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Abstract
In this work we present a totally asynchronous distributed algorithm for the problem 

of achieving arc-consistency in a network of constraints. The algorithm is designed for 
multicomputer systems. Since the number and size of messages are two factors of major 
concern when solving a problem distributively we have paid particular attention to designing 
the algorithm in a way that tends to reduce their number and size. Our approach relies 
on identifying whether a message can be suppressed without affecting the operation of the 
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process to which it was addressed. This has the effect of keeping the number of exchanged 
messages low at a cost of some small extra computation time.
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1. Introduction 
The Constraint Satisfaction Problem (or CSP for short) consists of a set of 

variables to be labeled by an element of a set of permissible labels as well as a set 
of relations that locally constrain the combinations of permissible label 
assignments. The aim is to find the label assignments for the variables (if they 
exist) that satisfy all the constraints simultaneously. The importance of this 
problem stems from its applicability to many diverse disciplines of computer 
science. It is easy to see that this problem is NP-complete, i.e. computationally 
intractable, since many NP-complete problems, such as graph colorability and 
3-SAT, can be restated as CSP problems (see [20, 21, 22] - see, also, [1, 2, 5] for 
complexity related properties of such problems and [3, 4] for some mathematical 
results related to the algorithmic analysis of these problems). On the other hand, 
many structured subclasses are tractable (see, e.g., [8]). 

A method that is frequently employed to reduce the search space of a CSP is 
to enforce some form of local consistency by deleting labels that cannot 
participate to any solution. One such method is to enforce arc-consistency, where 
labels that are compatible with no labels of at least one variable are discarded 
since it is clear that they cannot be part of a solution. 

The computational complexity of arc-consistency has been extensively 
studied. Although it can be solved by efficient sequential algorithms (see, for 
example, [11 12, 13, 14, 24]), it is a difficult problem to parallelize. In [16] it is 
proved that arc-consistency is a P-complete problem (see [15]) by giving a 
logarithmic space reduction from the problem of Horn-formula satisfiability. 
However, for special cases there have been found efficient algorithms (see [17], 
[18]). Even for general arc-consistency, several good, albeit formally not efficient, 
parallelizations have been reported in the literature (see, for example, 
[25],[10],[8]). For distributed solutions that apply to join-trees of constraint 
networks, see [28]. 

In this paper we examine the solution of arc-consistency distributively. We 
do not assume that the constraint network is pre-processed in any way. The 
proposed algorithm is totally asynchronous and can be implemented on 
multicomputer systems. Due to the ever-increasing demand for fast computation 
with existing resources, the idea of using a network of computers for the solution 
of computationally demanding tasks seems attractive. In such an environment, 
however, there is a shift of interest from the computational complexity of the 
tasks that are assigned for execution to a computer and the communication cost 
that is incurred by the distances that separate them. In many cases, the cost of a 
distributed computation is overwhelmed by the communication cost that is 
necessitated by a distributed algorithm. Another crucial factor that affects the 
performance of distributed algorithms significantly, is the cost that is incurred by 
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the synchronization of the distributed processes. A distributed algorithm should 
minimize the effect of these factors on its performance. In this paper, we give an 
algorithm that is totally asynchronous and, at the same time, attempts to reduce 
the communication traffic among the distributed processes. 

2. Statement of the problem 
A binary Constraint Satisfaction Problem consists of a set   of   

variables,            that assume labels from the sets            
respectively (called the domains), and a set                          
   where each      defines the set of permissible pairs of labels from    and   . 
The tuple                  is called a constraint network. A solution of a 
binary CSP is an  -tuple of labels assigned to the variables            that 
satisfy the binary constraints. 

A constraint network    is arc-consistent if for every variable   , every 
label     , and every neighbor          , there exists       with 
           . The arc-consistency problem (or ACP for short) is the problem of 
finding a maximal, with respect to the domains, arc-consistent subnetwork      
that is arc-consistent. (A subnetwork of    is a constraint network     with the 
same variable set  , with domains                 , and constraints 
                  .) 

