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Abstract

Let FG be a group algebra over the non-abelian group G of order 2'. We have studied
the codes of length 2* using character tables and corresponding generating idempotents.
Minimum distance and dimension of the codes are also obtained.
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1. Introduction

Group codes, are classical codes over finite fields, have recently attracted
attention for their applications in cryptography, coding theory, and quantum
computing. The group algebra FG is recognized as a semisimple algebra, which
can be expressed as a direct sum of minimal ideals. Such a decomposition arises
whenever char(F) + O(G). It is also well established that every ideal of FG is
generated by an idempotent element.

If G is non abelian group, then a group code in FG is described as one-
sided ideal. Many authors have obtained the non abelian codes of different
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lengths. Wong and Ang [1] developed the group codes of order 6,8,10,12 in the
Dihedral group algebra. In [3], Dutra, Ferraz and Polcino Milies constructed
Dihedral and Quaternion codes and also determined specific conditions on the
parameters q and n such that F; D, and @D, have an equal number of irreducible
components. In [4], Guerreiro provided an overview on the group algebra and
coding theory. In [2], Admasu and Sehgal derived explicit formulas to calculate
the number of subgroups of a specified order in finite abelian p-groups of rank
3. In [13], Sivaranjani et al. determined the composition of the unit group of
semisimple group algebra K,GL(2, Zs). In [6], Pruthi computed the idempotents
in the group ring of quaternions over finite field Z,. Pruthi and Sudesh [7]
obtained the idempotents in the Dihedral group algebra.

In this article, we constructed the group codes of length 16 generated by
linear and non linear idempotents. It is well known that there are 14 non-
isomorphic groups exist of order 16, comprising 5 abelian and 9 non-abelian. In
this paper, our attention is restricted to the non-abelian cases. Section 2 is
devoted to determining the generating idempotents in the corresponding group
algebras, while Section 3 deals with computing the parameters of the associated
group codes. Some non-abelian groups of order 16 have been investigated in our
earlier studies: in [10], codes arising from the group algebra of the dihedral
group D¢ were studied; in [11], those over the dicyclic group T, were
examined; and in [9],[12], codes defined on Dg X C, and Qg X C, were analyzed.

“[14] Let F be a field and G = {g,, g, ..-., gn} be a finite group. A vector
space over F with g;,9,,....,9n as a basis is the group algebra FG. The
elements of FG are expressed as 1,g,+ ...+4,g, where A;€ F and the operations
addition and scalar multiplication are defined as:

utv=Xis (A + ) g; and Au = XL, (A4) g;
where u =Y, A;g; and v =X, 1;9;- So FG is a vector space over F with
dimension n.

And the multiplication is defined as uv = (Z geG Ag g) Cheg nh) =
(Zg,hEG lguh) (gh) then FG is group algebra of G over F.

The weight of any element u= ;¢ agg is equal to |[{a,: a, # 0}] and is
denoted by wt(u).”

“Let E = {e;};=; be the collection of all idempotents in FG . If I is an ideal
generated by A={e;}’_; € E and p=E\{e;};_; then I, = {u € FG : ue =
0 Veeu}. Minimum distance of the group code I, is defined by d(l,) =
min{wt(u): 0 # u € I;}. The length n of a group code I, is defined to be order
of G. If I, has dimension k and minimum distance d then I,is called an (n, k, d)
group code.”

Remark 1.1: We know FG = (@i, FGe,) @ (®ejeENFGej) where E; is the set
consisting of all linear idempotents in FG and Ey is the set consisting of all
nonlinear idempotents in FG and FG,, is minimal ideal generated by e;. Thus E=
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ELUEyN. Note that if e; € Er, then dim(FG,) = 1; and if e;€Ey, then

dim (FGej) = m? where m = y;(1) where y; is the jth nonlinear character of
G.

Proposition 1.2: If x and y are conjugate elements of the group G, then
x(X)=x(y) for all characters y of G.

Proposition 1.3: Let y be the character of the FG-module. Then the idempotent
corresponding to the character y is given by

e= ﬁdecx(g‘l)g-

Theorem 1.4: ([8] Maschke’s Theorem): Let G be a finite group and F is a field.
The group algebra FG is semisimple if and only if the characteristic of F does
not divide the order of G.”

