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Abstract

We investigate left k-Noetherian and left k-Artinian semirings. We characterize such
semirings using i-injective semimodules. We prove, in particular, a partial version of the
celebrated Bass-Papp Theorem for semirings. We illustrate our main results by examples and
counter examples.
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1. Introduction

Semirings are, roughly, rings not necessarily with subtraction, and
generalize both rings and distributive bounded lattices. Semirings, and their
semimodules (defined, roughly, as modules not necessarily with subtraction),
have many important applications in several aspects of Computer Science and
Mathematics, e.g., Automata Theory [14], Tropical Geometry [10] and
Idempotent Analysis [18]. Our main reference for semirings and their
semimodules is Golan's book [11] and for rings and modules Wisbauer's book
[22].
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Left (right) Noetherian rings, whose lattices of left (right) ideals satisfy the
Ascending Chain Condition, are well studied due to the role it plays in
simplifying the ideal structure of such rings. On the other hand, left (right)
Artinian rings, whose lattices of left (right) ideals satisfy the Descending Chain
Condition, generalize simultaneously finite rings and rings that are
finite-dimensional vector spaces over fields. Several properties of left (right)
modules are valid only over rings with the ACC or the DCC. Some of these
properties characterize such rings, e.g. the closure of the class of left (right)
injective modules under arbitrary direct sums characterizes left (right) Noetherian
rings [19, 3.39], and a ring R is left (right) Artinian if and only if every finitely
generated left (right) R-module is finitely cogenerated [22, 31.4].

A left (right) ideal I of a semiring S is called a k-ideal, iff [ <g S is

T
subtractive [13] (equivalently, I = Ker(S > S/I), where m; is the canonical
projection). In this paper, we consider the so called lefi k-Noetherian semirings
(left k-Artinian semirings), whose lattice of subtractive left ideals satisfies the
ACC (DCC). We generalize several results known for left Noetherian (left
Artinian) rings to left k-Noetherian (left k-Artinian) semirings.

The paper is divided into two sections.

In Section 1, we collect the basic definitions, examples and preliminaries
used in this paper. In particular, we recall the definitions and basic properties of
exact sequences introduced by the first author Abuhlail [3] (see also [2]).

In Section 2, we investigate left k-Noetherian (resp., left k-Artinian)
semirings, i.e. semirings satisfying the ACC (resp., the DCC) on left k-ideals. In
Example 2.10, we show that S:= M,(R*%) is left k-Noetherian but not left
Noetherian, and is left k-Artinian but not left Artinian. In Theorem 2.13, we show
that if every subtractive left ideal of a semiring S is a direct summand, then S is
left k-Artinian and left k-Noetherian. In Theorem 2.19, we provide a partial
version of the celebrated Bass-Papp Theorem for semirings: we show that if S is
a semiring with enough left S-i-injective semimodules and every direct sum of
S-i-injective left S-semimodules is S-i-injective, then S is left k-Noetherian.

1. Preliminaries

In this section, we provide the basic definitions and preliminaries used in
this work. Any notions from the theory of semirings and semimodules that are not
defined here can be found in our main reference [11]. We refer to [22] for the
foundations of the theory of module and rings.

Definition 1.1: ([11]) A semiring is a datum (S,+,0,-,1) consisting of a
commutative monoid (S, +,0) and a monoid (S,-,1) such that 0 # 1 and
a-0 = 0=0-a forall a€s;
a(b+c¢) = ab+acand(a+ b)c=ac+ bcforalla,b,c €S.
1.2 [11] Let S and T be semirings. The categories ¢SM of left
S-semimodules with arrows the S-linear maps, SMy of right S-semimodules
with arrows the T-linear maps, and ¢SMy of (S, T)-bisemimodules are defined
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in the usual way (as for modules and bimodules over rings). For a left
S-semimodule M, we write L <g M to indicate that L is an S-subsemimodule
of M.

