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Abstract

In this paper, we describe a coding/decoding algorithm by third order Jacobsthal and
Jacobsthal-Lucas matrix sequences. In this method the blocked message matrices are based
on. In this method it is used that the encryption of each message matrix use a different key.
Therefore, the method is more secure. Of course, it is an important advantage using this
method.
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1. Introduction and Preliminaries

In [1], it is used that the generalized relations among the code matrix
elements for all values of p for Fibonacci coding theory. A new coding theory
based on Tribonacci numbers was introduced in [2]. Basu and Das stated new
coding theories based on Fibonacci n-step polynomials in [3]. In [4], a Fibonacci
coding method using Fibonacci polynomials is presented. Prasad [6] developed a
new coding procedure based on the a Lucas matrix in [6]. In [7], Shtayat and
Al-Kateeb mentioned a matrix with the Perrin numbers for a coding method.
Fibonacci coding and cryptography were studied in detail by the authors in [8,9].
In [10, 12, 13], the authors investigated new coding/decoding methods using
Fibonacci and Lucas numbers, and their polynomials. In [11], the authors showed
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that a new cryptosystem, which is a modification of the Golden Cryptosystem, is
secure against the attack on the chosen plaintext.

The goal of the paper is to express a new coding/decoding method by the
third order Jacobsthal and Jacobsthal-Lucas matrices. We divide the message
matrix into the block matrices of 3 X 3. We use a new numbered alphabet for
each message, hence we have a more secure coding/decoding method. We
determine the numbered alphabet with respsect to the number of block matrices of
the message matrix. Our method will give more information security and high
correct ability for data transmission.

Definition 1: The third order Jacobsthal {j,},ey number sequence is defined
with starting points j, =0, j;=.1, and j, =1 by juio = jne1 tjn +
2jn—q. Similarly, third order Jacobsthal-Lucas {c,},ey number sequence is
defined by ¢4y = Cpy1 +6n +2cp_q, with ¢g =2, ¢, =1, and ¢, =5
where n is any integer

Definition 2: [5] For n € N, the third order Jacobsthal matrix sequence {fn}
is denoted as

neN

jn+1 =jn +jn—1 + Zjn—z
with the following initial conditions

/100y /112 /13 2
10=<o 1 o>,11=<1 0 o>and]2=<1 1 2).
00 1 0 1 0 100

Definition 3: [5] For n € N, third order Jacobsthal-Lucas matrix sequence
{Cr}nen is denoted by the following

Cn+1 = Cn + Cn—l + 2Cn—z
with the starting values

1 4 4 5 5 2 10 7 10
C0=<2 -1 2>,C1=<1 4 4>andC2=<5 5 2>.
1 1 =2 2 -1 2 1 4 4

Theorem 4: Assume that n be any positive integer, the nth elements of the third
order Jacobsthal and Jacobsthal-Lucas matrix sequences are demonstrated by

. jn+1 ]n + 2jn—l Zjn
Jan=1| Jn Jn-1t 2jn2 Zjn_1 ),
jn—l jn—Z + 2jn—3 2jn—2

Cn+1 Cn + ch—l ch
Ch = ( Cn Cn—1t 2Cp— 2Cn—1>-

Cn-1 Cn—2+2Cn—3 2Cn—2

and

Theorem 5: Let m,n be positive integers, the following identities are verified
for the third order Jacobsthal and Jacobsthal-Lucas matrix sequences
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Jo =J1

jm+n = jm-jn

Covr = Cljn =an1
det(Jp) = (=2)"
det(C,) = (—=2)""172

nk v =

Proof: For the first proof, we use induction method. For n = 0, the assertion is
verified. Let assume that it is satisfied by k < n. Then for the value of k =n +
1, it is proved that the validity of the assertion as

jn+1 ]n + 2jn—l Zjn 1 1 2
it = Jih = <jn Jn-1+ 2jn—2 2jn_1> <1 0 0)
jn—l jn—Z + 2jn—3 2jn—Z 010
jn+1 +jn + 2jn—l jn+1 + Zjn 2jn+1 R
= (]n +jn1t+ 2jns Jn + 2jn_1 2jn > = Jn+1-
jn—l +jn—2 + 2jn—3 jn—l + 2jn—2 2jn—1
The second proof can also be obtained by induction method.
For the third proof, we can again apply induction method. For n = 0, the
statement is true. We assume that it holds for k < n. We want to show it is also

true for k = n + 1. So, we get

. jn+1 ]n + 2jn—l Zjn 5 5 2
JnC = <]n Jn-1+ 2jn—2 2jn—1> <1 4 4)
jn—l jn—2 + 2jn—3 2jn—2 2 -1 2
Cn+2  Cny1 + ch 2Cn+1
= (Cn+1 Cn+ 2¢1 2¢y > = Cpy1-
Cn Cn-1 + 2Cn—2 ch—l