2. Idempotents in the Group Algebra FG

There are exactly three non-abelian groups of order 2* for which G /K =
Dg where K = G'nZ(G). Two of these groups namely, G;= Djs and G,,
Generalized quaternion group have been studied in [10],[11].

We now proceed to analyze the third group and the group G; =
(a,b:b?> =a® = 1,b 'ab = a®). There are seven conjugacy classes in the
group G3, which are listed as follows

{1},{a*}, {a% a®}, {a,a’}, {a® a’}, {a'b:i is even}, {a'b:i is odd}.

2.1 The Explicit forms of seven irreducible idempotents in the group algebra
FGj.

Group G admits four linear characters, denoted by ¢, ¢,, @3, P, and
three non linear characters q,,, P, which are given in the following
character table

[5] The character table of G

Table 1
“Class 1 a* a? a a® ath:i even ath:i odd
b1 1 1 1 1 1 1 1
b, 1 1 1 1 1 -1 -1
b3 1 1 1 -1 -1 1 -1
b4 1 1 1 -1 -1 -1 1
Y, 2 2 -2 0 0 0 0
Y, 2 -2 0 \2i —\2i 0 0
P 2 -2 0 —\2i \2i 0 0”

Based on Table [1] and Proposition (1.3) the group algebra FG; has four
linear irreducible idempotents {e;}i—; and three non-linear irreducible

idempotents {ej};S which can be expressed explicitly as follows
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e = 1—165+(a,b)

e, :is_(a,b)

e =15 5+(~a,b)

€y :iS_(—a,b)

es = %(2 —2a% +2a* - 2a6):§(1 —a?+a*—ab
eg = §(2 —V2i (a+ a®) — 2a* +V2i(a® + a”))

e; = %(2 +v2i (a + a®) — 2a* —V2i(a® + a”))

Idempotents in F Gz

Now we examine the group algebra F,G; where F, is the finite field of
order g = p®, with p being an odd prime s.t. gcd(char(F,;),16) = 1.
The character table of G; considered over the field F = Fs. Since v2i & F,

we extend the field to Fg2(=GF(52%)) =:;(—§‘)]> where f(x) =x2+2 is the

minimal polynomial of +/2i, irreducible over Fs. Every element of F s2 can be
expressed as ax + b+< x?+2 > with a,b €F;. Let a = x+<x?+2 >.
Defining f = « + 1, we obtain a primitive element of Fsz, satisfying 8% = a.

e; = S.(a,b)

€= S_ (a, b)
€3= S+(—a, b)
€4 = S_ (—a, b)

es = 4(1—a* +a* —ab)

ee =202 — B3 (a+a®) —2a*+p3@a® +a”))

e; =22+ B3 (a+a®) —2a*—p3@a® +a”))

where S, (a,b) = ¥7_,a'(1+ b) and S_(a,b) = ¥7_,a’(1 —b)...0

2.2 The Explicit forms of ten irreducible idempotents in FG,, FGs, FGg.

There exist exactly three non-abelian groups for which the quotient group

G/K = C, X C, where K = G' N Z(G).

G,={a,b,z: b>=z2=1,a*=2z>b 'ab = az)

Gs ={a,b,z:z> =1,a* = 1,b?> = z,b"'ab = az)

Ge ={a,b,z:a* = b> =z? =1,bYab = az,az = za, bz = zb)

Each of the groups G, Gs, G possesses 10 conjugacy classes, and hence
admits 10 irreducible characters. Among these, eight are linear, denoted by
{x:}2_, and two are non linear {1 i }lecharacters.

The corresponding conjugacy classes of G, Gs, G are as follows
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€, ={1},¢; = {z},
C3 ={a’}, ¢, = {a’z},
Cs = {a,az}, Cg ={ a’z,a’} ,
C, = {b,bz}, Cg = {a®b,a’bz},
Cy = {ab,abz}, Cio={a®bh,a3bz }
[5] The character table of G4, G5 and G