It will be helpful if we consider a constraint network as an  -partite graph, 
where partitions correspond to variables and nodes correspond to labels. In this 
context, an edge of this graph connects two nodes if the labels they represent are 
permitted by the binary constraint that constrains the corresponding variables. 
From now on, whenever we speak of a constraint network, we refer to this 
particular representation. 

3. The model of computation 
Our model of computation is the fixed-connection network model. The 

processing elements are interconnected into a fixed interconnection topology in 
the sense that the set of processing elements with which a processing element 
communicates directly (in one step) remains fixed throughout the computation. 
Each processing element is equipped with a small fixed number of bidirectional 
communication channels, i.e. a bounded-degree network, and possesses a 
constant amount of local memory for storing data and programs. Also, we do not 
assume that the processing elements are globally clocked. 

A number of processes operate concurrently in each processing element, 
each performing a specific task. The data exchange between processes that are 
located in different processors is permitted exclusively through message passing 
and not through shared memory. Furthermore, it is assumed that a process known 
as the communication daemon is responsible for the routing of messages in each 
processing element, which is responsible for the communication between 
non-local processes. This process is dedicated to directing incoming messages 
that are intended for other processors to the appropriate output channel in order to 
reach the appropriate processes. This ensures that the message reaches its 
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destination after finitely many forwarding steps. The communication may be 
either synchronous or asynchronous. We assume that the messages received by 
the communication daemon of the receiving process are stored in a designated 
location in local memory, the mailbox, in the case where two processes 
communicate asynchronously. The process can subsequently query the mailbox 
as required in order to retrieve its messages from other processes. Whenever the 
state of the local computation dictates, the computational process on a processor 
may request from the daemon to forward to it the next available message of a 
specific type, specified by the process. If no message of this type is present, the 
computation process is not suspended. Instead, it is resumed, with the potential to 
perform an alternative action (if permitted by the implemented algorithm), as the 
requested message has not yet been received (or, in some cases, has not been sent 
at all). Last, we do not mandate that the processing elements be globally clocked. 
As a result, we necessitate the existence of a suitable communication protocol 
between neighboring communication daemons for synchronization. 

The proposed algorithm is purely asynchronous. At no point of the 
computation is synchronization necessary. This has the effect of a large overlap 
between computation and communication. 

4. The distributed algorithm 
We now describe the distributed algorithm. Central to its operation is the 

notion of support (see [24]). Below, we state our model assumptions: 

Assumption 4.1: (Model and Runtime Assumptions). 
• Processes are asynchronous.  
• Messages are reliable and eventually delivered (no loss, no duplication).  
• FIFO per link is not required.  
•  Execution is fair: every continuously enabled action occurs infinitely often.  
•  Domains only shrink (no insertions). Constraints are undirected and static.  
•  Each variable is owned by exactly one processor (the processor shares form 

a partition of the variable set).  
•  Global termination is detected by a standard distributed termination 

detection scheme (e.g., Matternâ€™s algorithm).  
  
We say that a label      (the domain of variable   ) receives support 

from label       (the domain of variable   ) if            , i.e. the label pair 
       is allowed by the corresponding binary constraint. As long as the label   
receives support from at least one label of every other variable, it is considered a 
valid candidate for assignment to   . If   has no support from a variable, then   
cannot be part of a solution and should be discarded. To eliminate all such labels, 
we iteratively delete labels that have lost support in (at least) one neighborâ€™s 
domain. The process continues until no further deletions occur, yielding the 
maximal arc-consistent subnetwork. 
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The central idea behind any parallelization of this iterative scheme is to 
effect label deletions in parallel. In our approach, we first partition the variables of 
the given constraint network equally among the available processing elements. 
However, if a label is discarded from a domain of a variable, then all the labels of 
the rest of the variables that are supported by the discarded label should be 
informed. This is where communication is introduced. It is desirable to dispense 
with process synchronization in order not to limit the attainable parallelism. The 
distributed algorithm below achieves both goals: it is totally asynchronous and it 
sends a notification only when a remote label loses its last support from the 
deleting variable (criticality filtering). 