Definitions 1.3: ([11]) Let (S, +,0,-,1) be a semiring.

e If the monoid (S,-,1) is commutative, we say that S is a commutative
semiring.

. We say that the semiring S is additively idempotent, iff s +s = s for
every s € S.

. The set of cancellative elements of a left S-semimodules M is defined as

K*(M)={x€M|x+y=x+z=>y=z foranyy,z € M}.

We say that M is a cancellative semimodule, iff K*(M) = M.

Example 1.4: ([11])

. Every ring is a cancellative semiring.

. Any distributive bounded lattice L = (LV,0,A,1) is a additively
idempotent commutative semiring.

e Theset (Z*,+,0,-,1) (resp. (Q*,+,0,-,1), (Q*,+,0,-,1)) of non-negative
integers (resp. non-negative rational numbers, non-negative real numbers) is
a cancellative commutative semiring which is not a ring.

. M, (S), the set of all n X n matrices over a semiring S, is a semiring.

. B:={0,1} with 1+ 1 =1, is a an additively idempotent commutative
semiring called the Boolean semiring.

. The max-plus algebra Ry ax +:= (R U {—00}, max, —oo, +,0) is a semiring.
*  Thelog algebra (R U {—0o0,00},6D, %, +,0) is a semiring, where
x@Dy=-In(e™*+e™)

Example 1.5: ([11], Example 1.8, [1]) Consider
B(n, l) = (B(n, l),@ IOIG 11)1

where B(n,i) = {0,1,2,---,n — 1} and

a®b=a+bif a+ b <n; otherwise, a @ b = c¢ is the unique natural
number i < ¢ < n satisfying ¢ = a+ b mod (n —i);

a@®b=ab if ab<n; otherwise, a O b =c is the unique natural
number i < ¢ < n with ¢ = ab mod (n — i).

Then B(n,i) is a semiring. Notice that B(n,0) = Z, (a ring) and that
B(2,1) = B (the Boolean Algebra).

Example 1.6: ([11, page 150, 154]) Let S be a semiring, M be a left S
-semimodule and L < M. The subtractive closure of L is defined as

L:={m € M|m+ £ = ¢ for some£,¢' € L}. )
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T
One can easily check that L = Ker(M =M /L), where m; is the canonical
projection. We say that L is subtractive (or a k-subsemimodule), iff L = L.
The left S-semimodule M is a subtractive semimodule, iff every
S-subsemimodule L <¢ M is subtractive.

Definition 1.7: [11, page 71] Let S be a semiring. A subtractive left (right) ideal
of S is called a left (right) k-ideal [13]. We say that S is a left subtractive
(right subtractive) semiring, iff every left (right) ideal of S is subtractive. We
say that S is a subtractive semiring, iff S is both left and right subtractive.

Remark 1.8: Whether a left subtractive semiring is necessarily right subtractive
was an open problem till a counterexample was given in [17, Fact 2.1].

Following [9], we use the following definitions.

1.9. (cf., [7]) The category SM of left semimodules over a semiring S is
a variety in the sense of Universal Algebra (closed under homomorphic images,
subobjects and arbitrary products). Whence ¢SM is complete, i.e. has all limits
(e.g., direct products, equalizers, kernels, pullbacks, inverse limits) and
cocomplete, i.e. has all colimits (e.g., direct coproducts, coequalizers, cokernels,
pushouts, direct colimits).

1.10. An S-semimodule N is a direct summand of an S-semimodule M
(ie. M =N @ N' for some S-subsemimodule N’ of M) if and only if there
exists @ € Comp(End(Ms)) s.t. «(M) = N where for any semiring T we set

Comp(T):={t €T |3t € Twitht + = 17 and tf = 0; = it}.

Indeed, every direct summand of M is a retract of M; the converse is not
true in general. Golan [11, Proposition 16.6] provided characterizations of direct
summands.