Table 2

“Class | €, | € | G | €, | ¢ | ¢ | ¢ | ¢q Co C1o
P2 1 1 1 1 1 1 1 1 1 1
P 1 1 | -1 | 11 i - 1 -1 i -
X 1 1 1 1 | -1 | -1 1 1 -1 -1
Yo 1 1 | -1 | -1 | — i 1 -1 - i
Xs 1 1 1 1 1 1 -1 -1 -1 -1
Yo 1 1 | -1 ]| =1 i - | -1 1 i i
X7 1 1 1 1 -1 -1 -1 -1 1 1
Ye 1 1 [ -1 [ -1 ] = T 1 i i
U, 2 | 2 | « B 0 0 0 0 0 0
Y, 2 -2 B o 0 0 0 0 0 0~

For G4, a =2i=—

And for G5, Gg, a=2=—

Using the character table [2] and pro. (1.3), idempotents of FG, are
expressed as follows

e = PzrechfOTU =1to10

— 2 4 . .
€2=p [ZTEC’-,, T— ZTEC’,, T — lZTECS T+ 121666 T+ 21667 T— 21'668 T—
n=1 n=3
i Zrecg T+ ZTEClO T]

4 6 8 10
€3 = P[Zrecn T — ZTECn T+ Z‘recn T — ZTECW 7]

=1 =5 =7 =9
2 4 . .

€4 = p[ZreC,, T — Zrecn T+1i Zrecs T— 121666 T+ 21667 T— Zrecg T+
n=1 n=3

i Zrecg T—1i Z‘rEClg T]

es = plEtee, T — X121

n=1 n=7
2 4 . ,

€6 = F)[Zrec,7 T - Zrecn T—1 Z‘:ECS T+ "ZTECG T— 21667 T+ ZTECg T+
n=1 7=3

i Zrecg T—1i Z‘rEClg T]

4 8 10
€; = p[ZTEC,?T - ZTEC,]T + ZTECWT]
n=1 n=5 =9
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2 4 . ,
€g =p [Zrec‘n T— Zreen T+ erees T— lZTECG T— Yree, T+ ZTECg T—
n=1 n=3
i ZTECQ T+i ZTEClO T]

1 . .
€ =7 [Zrecl T— Zrec‘z T— lZ‘L’EC3 T+ ereC4 T]

1 . . 1
€10 = +[Srec, T~ Sree, T+ i rec, T — i eec, 7] where p=—t.

Case 2: For the group algebra FGs, the idempotents (e;:1 <i <8) are
coincide with those in FG,. The remaining two idempotents are given by the
following expressions

1
€9 = : [Zrecl T ZTECZ T+ 21663 T— 21664 T]

1
€10 = 2 [Z‘rec’l T— ZTECZ T— 21683 T+ 21664 T]
Case 3: The idempotents of FGg are coincide with those obtained for FGs. O

2.3 The Explicit forms of ten irreducible idempotents in FG,.

There exist exactly three non-abelian groups for which the quotient group
G/K = (C, X C, X C; where K = G' N Z(G).
"G, ={a,b,zza* =b?=2%>=1,b"Yab = a ',az = za,bz = zb) = Dg X C,
Gg={a,b,zza*= z2=1,a®2 =b%, b ab=a"',az = za, bz = zb) =
Qg X G,
Gy =(a,b,z:a? = b2 =2z*=1,b"Yab = az? az = za, bz = zb)”

The group G,, Gg have already been examined in [9], [12]. We now

proceed with the group Go, which contains 10 conjugacy classes, described as
follows

€ ={1},C, = {z*},
Gy ={z}, ¢, ={z°},
Cs = {a,az?}, Cs ={ az,az’} ,
C; ={b,bz?}, Cg = {bz, bz},
Cy = {ab,abz?}, C,p= {abz, abz3}

From the character table of G4 given in [5] and Pro.(1.3), the group algebra
FGy admits eight linear {e;}8., and two non linear {ej}jzg irreducible
idempotents which are expressed as follows
e, = pZ,ECnrforn =1to 10
e;=p [Zree, T — Jree, 7]

n=1 n=7

— 4 6 8 10
€3=p [ZTEC’,, T — Zrecn T+ Z‘L’EC,7 T = ZTECn T ]
n=1 n=5 n=7 n=9
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€4=P [Z%een T - Z‘rlecn T+ Z%gcn T (_1)T’+1]

n=1 n=3 n=>5
4 10
€5 = p[ZTECn T Z‘recn T]
n=1 n=5
es = p[X TECY =X TECY 7]
forn=1,2,58,10 forn=3,4,6,7,9
e; = p[X TECY T—X TECY 7]
forn=1,2,6,7,10 forn=3,4,538,9
eg=pX rec, T—X rec, 7]
forn=1,2,6,8,9 forn=3,4,57,10