Representation: A constraint network is represented by two matrices:  
•  The constraint matrix. This is an     matrix whose       entry is   if 

the variables    and    are explicitly constrained. If all pairs of labels from 
   and    are permitted, then the entry       is  . This lets each processor 
know its neighbors. 

•  The compatibility matrix. Let   ∑   
        (for uniform domains, 

     ). This is an       0–1 matrix that represents all binary 
relations. For any pair of variables      , we identify            with 
its 0–1 adjacency block over      , where an entry   marks an allowed 
pair       .  

Each processor is assigned an equal number of variables. It receives: Share 
(owned variable indices), Adj (for each    Share, the list of adjacent variables), 
Varmap (owner of each variable), and the relevant      blocks. We maintain:  
•                 on the owner of  : the number of supports for label      

in    (authoritative for labels of   ).  
•                         on the owner of  : a local mirror of the number of 

supports in    for label      , used only to test criticality when deleting 
labels of   . Mirrors need not be globally synchronized.  

•  LocalQueue: the queue of (variable,label) pairs locally scheduled for 
deletion.  

Communication API (final): We use a mailbox-based, asynchronous API:  
•  PutMessage                  : enqueue a deletion notice to processor  , 

meaning: “label      of       has just lost its last support from      ”. 
Messages are buffered per destination and flushed in batches.  

•  IncomingBatch                : returns one available batch from any 
sender (or the empty batch if none).  

•  External   : TRUE iff    is owned by another processor.  
•  Sizeof   , Empty   : obvious.  
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We note that External    , Sizeof    , and Empty     are simply utility 
predicates (not used directly in the pseudocode). 

Criticality test: When deleting      , a remote label        needs a message iff it 
loses its last support in   :  

                                                             
After removing  , we decrement the mirror to keep future tests correct. 

Per-neighbor support counters: For each variable  , neighbor         , and 
local label     , let                be the number of labels       with 
           . Symmetrically, for each remote label        we keep a local mirror 
                      . A deletion of       decrements                
        for every    with            . A remote notification is sent iff 
                       becomes  . 

Last, we denote by   
    the snapshot of   's initial domain (prior to any 

deletions). 
The algorithm follows below. 

Algorithm 1: DAC: Asynchronous, message-efficient distributed 
arc-consistency  
Input: Adjacency lists       , ownership map owner   . For every owned variable   and 

each neighbor         , processor   receives the compatibility block      and a 
snapshot of the initial neighbor domain   

   . Processor   does not maintain the live 
contents of    (unless it owns  ). It relies on mirror counters and incoming deletion 
notices.  

Output: Greatest arc-consistent domains       . 
1. Local state at processor  :  
 • For each owned  , arrays    and                for all              .  
 • For each owned   and each neighbor         , mirrors                        

for all      
   .  

• Mailboxes per peer: buffered deletion notices.  
  
 Function Init( ): 
  foreach owned   do 
   foreach          do 
    foreach      do  
                    |      

                |  
 
  foreach owned   do 
   foreach          do 
    foreach      

   do  
                            |                  |  
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  foreach owned   do  
   foreach     do 
    if                             then 
     enqueue       into LocalQueue  
 
  foreach neighbor   do 
   FlushBufferedMessages(q)  
  
 Function Delete (        
  remove   from     
  foreach          do 
   foreach      

                   do 
     decrement                        
    if                          then 
     BufferMessage(owner   , ``last-support lost for        due to      '')  
 
 while true do 
  if LocalQueue not empty then  
   pop      ; Delete          
 
  if IncomingBatch available then 
   ProcessBatch (IncomingBatch) 
 
  foreach peer   do  
   if BufferNonEmpty    then  
    FlushBufferedMessages     
  if local quiescence and Mattern detector says ``no messages in transit'' then 
   break  
 
 Function ProcessBatch (batch):  
  foreach notice ``last-support lost for        due to      '' in batch do 
                      
   if                   and       then  
    enqueue        into LocalQueue  

 

