI}CrCR)(C’f}(vCSIQ)EEl

= ZCREVSR ECSI(C’I}CEESIC

nrAx 2mp My (K)+mgc M, (R)
S Agc+8R ISI(:K:) + 2(63c+8R)

Equality holds in (2.17) iff Ay = 4 and Ax = J%. Similarly,

dyc o R(S3c.$R)dzc O R(S7:S'R)

Z((}Cr(ﬁk)((ﬁkr(’ﬁ)EEz

dyc O R(S3c,5R)+dac OR(SH.S'R) (2.18)
nyAg 2mgc My (R)+mapMq(K) ’
< KR
= Ap+8y ISI(R) + 2(85c+6%) ’
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with quality iff Ax = 65 and Ay = 3. Using (2.17) and (2.18), we get (2.16).
In addition, equality holds in (2.16) iff K and R are regular.

Theorem 2.14: Let K or R have no isolated vertex. Then the ISI index of
K OR is bounded from below as

ngygg( ny((s:;g
ISIEKOR) 2 3E2CISIK) + 5 ISI(R)
3(meM; (K) +mgc M3 (R))

2(Axc+AR)
Equality occurs iff X and R are regular.

+

The proof follows a similar approach to that of Theorem 2.13, and therefore,
we will omit it.

Corollary 2.15: For a k-regular graph X and a p-regular graph R,

2
ISI(K OR) = raletn)

Example 2.16: For the C,-nanotorus C, [1C, (see Figure 4), Rook's graph
K, 0K, (see Figure 5) and prism graph K, [1C, (see Figure 5),
1. ISI(C,OC,) = 4wy,

—72\2
2. ISIK, OK,) =200
3. ISI(K,0C) =2,

Figure 4
The C4-nanotorus C, [ Cy.

Figure 5
The Rook's graph K, [0 K, and the prism graph K, (I Cg.
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2.5 Lexicographic product

The lexicographic product JC[R] is the graph with Vi) = Vi X Vg and
Exciz) = (530, $2) ('3, =) IS%, §'% € Vi S35 € Exc} U {3, §2) (S, ') 3¢
€ Vi, 6z6'r € Ex} (see [37]). Obviously, nyz) =ngng and myz =
Mg’ + Mmpny.

Theorem 2.17: Let K or R have no isolated vertices. Then the ISI index of
K[R] is bounded from above as
ng Agc ISI(K) | ny Ag ISI(R)
5 5
anR?JC"’ R npdyc+Ar , (2.19)
RNRM1(K)+2myngMq(R)+4mgymap
2(nrbyx+8x)

and equality occurs iff K and R are regular.

ISICK[R]) <

_l_

’

Proof: The edges of the graph K[R] can be divided into two subsets, labeled as
E; and E,, where
E1 = {53, 62) ("%, §'=) 1SR, "% € VR) §3§'5c € Exc},
E; = {63, 52) (S50, §'»)IS7S"'% € ER) 3¢ € Vi }-
For (63,6%)(5'5c,6'%) € Ex s dyizi(S3c, S») = nrdyc(§3c) + dgr(sz) and
dyciz)(S'50, §'=) = nedyc(§'sc) + dz(¢'z). Moreover

nf (dac(530)+dzc (573¢)) < 1k (@ (sx)+dx(s1x)
R (dyc(§30)+dxc (§13))+dr(SR)+AR(S'R) — nr(dx(Sx)+dyxc($'3))+28%
2ng 6g TL%AK
= Ny <

 nR(dsc(sx)+dac(6130))+26% — nphac+z”
Hence for every (s, ¢2)(¢'%,¢'%) € Eq,
dy[R] (Sx.SR) A5 [R] (§73¢.5'R) — (rdyc(530)+dr(sr)) (Mrdxc (§'30) +dR (S'R))
dgc(r) (S3c,.5R)+dac (R (S13¢,5'R) ng (dgc (§3c)+dac (§730)) +dR (SR +AR(S7R)
— ndsc (530)dac (§130)
ng(dgc(§3c)+dsc(§130))+dr (SR)+dR(SIR)
+ ng(dr(s'R)dx ($3c) +dr (SR)dac (§73c))+dr(§RIAR(S'R)
ng(dc(§3c)+dac(§r30))+dr (SR)+dR(S7R)
n3Ay ( dyc (s3c)dac (S3c) )
T npAx+8r \dyc(s3c)+dac(§13c)
+ ng(dgr(§'r)dx (§xc) +dr(§r)dxc (§730))+dRr (SR)AR(S'R)
2(npbyc+6R) '

Therefore
dgc[r] (Sx,SR)Aac[R] (S73¢,S'R)

2 (ga0s2) 6120572 EE dycr)(53¢,5R) +dac[R] (§73,5'R)
dgc[R](§3,SR)Aac[R] (S730,S'R)
dgc[R) (S7.6R) +dc[R) (S730,S'R)
ng Agc ISI(K) | 2mgniMq (¥)+4mgm3

nRAy+6x 2(ngp8yc+6R)