Exact Sequences

Throughout, (S,+,0,-,1) is a semiring and, unless otherwise explicitly
mentioned, an S-module is a left S-semimodule.

Definition 1.11: A morphism of left S-semimodules f:L —» M is

k-normal, iff whenever f(m) = f(m') for some m,m' € M, we have
m+k=m'+k' forsome k, k' € Ker(f);

i-normal, iff im(f) = f(L) (:= {m € M|m + ¢ € L for some £ € L}).

normal, iff f is k-normal and i-normal.

There are several notions of exactness for sequences of semimodules. In this
paper, we use the relatively new notion of exactness introduced by Abuhlail [3,
2.4] which is stronger than that in the sense of [20].
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Definition 1.12: ([3, 2.4]) A sequence

f g
L->M->N 2)
of left S-semimodules is exact, iff f(L) = Ker(g) and g is k -normal.

1.13. We call a (possibly infinite) sequence of S-semimodules

fi-1 fi fit1
oMoy = My > My > Mg, = 3)

a chain complex, iff f;,4 o f; = 0 for every j;
fj fj+1
exact, iff each partial sequence with three terms M; - M;,; — M;,, is exact.
A short exact sequence (or a Takahashi extension [21]) of
S-semimodules is an exact sequence of the form

f g
0-L->M->N->0.

2. Noetherian and Artinian Semirings

As before, (S,+,0,-,1) is a semiring and, unless otherwise explicitly
mentioned, an S-semimodule is a /eff S-semimodule.

Definition 2.1: A left S-semimodule M is

Noetherian (resp., k-Noetherian), iff M satisfies the ACC on its
S-subsemimodules (resp., subtractive S-subsemimodules).

Artinian (resp., k-Artinian), iff M satisfies the DCC on its
S-subsemimodules (resp., subtractive S-subsemimodules).

The corresponding notions for right S-semimodules are defined
analogously.

Some authors, e.g. [8], call k-Noetherian (resp. k-Artinian) semirings
Noetherian (resp. Artinian). Others, e.g. [15], call them weakly Noetherian (resp.
weakly Artinian) semirings. We prefer the terminology in the definition above as
it is more informative and avoids confusion.

Remark 2.2: Every direct summand of an S-semimodule is subtractive. Let M
be an S-semimodule and L a direct summand of M. Then there exists N <¢ M
such that M =N @ L. Let me M and £,¢ € L be such that m+¢£ =¢".
Write m = 7i + 2 for some #i € N and £ € L, whence m + £ = (i+ ) + £ =
fi+ (£ +£) = £'. Since the sum N + L is direct, i = 0, and thus m = # € L.

The following result is an easy observation; however, we highlight it as it
will be used frequently in the proofs of the main results.

Lemma 2.3: Let M be an S-semimodule and N a subtractive S-subsemimodules
of M. If M =L @ K forsome L <g N and K <g M, then

N=L&® (KnN).
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Proof: Clearly, L+ (KNN)ZS N. Let n € N. Since M =L + K, there exist
k €K and £ € L such that n =%+ k. Since £ € N and N is subtractive, we
have k € N, whence n€ L+ (KNN). So, N= L+ (KnN). Suppose now
that £+ k=+¢"+k' for some ¢,¢' €L and k,k' € KN N. Since the sum
L+ K isdirect, £ =¢" and k = k'.

Example 2.4: Let S: = M,(R"). Consider the left ideals
_(fa O + _ (10 ¢ +
E, = {[b o] la,b € R*} and E, = {[0 d] lc,d € R*}
and the left ideal
a c
Nyy: = {[b d] la<cb<dab.cdeR}
Then we have NZl n (El @ Ez) = N21 ns= N21' while NZ]. n El = {0}

and N,; N E, = E,. So, we have

Ny; N (E; @ Ey) # (N21 NEL) @ (Nxy N Ey).