Termination detection: We can use Mattern’s timestamp-based termination 
detection algotirhm given in [23] (see, also, [27]) integrated with our mailbox 
API. Each processor   maintains nonnegative integers    and   . Whenever a 
buffered batch of deletion notices is actually sent by PutMessage (i.e., the buffer 
for some destination is flushed and the batch is injected into the network),    is 
incremented by the number of                  tuples in that batch. Whenever 
GetMessage returns a nonempty batch,    is incremented by that batch size 
before the pairs are processed. Local quiescence requires: (i) LocalQueue is 
empty, (ii) all outgoing buffers are empty (nothing pending to flush), and (iii) the 
local mailbox has no messages. Global quiescence is declared by Matternâ€™s 
detector only when every processor is locally quiescent and the epoch/color check 
confirms ∑      ∑      (no messages in transit). The detector is orthogonal to 
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correctness: it neither reorders nor suppresses deletion notices and therefore 
cannot cause spurious survival or extra deletion of labels. It merely prevents early 
termination while application messages are in flight. 

Theorem 4.2: (Correctness of DAC). Under the assumptions in the Model of 
Computation, DAC terminates and the final domains are exactly the greatest 
arc-consistent subnetwork below the initial domains.  

Proof: Let   ∏   
       be ordered by componentwise inclusion. Define the 

pruning operator       by  
                                                      

Safety. A label      is deleted by DAC only when there exists   
       with                 , i.e.,   has no support in   . Hence deletions 
preserve  -consistency with respect to the current domains. 

Monotone descent and termination. Domains only shrink and        
    is finite, so DAC terminates. 

Greatest post-fixpoint. At termination no enabled deletion remains, so the 
result    satisfies         . Thus    is a post-fixpoint. Every DAC step is 
an instance of removing labels not in     , thus by standard Tarski/Kleene 
arguments (see [26, 19] and the note after the end of this proof - see also the 
constraint-propagation account [6, 7]), the limit of any fair asynchronous 
schedule equals the greatest post-fixpoint below the initial  , which is the 
greatest arc-consistent subnetwork. 

Moreover, at quiescence every remaining label has a support in every 
neighbor, hence         .  

On the use of Tarski/Kleene arguments in the proof of Theorem 4.2. 
Let   ∏   

       be ordered by componentwise inclusion. The pruning 
operator       defined in the proof of Theorem 4.2 is monotone: if      
then           . By Tarski's fixpoint theorem, the set of fixpoints of a 
monotone operator on a complete lattice forms a complete lattice, hence there 
exists a greatest post-fixpoint of   below the initial domains      [26]. 
Moreover, since   is finite, iterating   under any fair (“chaotic”) schedule of 
elementary deletions stabilizes in finitely many steps at the same fixpoint; this is 
the standard Kleene/Tarski convergence principle specialized to finite lattices 
[19, 6]. In particular, DAC performs only deletions of labels outside     , so 
every fair asynchronous run converges to the greatest arc-consistent subnetwork 
below     , independently of message ordering or batching (see also the 
constraint-propagation account in [7, Ch. 3]). 

5. Theoretical Analysis of Distributed Arc Consistency 
In this section we provide estimates for the number of remaining labels per 

variable as well as the number of exchanged messages among processors. 
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We summarize the following notation for the parameters of the algorithm: 
•   : Number of variables  
•   : Domain size of each variable  
•   : Arc probability (probability a binary constraint exists between variables)  
•   : Constraint tightness (probability that a label pair is allowed)  
•          : Expected number of neighbors per variable  
•   : Number of available processors (  )  
•        (integer division): Number of variables assigned per processor  

Theorem 5.1: Let us assume a constraint network with   variables, each with 
domain size  , with binary constraints assigned with arc probability   and 
allowed label pairs, between variables (arcs), assigned independently with 
probability   (tightness). Then, the expected number of surviving labels per 
variable, after arc-consistency enforcement, is  

                                                

Proof: Consider a label     . For it to survive arc-consistency, it must be 
supported by at least one label in the domain of every neighbor         . 