1 . .
€9 = 4 [Zrecl T ZTECZ T— 121663 T+ 121664 T ]

1 . . 1
€10 =3 [Zrecl T— ZTECZ T+ 121663 T— 121:684 7 | where p= P

3. Codes over Group Algebra FG
Remark 3.1: The group algebra F G5 decomposes as

1285

FG; =76 FGe, where FG,, = M,(F) for 1< i <4 and FG,; = M, (F)
for 5 < j < 7. Consequently, dim(FG,;) = 1 and dim(FGej) =22=4

Theorem 3.2: The following table no. 3 describes the group codes with

generating idempotents over the group ring FG;

Table 3
Sr. Group codes Distance Dimension

(1) 1:/1 > A= {elﬂ €2, €3, 64} 4 4

(11) IB > B = {ell €2, 33} 8 3

(iii) Iie, e, 8 2

(@iv) Iy, T = {es, eq,€7} 2 12

) Is, S ={es €7} 2 8

(vi) lg,9 ={e,1<(<5} 2 8

(vii) In,A={e,2 <17} 2 15
Proof: Letu=Y8_, 1, a* " *+Y8_, A,,sa® 1 b € FG, then
ue; = (Ti A)ey (3.1)
ue, = (T A — Zih)e; (3.2)
ues = (21 (-1 A)e; (3.3)
uey = (B (D™ — TS (1) A)e, (3.4)

ues = 1 [(A — A3 + As — 4;) (1-a? + a* — a®) +
(Az_A4+16_28)(a_a3+a5_a7)+
(Ag - 111 + 113 - 115) (b - azb + a4b - aﬁb) +



1286

S. SEHRAWAT AND M. PRUTHI

(Alo - /‘{12 + /114 - /‘116) (ab - a3b + asb - a7b)] (3.5)
ues == [{2(A4 — As) +\2i(A, +2,46 —Ag) (1-a) +

1
8

225 — g )+ \2i(—A+A5 +A5—4,)} (a—a’) +

{22327 1\2i(-A, 24 +Ag —Ag)} (a* —a%) +

{2(24 — )+ V2i(-A3+25 —4; +A;)}(@’~a)) +

{2(Ag —A13) + \2i (A0t 12 —A1q —A16 )} (b~ a4b) +
{2(A10 A1) + \2i (—Agt21; tA13~ A5} (ab— asb) +
{2001 ~245) + V21 (“Q19 +A12 +Aas—A16 )} (a'b—a’b) +
{20412 ~Ay6) + V2i (-A9 ~Ay1+ 43 +55)}(@’b— a'b)] (3.6)
ue, = % [{2(A— As) —V2i(Ay +A, — A —Ag) (1— a*) +
{20222 ) = V2i(=A+2;5 +A5=27)} (a=a") +

{2043 =27) N2i(- 2424 +A6 )} (2’ =) +

{2024 —Ag) —\2i(-A3H+5 —Ay +27)}(a'—a)) +

{2(Ag —A13) — \/2i (A0t 12 —A14 —A16 )} (b~ a4b) +
{2(A10~A14) = V2i (-Ag*y5 +213215)} (ab—a’b) +
{2001 ~245) = V2i (“Q19 +A1 +Aas—A16 )} (a'b—a’b) +
{2(A12 A1) — \2i (Ao —A41tA13 +/115)}(33b_ a7b)] (3.7)

(1)

(i)

Group code I ;,={u € FGz:ue; =0 fori =5,6,7}

From equations (3.5)-(3.7), it follows that no nonzero codeword u with
wt(u)<4 satisfies these conditions. Considering u =Y.3_, Ay441a%* with
wt(u) = 4, we observe that ues = ue; = 0 holds precisely when 4; = A,
A3=A, while ues = 0 occurs only under the condition A;= A5 = A3 = 1,
Hence d(l,) =4. And I4 = FG,, @ FG,, @ FG,, @ FG,, so dim(l4) =
4.