Notice that Ny; <g S is not subtractive, whence the condition that N is a
subtractive subsemimodule of M in Lemma 2.3 cannot be dropped.

Definition 2.5: Let S be a semiring, M be aleft S-semimodule and

N <5 M. A subtractive left S-subsemimodule L <g¢ M is a maximal
subtractive subsemimodule of N if L & N andif L is a subtractive
subsemimodule of M with LS L € N,then L=L or L' =N.

Lemma 2.6: If M is a k-Noetherian left S-semimodule, then every non-zero
subsemimodule of M contains a maximal subtractive S -subsemimodule.

Proof: Let N <g S be a non-zero subsemimodule and consider
J:={L = ¢N|L is a subtractive subsemimodule of M}.

Notice that Ly: = {0y} € 7. If L, is a maximal subtractive subsemimodule
of N, then we are done. Otherwise, there exists L; € J such that Ly & L;. If L,
is a maximal subtractive subsemimodule of M, we are done. Otherwise, there
exists L, €J such that L; & L,. If no such maximal subsemimodule of N
exists, we obtain a non-terminating strictly ascending chain

LG LSl Sl Eln &
of S-subsemimodules of N which are subtractive subsemimodules of M, absurd
since M is k-Noetherian.

Definition 2.7: The semiring S is left Noetherian (resp., left k-Noetherian),
iff ¢S is Noetherian (resp., left k-Noetherian), equivalently every ascending
chain condition of left (resp., subtractive left) ideals of S terminates;
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left Artinian (resp., left k-Artinian), iff ¢S is Artinian (resp., left
k-Artinian), equivalently every descending chain of left (resp., subtractive left)
ideals of S terminates.

The right (k-)Noetherian and right (k-)Artinian semirings are defined
analogously. A semiring which is both left and right (k-)Noetherian is called
(k-)Noetherian, and a semiring which is both left and right (k-)Artinian is called
(k-) Artinian.

Example 2.8: ([4]) The semiring Z* is Noetherian but not Artinian. Setting
Ii:={0,k, k+ 1,k + 2,---} yields the strictly descending non-terminating chain

of ideals of Z*:
I 2 I 2 2 I, 2 Lesq 2 e,
ie. Z* is not Artinian.

Lemma 2.9: The only non-trivial proper subtractive left ideals of S:= M,(R")

are
o= san({ly o) ={[; ollaper)
E, = Span{[g (1)}2{8 Z]|a,b€]R+}
N, = {[:Z Z]|a,beR+},reR+\{0}.

We prove this technical lemma is three steps.

Step I: E;, E, and N, (r € R*\{0}) are subtractive left ideals of S.
E; < S isaleftideal: for every a,b,c,d,p,q,r,s € Rt we have
P qlfa O c Ol_[patqgb+c O
Sl oG ol =lerdra oletr
Moreover, E; is subtractive since

P S+l o=l ol
implies ¢ = 0 = s and [f Z] € E;. Similarly, E, is a subtractive left ideal of

S.
For any nonzero r € R*, N, is a left ideal since (for all a,b,c,d, k, £, m,
n € RY) we have

[k f[ra a]_l_[rc c]_[r(ka+£b+c) ka++¥tb+c
m nllrb b rd dl " |r(ma+nb+d) ma+nb+d
Moreover, N, < S is subtractive since

k¢ ra a)_[rc ¢

e R P R
whence c=a+k/r=a+¥¢,d=b+m/r=b+n. So, k =rf,m =rn,and
k 7
[m n]eNr.

len.
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Step II: E;, E, and N, (r € R*\{0}) are maximal subtractive left ideals of S.
Let I be a subtractive left ideal of M,(R*) such that E; & I. Then there

exists [f Z] € [ suchthat g # 0 or s # 0, whence [8 Z] €1 as [f 8] €l
and
P ool+lo =1 e
[8 (ﬂ - g/q g] [8 g]

[8 [0 1/s] [O Z]