(2.20)

= ZCR.C’REVR ZCKC’KEEJC

IA



14 N. DEHGARDI, M. AZARI AND Y. SHANG

Equality holds iff Ay = &3 and Ap = 8%. Using the proof of Theorem
2.13 and inequality (2.20), we have
dyc[r) (S70,5R) dac[R] (S'3¢,S'R)
Az (R (Sx,SR)+d3c[R) (S730:S7R)

nyARISI(R) | 2mgcngMy(R)+n%maMq(X)
T ngréx+Ag 2(ngbxc+8x)

and equality occurs iff Ay = 8% and Ap = §%. From (2.20) and (2.21), we get
(2.19). Moreover, equality holds in (2.19) iff X and R are regular.

By a reasoning similar to that of Theorem 2.17, we obtain:

Z(C%CR)(C%C’%)GEZ
(2.21)

)

Theorem 2.18: Let K or R have no isolated vertices. Then the ISI index of
K[R] is bounded from below as

4
ng 8y ISI(K) ny Sx ISI(R)
ISI(?C [R]) 2 npéx+Ag npAx+6x

3mggn%M1 (7()+2mgcnRM1(R)+4mxm72€
2(nplAgc+Ag)

and equality occurs iff K and R are regular.

+

1]

Corollary 2.19: For a k-regular graph X and a p-regular graph R,

2
ISI(X[R]) = M_

Example 2.20: For the closed fence graph C,[K,] (see Figure 6),
25v

ISI(C[KR]) = =

2

Figure 6
The closed fence graph Cg[K,].

2.6 Strong product

The strong product K X R is the graph with V(X X R) = V3 X Vg and
E(H R R) = {(sx, =) (S5, S») 5% € Vo, S "% € Exc} U {(Sac, $=) (S0, ' =) IS5 €
Vi, sx6'= € Ex} U {(Sxc, s2)(§'50, §') 63§ % € Esc, 626’ € Ex} (see [37]).
Obviously, nygzr = nyxnz and Mygr = My Ny + MeNy + 2MyeMms.

The next theorems can be proved similar to Theorems 2.9-2.19 and hence
we don't present their proofs.
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Theorem 2.21: Let K or R have no isolated vertices. Then the ISI index of
K K R is bounded from above as

(ng+mz)Ax (Ag+1)2ISI(K)+(ngcAg (Axc+1)% +myc Ag)ISI(R)
ISI(:}( & R) S S]C+6R+6]C5R
+ mgpMp (K)+mgcMa(R) +Ma (K)M1 (R)+M1 (K) M3 (R)+Mz () M2 (R)
67{'+57€+57€6IR
+ (np+mp)Ag (Ag+1)M1 (K)+ngcAgc (Agc+1)M1 (R)+M1 (K)M4(R)
2(63+8Rr+6%6R)

njgmg(‘A%+‘n7(mRA§(
2(63+85r+8%6R) '

Equality occurs iff K and R are regular.

Theorem 2.22: Let K or R be nonempty graphs. Then the ISI index of K)R is

bounded from below as

ISI(?C & R) > (nya+m:;g)5y((5yg+1)2151(7C)+(ny(533(&;(+1)2+m:;(6g2)151(72)

Agc+Ap+AxcAg
+ mgMap(K)+mgcMp (R)+Ma (K)My1 (R)+Mq (K)Ma (R)+Mz (K)M3(R)
Agc+AR+AxcAg

+ (np+mgp)dg(r+1)M1 (K)+ng S5 (63 +1)M1(R)+M1 (K)M1(R)

2(Agc+AR+Axc AR)
nygmy(6§e+n7(m7365,2(
2(Agc+AR+A3cAR) '

Equality occurs iff K and R are regular.

Corollary 2.23: For a k-regular graph X and a p-regular graph R,

2
ISI(K R R) = HmRITED)

Example 2.24: For the graphs C, X C,, K, K K, and C, X K,,,
() ISI(C, ®C,) = 16y,

(i) ISI(K, K K,) =222,

(iii) ISI(C, R K,) = 2=

3. Conclusion

In this paper, we explored the relations between the ISI index of certain
graph operations, including the sum, corona product, disjunctive product,
Cartesian product, lexicographic product, and strong product, and the ISI index of
their respective factors. However, there are still numerous other graph operations
and topological indices that are not addressed in this study. Investigating these
relationships for additional graph operations, such as the rooted product (refer to
[38]), hierarchical product (see [39]), edge-corona and neighborhood edge-corona
(see [40]), and edge F-join (see [41]), would be intriguing. Furthermore,
examining topological indices from different categoriesa€”’such as entropy-based,
eigenvalue-based, and spectrum-based indices under various graph operations
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could prove beneficial. Future research in these areas could yield significant
insights into the physico-chemical features of molecular structures.
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