Clearly, group code Iz={u € FGs:ue; =0 for i = 4,5,6,7}

No non zero code word u with wt(u)<8 satisfies these conditions.
Considering u=Y2_; 2,a®~ with wt(u) = 8 then the relation ue; = 0 for
4 < i < 7 holds precisely when all A; are identical.

The remaining parts can be proved in a similar manner. o

Theorem 3.3: The following table no. 4 describes the group codes with
generating idempotents over the group ring FG,
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Table 4
Sr. Group codes Distance Dimension
() |L.,A=f{e,1<i<8} 2 8
(i) |I3.B={e,1<i<7} 4 7
(i) | Iy 16 2
(lV) 1{21,62,83} 16 3
(V) 1{91‘92’93'6’4} 16 4
(vi) Iy,9={e,1<i<6} 8 6
(vii) Loy e10} 8 8
(viii) Liege0,e10} 8 9
(ix) I, A= {e,7 <i<10} 8 10
®) | Io,Q=1{e,6<i<10} 4 11
i) | Ir,F={e,5<i<10} 2 12
Proof: Letu=Y¢_; 2,a* ' +X¢_ 1 Aeps@® ' b + Ti 1 Appgat iz +
Y1 Aer12a" 1 bz € FG, then
ue; = (T, A)es (3-8)
ue; = (Efor k=1,5913 i — Zfor k=3711,15 4k + Zfor k=2,6,10,14 LAk —
X for k=a,812,16 IAk)€2 (3.9
ue; = (XjS, (=111 2))e; (3.10)
ue, = (Zforj:1,5,9,13 /1]3 - Zfor]j:3,7,11,15 )ij - Zforjj=2,6,10,14 M]j +
Zforj=4-,8,12,16 i/lﬁ)e4 (3.11)
ues = (Tjoa Ay — s Ny + XiZe Ay — XiSi3 Aes (3.12)
ueg = (Zforj:1,7,9,15 /1]3 - Zfor]j:3,5,11,13 )ij + Zforjj=2,8,10,16 M]j -
Y for j=4,6,12,14 4;) €6 (3.13)
ue; = (21?:1(_1)“111‘} + Z?:s(_l)ﬁlﬁ + fjl=29(_1)ﬁ+1/1ﬁ + j1=613(_1)ujj)e7
(3.14)
ueg = (Zforj:1,7,9,15 A — Zfor]']:3,5,11,13 A= Zforjj=2,8,10,16 i+
Y for j=4,612,14 4;) €8 (3.15)
ues=1 [(Ay +ids — Ag — idyy)(1 — 2 — ia? + ia?2)
+ (AZ + 114 - Alo - 1/112)(61 — az — ia3 + l a3Z)
+ (As + id; — A;3 — idys)(b — bz — ia?b + ia®bz)
+ (1‘6 + I,/18 - /114 - 1116)(ab - abZ - la3b + la3bZ)] (3.16)
ue10= % [(/11 - 113 - 2.9 + llll)(l —-Z+ iaz_iazz)
+(/12 - lAz} - /110 + illz)(a —az + ia3 - ia3Z)
+(As —id; — Ay5 + idy5)(b — bz + ia?b — ia®bz)
+ (g — idg — A14 + idyg)(ab — abz + ia®b — ia®bz)] (3.17)
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(i) Clearly, I,= {u€ FGy:ue; =0 fori =9,10}. Let u = Ag € FG, with
wt(u) = 1. In this case ue; # 0 for i = 9,10. Now consider, u = A; +
Aoz with wt(u) = 2. Then uey =0 & ue;p =0 hold if and only if
A1 = Ag. So u € I,. Therefore, I, represents a (16,8,2) group code.