Either way [8 (1’] € I, which implies E, € I and I = S. Similarly, if I is

a subtractive left ideal of M,(R*) such that E, & I, then I = S.
Let r € R*\{0} and I be a subtractive left ideal of M,(R*) such that

N, & I. Then there exists [fn fl] € I such that k # r€ or m # rn. Consider

the case k < rf. Then k +p = rf for some p € R*\{0}. Thus [2

If g # 0, then

If s # 0, then

0
O]Elor

[p 0] € I for some u,q € R* as
u q

ol W=l de

or
[u Q]+[m [r(q+n) g+n] €
Thus
o ol =" olfg ol
or

o ol=1o" ollz o

Either way we have ] € I, whence E; &1 and I =S. The other

[0 0
cases are handled similarly.

Step II: E;, E, and N, (r € R*\{0}) are the only non-trivial proper
subtractive left ideals of S.

Let I be a proper non-trivial subtractive left ideal of S. Then [fn fl] €
I\{0} for some k,#,m,n € R*.If k # 0, then
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o™ ol wl=lo o]

1 0 k/t 1 .
whence [0 0] €1, or [O 0] € I, and it follows that [ € {El,Nk/e,S} as |
contains E; or Ny, If £ # 0, then

0 0 [0
[t ollm al=lere 1)
0 0 0 0 )
whence [0 1] €l or [k/f ,,0] €1, and so I € {Ey, Nyp, S} as I contains E,
or Ny, If m # 0, then

o o1l W=l &

whence [(1) g] €1 or [m/n 1] € I, and it follows that I € {Ey, Ny, S} as [
contains E; or Np, . If n # 0 then

FR V| W VA
0 1/n m/n 1

0 0 .
whence [0 1] €1 or [m/n {,] € 1. So, I € {E;, Ny, S} as I contains E,
or Np/n.

We provide an example of a semiring which is left k-Artinian and left
k-Noetherian but neither left Artinian nor left Noetherian:

Example 2.10: Let S = M,(R"). By Lemma 2.9, the only subtractive left ideals
of S are 0, S, E;, E, and N, (r € R*\{0}). Notice that for r # s, the left
ideals N,, N; are not comparable. Thus, the longest ascending (descending) chain
of subtractive left ideals of S is 0ENES (S2N 20) with N=E, or
N = N, for some r € R*. Whence, S is left k-Artinian and left k-Noetherian.
On the other hand, for every r € R* we have a left ideal of S given by

Ny, = {[Z Z]:p >ra,q=rb,a,b,p,q€ ]R%*}.

Thus, we have an infinite strictly descending chain of left ideal that does not
terminate

Ny 2 N, 2 Ns3 22 Nspm 2 Neomaa 2 Y

i.e. S is not left Artinian. On the other hand, we have an infinite ascending chain
of left ideals that does not terminate

i.e. S is not left Noetherian.

An additional example of a commutative k-Noetherian semiring that is not
Noetherian was communicated to Abuhlail by T. Nam:

Example 2.11: The semiring R*[x] is k-Noetherian but not Noetherian.
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Proof: The semiring B[x], where B is the Boolean semiring, is not Noetherian.
The surjective morphism of semirings
1, r#0
f:R* >B,r~
0, r=20
induces a surjective morphism of semirings R*[x] — B[x], whence R*[x] is
not Noetherian.

We do not know whether k-Artinian semirings are k-Noetherian. However,
we have the following interesting result.

Lemma 2.12: A4 left S-semimodule M satisfies the ACC on direct summands if
and only if M satisfies the DCC on direct summands.