For each neighbor  , the probability that none of the   labels in    support 
  is:  

                              
Hence, the probability that   has at least one support in    is:  

                 
Assuming independent supports across neighbors, and that each variable has 

  expected neighbors, the survival probability of label   is:  
                            

Multiplying by   gives the expected number of surviving labels per 
variable.  

Theorem 5.2: (Inter-processor message bound). Let         be the 
undirected constraint graph, with an edge         iff variables    and    are 
constrained (the relation      viewed as a block over      ). Let      be 
the set of cross-processor edges whose endpoints are owned by different 
processors, and let   

    denote the initial domain snapshot of   . 
Under the “last-support only” policy of DAC (a deletion notice     is 

sent only when some       loses its last support in   ), the total number of 
inter-processor deletion notices satisfies  

         ∑  
        

    
        

        ∑  
   

   
              

where         is the number of cross-processor neighbors of  . In particular, if 
all domains are of size  , then               .  
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Proof: We count inter-processor deletion notices only. Local (intra-processor) 
updates are not counted. 

Setup and invariants: Fix a cross-processor edge         . For each label 
     

   , the owner of   maintains the mirror  

                       (      )   |{                }|                   
i.e., the number of initial supports for    in   . The algorithm enforces the 
following invariants for every      

    throughout the run:  
(I1)           is a nonnegative integer and is monotonically nonincreasing.  
(I2)  Each time a supporting label      with             is deleted, 

         is decremented by exactly  .  
(I3) The algorithm sends a single notice     for the pair        iff          

hits   for the first time (the “last-support” trigger). No further notices for 
       are ever sent afterwards.  
 
Invariant (I1) holds because deletions never add supports, (I2) follows from 

the per-deletion loop in Delete that scans only      
    with            , (I3) 

is by the BufferMessage guard            and because the counter never 
increases afterwards. 

Basic facts: We use two simple facts that follow from the code:  
(F1) Each local label       is removed at most once. (It is enqueued on 

LocalQueue only when some                becomes  , and the Delete 
handler removes it irrevocably.)  

(F2) Each decrement recorded in (I2) corresponds to a distinct supporting label 
     for the fixed   . Hence          can experience at most          
initial many decrements total, with the unique transition     occurring at 
most once.  

Per-direction bound on a fixed cross edge: Fix         . Consider notices 
sent in direction    . For each      

   , by (I1)–(I3) and (F2), the 
“last-support” condition          hitting   can occur at most once. When it 
occurs, exactly one notice is sent. If it never occurs, no notice is sent. Therefore,  

                                    
           

      
By symmetry, the number of notices from     along the same edge is at 

most    
    . 

Edge-level and global bounds: Summing the two directions on       gives  
                            

        
      

 



DISTRIBUTED ALGORITHMS FOR PARTIAL CONSISTENCY� 11

Summing over all cross-processor edges and regrouping by endpoints yields  

         ∑  
        

    
        

        ∑  
   

   
              

where         is the number of cross-processor neighbors of  . In particular, if 
   

       for all  , then               . 

Robustness to asynchrony and batching: The bound is independent of delivery 
order, batching, or lack of FIFO per link. Messages are triggered solely by the 
1 0 transition of a local, monotone counter (I1)–(I3). No scheduling policy can 
create an extra 1 0 transition for the same       , hence no extra notice. 
Likewise, duplicates cannot be generated because after the first trigger the counter 
stays at   and the guard never re-enables. 

Tightness: The bound is tight up to constants: for a fixed cross edge      , choose 
a compatibility block      so that each      

    has exactly one supporting 
     initially. If all those supporting  –s are eventually deleted, then          
performs the 1 0 transition for every   , producing exactly    

     notices in 
direction     (and symmetrically in the opposite direction).  

Remartk 5.3: (Tightness, assumptions, and corollaries). The bound is worst-case 
tight per cross-processor edge: for a fixed         , one can realize    

     
distinct notices     (and symmetrically    

     from    ) by arranging that 
each      

    has exactly one supporting label in    and those supports are 
deleted at any times or orders–FIFO is not required. No independence or 
randomness assumptions are used, i.e. the argument is purely combinatorial and 
holds under arbitrary asynchrony and reordering. 