(i) Clearly, Iz = {u € FG4:ue; =0 for i = 8,9,10}. From (3.15) to (3.17),
no non zero code word u with wt (u)<4 satisfies ue; =0 for i=8,9,10. If we
consider u = A; + A3a% + A9z + 1;,a°z then ueg = ueqy = ue;, = 0 yield
the following set of independent equations

AM=A3+2 -2, =0
A +id3 —Ag—iA;; =0
A —id3 —Ag+iA; =0
On solving these, we obtain 4; = A3 = A9 = A;;. Consequently d(Ip) = 4,
and since Iy =, @ F G, it follows that dim(lz) = 7. Therefore, Iz represents
a (16,7,4) group code.
The proof of the remaining parts proceeds in the same manner. O

Theorem 3.4: The following table no. 5 describes the group codes with
generating idempotents over the group ring FGq

Table 5

Sr. Group codes Distance Dimension
(1) Lo, ep.05.04) 8 4
(ii) I{el,ez,e3,e4,e5} 4 5
(iii) Iy, A={e;,1<i<8} 2 8
(iv) e, e} 8 2
) ey 0,0} 2 8
V) | L, e,e0.010) 2 10
(vii) Lo, e0010) 2 9
(viii) e, e0) 16 5
(ix) ey, i=1,2 16 1

Proo_ﬁ Letu :2521(/1] + Az_*_ib)aj_l + 2221(144_7‘ + A7+7’a + /110+I'b +
/‘113+7'ab)Z7' € FGg then

ue; = (i1 ey (3.18)
ue; = (ij=1 A= 21?:3 A+ ijlgS A= Z]’jl=611 /1]']) €2 (3.19)
ues = (21?:1(_1)%1113 + ij7=5 Ajj - Zzlags Ap + lec?;11/1k - 211=614 /11)93 (3~20)
uey = (Sfr 4y — s + Tfao(— DI + T~ DA + T2, (-1 +

1,4 (~ 1)1 2)e, (3.21)
ues = (A, — Yo+ el — D3 A+ Tplaady)es (3.22)
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ueg = (ijz=1 /1]] - ]35:3 /1]] + Z]?=6(_1)Dlp + 211128(_1)%-12']] + Zﬂljll(_l)]”—llﬂ +

i21a(— 1) e (3.23)
ue; = (Z§=1(_1)ﬁ+1/1§ + ijlfs(_l)ﬁ/lj)% (3.29)
ueg = (Ti (-1 + 2% (=1 + jlfn(—l)ﬁ“,lﬁ)eg (3.25)

ueg==[(y + ids — Ag — iA,)(1 — iz — 2% + iz%)
+ (A, +idg — A9 — idy)(a — iaz — az?® + iaz®)
+ (s + idyy — Ayp — idy3)(b — ibz — bz? + ibz?)
+(A4 + idyq — A5 — idi¢)(ab — iabz — abz? + iabz?)] (3.26)
ueyo = 7[(h — ids — Ag + id,)(1 + iz — 22 — iz°)
+(Ay —idg — Ag + idyo)(a + iaz — az? — iaz?)
+ (A3 — idyy — Ayp + idys) (b + ibz — bz? — ib7?)
+(Ay — idyy — Ay5 + id46)(ab + iabz — abz? — iabz?)] (3.27)

(i) It is clear that the group code i, e, 56,3 = U € FGo:ue; =0 fori=
5 t010}. No non zero code word with weight less than 8 in Ige, ¢, ¢4 ,}-
Consider an arbitrary element of FGy of weight 8, given by u =1, +
Aa + Asz + Agz%2+1,23 + Agaz + Agaz?+2,9az3. Thus, ue; = 0 if and
only if all ;s are equal. Consequently, d(I(e, e, e5.e,}) = 8-

Hence I, ¢, e5,e,) TEPTESENS 2 (16,4,8) group code.

(if) It can be verified that no code word in Iy, ¢, e, e, ,e5} has weight less than 4.
Consider an element of FGqy of the form u = A; + A5z + Agz%+1,z3 with
wt(u) = 4. Then u € I, ¢, e 0,6 iff 41 =4 = As = A;. Therefore,
d = 4 and dimension = 5.

(iii) From equations (3.26)&(3.27), I contains no code word of weight 1.
Moreover, u = A + A4,z € I, exactly when A; = A,. Hence, it follows
that d(I4) = 2. Furthermore, dim(l,) = 8.

(iv) Using the equations (3.20) to (3.27) it can be verified that the group code
I{e,e,3 contains no code word of weight<8. Furthermore, the element
1+a+z+z°+2°+az+az® + az® in I, ., has the minimum weight
of 8. It is thereby concluded that d (I, ¢,3) = 8.

The proof of the remaining parts proceeds in the same manner. O
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