Proof: (=) Assume that M satisfies the ACC on direct summands. Let

N12N22N3 2"‘2Nl'2Ni+12"‘ (4)
be a descending chain of direct summands of M. For every i € N , there exists a
direct summand L; <¢ M such that M = N; @ L;. Since M = N, @ L, and
N; 2 N,, we have (taking into consideration Remark 2.2):

Lemma 2.3

Nl == N2®(N1nL2)andM=N1®L1=N2®(N1nL2)@L1.
Set K1:= Ll and K2:= (Nl an) ®Ll’ so that Nl ®K1 =M= N2 @
K, and K; € K,.
L .
Now, Ny 2 N; and M = N5 @ L, whence N, = ° Ny @ (N, N Ls)
and so
M:NzeaKz :N3®(N20L3)69K2.
Set K3: = (NZ n L3) @ Kz , SO that M = N3 @ K3 al’ld KZ c K3 .
Continuing this way, we obtain an ascending chain
KngZ gK3g"‘gKigKi+1g"' (5)
of direct summands of ¢M. By our assumption, the ascending chain (5)
terminates, whence there exists t € N such that K; = K, for any i > t. For any
i>t wehave N, 2 N;, M = N; @ K; and N, N K; = 0 and so

Lemma 2.3

N¢ = N;® (NenK;) =N D (N nNKy) =N,
thus the descending chain (4) terminates.
(&) Assume that M satisfies the DCC on direct summands. Let

ngngL3g"'gLi;Li+1 (6)
be an ascending chain of direct summands of M. Forevery i € N | there exists an
S-subsemimodule N; <¢ M such that M = L; @ N;; in particular M = L, @
N;. Since L; € L, it follows (taking into consideration Remark 2.2) that

Lemma 2.3

L, = L, ® (L, n N;), whence
M=L,®&N,=L, & (L, nN;) B N,.
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Since L, N N; € N, it follows that

Lemma 2.3

Ny = L;nN) @ Ny N (Ly ©N,)),
whence
M=L,®N =L & (LN N) D Ny N (Ly B Ny)).

Setting Nj:= N; and Ny:=N; n(L; ® N,), we have L N/ =M =
L, ® N, where N 2 N,. Since M =L, ® N; and L, C Ly, it follows that
Lg Lemiga 23 L, ® (L; N N3), whence

M=L3®N3 =L2®(L30N2,)®N3.
Since L; N Ny S N, we have

, Lemma 2.3

= (L3 N'N3) @ (N3 N (L D N3)).
Setting N3:= N, N (L, @ N3), we have N, 2 N3 and
M=L, ®N; =L, ®(Ls N N) N} =Ls DN
Continuing this process, we obtain a descending chain
N;2Nj2--2N/ 2N/, 2 - (7

of direct summands of M such that M = L; @ N; for every i € N. By our
assumption, the descending chain (7) terminates, i.e. there exists some k € N
such that N/ = N, forevery i = k.

Now, for every i =k, we have L, S L;, M =L, @ N, and L; N N/ =0
and so

Lemma 2.3

Ll = Lk @ (Ll n N}é) = Lk @ (Ll n Nl”) = Lk'
Thus the ascending chain (6) terminates.

A ring in which every left ideal is a direct summand is left Artinian and left
Noetherian [22, 3.4 and 4.1] (in fact, left semisimple). The following result
extends this fact to semirings.

Theorem 2.13: If every subtractive left ideal of S is a direct summand, then S is
left k-Artinian and left k-Noetherian.

Proof: Assume that every subtractive left ideal of S is a direct summand.

Claim I: S is left k-Artinian.
Suppose that
L2L25L2 202052 ©)
is a strictly descending chain of left subtractive ideals of S that does not
terminate. For every k € N, there exists, by our assumption, some left ideal
Ny <g S suchthat S = [, @ N. The left ideals I, N are non-zero as the chain

does not terminate, and are subtractive by Remark 2.2.
Since I; 21, and S =1, @ N,, we have
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Lemma 2.3

L = L ® U NN,).
Then J;:=1; N N, is a subtractive left ideal of S, which is non-zero as
I, 21, and I, =1, @ J;. Since I, 2 I; and S = I; @ N;, we have
I remza e I3 ® (I; N N3).
Then I, N N; is a subtractive left ideal of S, which is non-zero as I, 2 I,
and I, =1, @ J, =1; P J, @ J,. Continuing this process, we obtain at the kth
step, a non-zero subtractive left ideal J,, <¢ S such that

Iy =Iy1 @ Jrand I, = Iy @ J @ - D )1

Setting Ji:=J, @ - @ J; for each i €N, we have S=]J @ [,;; DN,
whence J; is subtractive (by Remark 2.2). One can easily show that J: = Uy Ji
is subtractive.