Two convenient corollaries follow immediately. (i) If all domains are 
uniform of size  , then               . (ii) If the cross-processor degree is 
bounded by   , then          ∑        

    . Finally, batching or coalescing 
multiple        notices into a single network packet can reduce packets sent, but 
not the logical notice count captured by the bound.  

6. Discussion and directions for future research 
In this paper, we presented a totally asynchronous distributed algorithm for 

achieving arc-consistency in networks of relations that, also, reduces the size of 
the message packets. The experimental results, which will be pursued next, are 
expected to be encouraging. This is attributed to the fact that asynchronicity 
permits considerable overlap with computation, a thing that affects positively the 
total execution time. 
  



12� H. ANTONOPOULOU, D. PAPADOPOULOS AND Y. C. STAMATIOU

Some interesting questions that we will be addressed are the following:  
•  Build a simulation of the algorithm and evaluate its efficiency in practice or 

implement it on a parallel/distributed computer.  
•  How do the parameters   (arc probability) and   (tightness) affect the 

expected speed-up? It would be very interesting to derive expressions that 
relate these parameters to speed-up. This would enable one to have an 
estimate of the expected efficiency when solving arc-consistency 
distributively.  

•  What is the average time complexity of solving arc-consistency 
distributively? This, in general, is a difficult question. Distributed 
algorithms contain a large degree of non-determinism, as far as the exchange 
of messages is concerned. It is always the case that a message that is delayed 
in one run reaches its destination quickly at another run. However, if we 
make some assumptions about the probability distribution of these delays, 
we should be able to model the time complexity by suitable random 
processes.  

•  It would also be interesting to restate the arc-consistency problem in the 
framework described in [9].  

Finally, the proposed distributed algorithm can be studied in the context of other 
problems such as the following: 
•  Distributed Artificial Intelligence (AI) and Multi-Agent Systems: Modern AI 

systems often involve multiple agents operating concurrently and making 
decisions based on shared constraints (e.g., in autonomous vehicles, drone 
fleets, or smart factories). The proposed algorithm can help maintain partial 
consistency of shared world models without requiring global 
synchronization, enabling more scalable and responsive systems. 

•  Edge Computing and IoT Coordination: In Internet of Things (IoT) 
environments, devices at the edge often need to make decisions based on 
local constraints while intermittently communicating with other devices. 
The distributed nature of this algorithm makes it ideal for ensuring 
constraint satisfaction among cooperating devices (e.g., load balancing in 
smart grids or traffic coordination in smart cities). 

•  Cloud Resource Scheduling and Allocation: 
 Modern cloud infrastructures operate over distributed systems where 

resources (CPU, memory, storage) must be allocated to competing tasks 
subject to numerous constraints. Implementing arc-consistency via a 
message-efficient, asynchronous protocol can optimize this allocation in 
real time, especially in multi-cloud or hybrid environments. 

 
 • Collaborative Filtering and Recommender Systems: In recommendation 

systems, especially distributed ones (like federated learning-based 
platforms), partial consistency is often sufficient to deliver timely and 
relevant suggestions. This algorithm could help synchronize user and item 
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constraints across nodes without introducing latency from global 
synchronization. 

•  Blockchain and Decentralized Computation: The decentralized nature of 
blockchain systems, combined with their growing support for smart 
contracts and complex logic, makes them a fertile ground for constraint 
reasoning. The algorithm’s ability to prune invalid options asynchronously 
is beneficial in scenarios such as distributed auction systems or 
decentralized identity management, where decisions are made collectively 
under local constraints. 

•  Cybersecurity and Access Control: In access control systems, especially 
those that span multiple administrative domains (e.g., zero trust 
architectures), enforcing consistency in access policies can be modeled as a 
CSP. Using a distributed, asynchronous algorithm ensures quick 
propagation of policy changes or revocations without central bottlenecks. 
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