By our assumption, S =] @ N for some left ideal of N <¢S. Thus
1¢ =j +n for some j €] and n € N. Since j € J; for some i € N, it can be
written in a unique way as j = j; + j,+...+j; for some uniquely determined
jx €Jr, k=12,...,i. Since Ji,; € J, the sum J;,; + N is direct, whence the
sum J; + J,+...+J; + Jiz1 + N is direct. Setting

K:=],D..®©J, PN,
this means that the sum J;,; + K 1is direct. For any s;,; € J;11\{0}, we have
Siv1 = Six1ls = Sipa U + 2+ Hi + 1)
= Sip1J1 t SivdJo b S S
where S;.1jx €J, for k=1,2,...,i and s;,;n € N. It follows that s;,, €
Jiv1 N K = 0, absurd since s;;1 # 0. So, the descending chain (8) terminates.

Claim II: S is left k-Noetherian.
Let
LEL, S, C..Cl; S, S 9)
be an ascending chain of subtractive left ideals of S. Since every direct summand
of ¢S is subtractive (by Remark 2.2), it follows from the proof of Claim I that
sS satisfies DCC on direct summands, whence ¢S satisfies ACC on direct
summands by Lemma 2.12. Since (9) is an ascending chain of subtractive left
ideals of S, whence of direct summands of S (by our assumption), the chain
terminates.

Example 2.14: Let p be a prime number. Every subtractive ideal of the semiring
S = B(p+ 1,p) is adirect summand, and S is k-Artinian and k-Noetherian.

Proof: S has no non-trivial proper subtractive ideals, thus every subtractive left
ideal of S is a direct summand. Notice that S is k-Artinian and k-Noetherian
since it has finitely many elements.
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Example 2.15: Let S: = BN with the canonical structure of a semiring induced
by that on B. Then S has a subtractive left ideal which is not a direct summand
and S is neither k-Artinian nor k-Noetherian.

Proof: The subtractive left ideal @ B is not a direct summand. Notice that
nenN

neither the ascending chain

B x 1_[ (0} € B x 1_[ (0}S...S Bi x ]_[ {0} € BI*! x 1—[ 0.
nz2 nz3 nzi+1 nzi+2
nor the descending chain

{O}xn B 2 {0} xl_[ B 2.2 {0} x 1_[ B 2 {0}*! x 1_[ B 2.
nz2 nz3 nzi+1 nzi+2

terminates, thus S is neither k-Noetherian nor k-Artinian.

2.16. Let I be a left S-semimodule.

For a left S-semimodule M, we say that [ is

M-injective [11, page 197], iff for every injective S-linear map f:L - M
and any S-linear map g:L — I, there exists an S-linear map h: M — [ such that
hof=g; _

0—sL— T
&

] £

M-i-injective [6], iff for every normal monomorphism f:L - M and any
S -linear map g:L — I, there exists an S-linear map h:M — I such that

heof=g;
L
d
b

f g
M-e-injective [5], iff for every short exact sequence 0 = L - M - N - 0

(9.
of left S -semimodules, the following sequence 0 — Homg(N,I) —

[ (normal)

M

e

D
Homg(M,I) — Homg(L,I) = 0 of commutative monoids is exact.
We say that [ is injective (resp. i-injective, e-injective), iff [ is
M-injective (resp. M-i-injective, M-e-injective) for every left S-semimodule M.

A Bass-Papp Theorem for Semirings

The celebrated Bass-Papp Theorem states that a ring R is left (right)
Noetherian if and only if every direct sum of left (right) injective R-modules is
(R-)injective (e.g., [19, 3.39], [12, page 407]).
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An e-injective version of this theorem was obtained by Abuhlail et al.:

Proposition 2.17: ([16, Theorem 3.6], [5, Theorem 5.4]) The following are
equivalent for a semiring S:

(1) S is aleft Noetherian ring,

(2) every direct sum of injective left S-semimodules is injective and the left
S-semimodule S/V(S) can be embedded in an injective left S-semimodule.

(3) every direct sum of e-injective left S-semimodules is e-injective and the
left S-semimodule S/V(S) can be embedded in an e-injective left
S-semimodule.

Notice that the assumptions in Proposition 2.17 force the semiring S to be a
ring. In what follows we provide a partial version of the Bass-Papp
characterization for left k-Noetherian semirings.

2.18. We say that a semiring S has enough S-i-injective left semimodules,
iff every left S -semimodule can be embedded into an S-i-injective left
S-semimodule.

Theorem 2.19: Let S be a semiring with enough left S-i-injective left
semimodules. If every direct sum of left S-i-injective S-semimodules is
S-i-injective, then S is left k-Noetherian.

Proof: Let
LiCL,CL; S CLCLy, S (10)
be a chain of subtractive left ideals of S and consider the left ideal L :=

Unen Ln- It is clear that L is subtractive. By our assumption, there exists for
every n € N an S-i-injective left S-semimodule J, and an embedding S/

n
L, © J,. Set ]: =@ J, and consider the S-linear map
neN

i n >
GuS = S/Ly S Jyand @:L =[x ) g (0)
k=1
Notice that ¢ is well defined as each x € L belongs to L, forsome n € N
and so @, (x) =0 forall k = n, ie. ¢(x) = Yoy @r(x) = TR @ ().
By our assumption, J is S-i-injective and so there exists an S-linear map
Y:S — ] suchthat P ot = ¢.

0—sL——=§
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m-—1
Let Y(15) =Y t, €J. Then Y(1lg) € @ J, for some m, whence
k=1
m-—1
Yx) =yY(x-1s) =xp(ls) € @ J, for every x € L. In particular, ¢,,(x) =
k=1
(7 © ®)(x) = 0 where m,, is the projection on J,,. Thus x € L,, and L = L,,,
whence L, =L, for all k > n, i.e. the chain terminates. Consequently, S is
k-Noetherian.

If S is an additively idempotent semiring such that every direct sum of left
S-i-injective S-semimodules is S-i-injective, then S is left k-Noetherian. This
results from Theorem 2.19 and the fact that every semimodule over an additively
idempotent semiring can be embedded into an e-injective (whence an i-injective)
left S-semimodule [5, 4.5].

Theorem 2.21: If S is a semiring such that every short exact sequence of left
S-semimodules 0 > L —>S—>M —> 0 is left splitting, then S is a left
k-Noetherian.

Proof: Let
N0=C=N1=C=N2=C=“'=C=ngNk+1=C=“'
be a non-terminating ascending chain of subtractive left ideals of S. Notice that

N:= U;en N; is a subtractive ideal of S, whence (by assumption) the following
short exact sequence

05>NS>SS5S/N-0
of left S-semimodules is left splitting. Let h: S — N be an S-linear map such that
hot=1idy. Then h(1lg) € N, that is h(1ls) € N; for some i EN. If x €
N;+1\N;, then
x = (hot)(x) = h(x) = h(x1ls) = xh(1s) EN;
a contradiction. Hence S is k-Noetherian.

Corollary 2.22: If S is a semiring such that every subtractive left ideal is S-i
-injective, then S is a left k-Noetherian semiring.
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