1.1 Coding/ Decoding Algorithm with third order Jacobsthal Sequence

In this section, it is mentioned that a new coding/decoding algorithm by the
third order Jacobsthal matrix sequence. We settle the message in a given third
order matrix. Dividing the 3m X 3m message matrix M into 3 X 3 block
matrices from left to right, B; for i = 1,...,m?, the new coding method is
obtained.

The symbol matrices B;, E;, and J, are demonstrated as:

bll: bé: bé: ell: eZL: e% Ji1 Jiz Jis
B;={|b; b: b, Ei=le, e el|.Jn= <J:21 1:22 ]:23>-
b: bL bi el el el J31 J32 J33

Let's now explain new coding and decoding algorithms in the following:

Coding algorithm by third order Jacobsthal matrix sequences

1. Divide the matrix M into blocks B; (1 <i < m?). We can select the
number n as follows:
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¢ = {3, m=1
3m — 2, otherwise
2. By m, we give the characters table according to mod30 (this table for the
message can be exlarged according to the letters, numbers and so.). We
begin " t" to the letter table.

A B c D E F G H 1 ]
t t+1 t+2 t+3 t+4 t+5 t+6 t+7 t+8 t+9
K L M N 0 P R Q N T
t+10 t+11 t+12 t+13 t+14 t+15 t+16 t+17 t+18 t+19
U 4 w X Y A : 0

t+20 t+21 t+22 t+23 t+24 t+25 t+26 t+27 t+28 t+29
3. Determine b; (1<j<09).
Fmd det(Bl) = d,:.

Evaluate the coding matrix as F = [d;, b},] j€{1,2,3,46,7,8,9)-

Decoding Algorithm
1.  Weknow that det(J,B;) = (—=2)"d,;.
2. Evaluate

Jiabi + jazbh + ji3bh - ef
].11b£ +j12bé +]'13bé - eé
J11b5 + ji2b§ + jisbs — €3
J21bi + Jzobh + ja3bs = ef
J21b5 + jaobk + ja3bg — €l
J21b5 + jaabg + ja3bs — €
Ja1bi + Jaobh + jazh — €}
Ja1bh + jazbt + jazbg — eg
Ja1b} + jazb + jazbé — €
4. Evaluate

A ek el
(=2)"d; = =(j11b3 + j12x + ji3bs) ? ?
€7 &
Coaio -ie1iesi-i- -ie1ie3i
+(jz1b% + jaoX + j23bh) ; i_(J31b2+]32x+133bs) PR
€7 € € €

5. Substitute for x; = bt
6. Construct Bi and M.

We can denote an application for the algorithm mentioned above by the
following example.

Example 6: We give the message matrix as
"THIRD ORDER JACOBSTHAL SEQUENCES"
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Hence, we construct the message matrix M as follows

T HI1 R D 0
[ORDERO]
w|l A C 0B s
T H AL 0 S
E Q UE N C
ES . 0 0 ol

1. It is divided the message matrix M of size 3 X 3 into the matrices, called
B; (1 £m £ 2), as the following

T H I R D 0
B, = |0 R D BZ=ERO]
J A C 0 B S
T H A L 0 S
B, = |E QU B4=ENCl
E S 0 0 0

2. n=4> 2. For n =4, by the "character table", we find the entries of the
block matrices B; (1 <i <4). We compute the determinants d; of the
blocks B;:

23 11 12

By =118 20 7 l then d; = det(B,) = —327
13 4 6
20 7 3

B, =18 20 3 | then d, = det(B,) = 6686
18 5 22
23 11 4

B; =18 21 24] then d; = det(B3) = —9605
8 22 1
15 3 22

B,=18 17 6 | then d, =det(B,) = —117
3 3 3

3.  We construct the F matrix as:

—-327 23 11 12 18 7 13 4 6
6686 207 3 8 3 18 5 22

F= -9605 23 11 4 8 24 8 22 1
-117 15 3 22 8 6 3 3 3
Decoding Algorithm

1.  We choose, n = 4 and determine by the elements of matrix J,
J11=9 j12=9 Jj13=10
Ja1=5 Jjn2=4 ja=4%
Js1=2 jp =3 Jaz=2

2.  Weevaluate e} to find the matrices E;:



S. UYGUN AND E. AKINCI

el =499 el =319 el=231 el=239 el=151 =112 el=126 el =90 el =57
el =432 e2=293 e2=274 e}=204 el=135 el=115 e2=100 el=84 el=59
ed =359 e$=508 ef=262 e}=179 e} =227 l=120 e}=86 f=129 el =82
e =237 ef =210 ef=282 e/ =119 ef=95 ef=146 e} =60 ef =63 ef =68
3.  We calculate the elements x;:
61 el el el
(=2)*(=327) = —(9b; +9x, + lOb;) ‘1‘ i’ + (Sb; +4x, + 4b§) 11 ?
€ & € &
1 1
—(2b} +3x, +2b)) e'l ej
€ €
(=2)*(=327) =—(9.11+9 104) +(5.11+4 44) 231
=— +9x, + +4x +
‘ 126 57 : 57
499 231
—(2.11+43x, +2.4)
239 112
~5232 = —(139+ 9x, )(—489) + (71 + 4x,)(—663) — (30 + 3x,)679
x, =20
4 2 2 ei 662 2 2 elz ezz
(=2)*(6686) = —(95 +9x, +1067)| |+ (5b% +4x, +4bD)[ " 3
¢ & € &
82 62
—(2b2 +3x,+201) 7
e, e
204 115 432 274
(~2)*(6686) = —(9. 749, +105)) +(5.7 +4x, +4.5)
100 59
432 274
—(2.7+3x,+2.5)
204 115
106976 = —(113 +9x,)536 + (55 + 4x,)(—1912) — (24 + 3x,)(—6216)
x, =20
4 3 3 ej 63 3 3 63 633
(-2)*(-9605) = —(9b3 +9x, +106))| 4 |+ (583 +4x, +45))[ "
7 9 7 9
63 e
—(2b3 +3x,+26)|
s G
179 120 359 262
(=2)*(~ 9605) =—(9.11+9x,+10.22)| FE A +422)
359 262
—~(2.11+3x, +2.22)
179 120
—153680 = —(319 +9x,)4358 + (187 + 4x, )(6906) — (66 + 3x,)(~3818)
—153680+144x, =—-150656

x, =21
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4 gt 4 4
(=2)" (~117) ==(9b} +9x, +10b1)[* | +(5b! +4x, +4b)|"
e & e7 €
64 84
—(2b5 +3x, +2b]) 614 ei
4 6
119 146 237 282
(2 (1T =~03+9x,+103)| (5.3 +4x,+43)
237 282
—(2.343x,+2.3)
119 146
—1872 = —(57 +9x,)(~668) + (27 + 4x,)(~804) — (12 +3x,)(1044)

x, =17
4  We determine x;
x, =bi =20x, =b; =20x, =b; =21x, =b; =17
5  We construct the block matrices B; and M:

—-327 23 11 12 18 7 13 4 6
6686 207 3 8 3 18 5 22

F=1l9605 23 11 4 8 24 8 22 1
~117 15 3 22 8 6 3 3 3
(T H I R D 0
O R DE R O
Iy a4 ¢ o B s
M=l uw a1 o sl
lEQUENCJ
E S 0 0 0

Coding Algorithm by third order Jacobsthal-Lucas matrix

1. First we split the message matrix M 3b by 3b into blocks B; (1 <i <
b?) of size 3 X 3. Assume that the symbol matrices of the coding method

B;, E; and J, are given as:

iopi pi iooi i
bi b; bz €1 € €3 i B i odd
Bi = [ by bl bi| E;=|(ei el e ={m v
‘ 4T Te 4 s Te C,B;, i even’
b; bg bs e; eg €

) Ji1 Jiz Jas €11 C12 (i3
Jm=\|J21 J2z J2zs |, Cp=|Ca1 C2z Caz|.
J31 32 J3s €31 C3z Cs3
Notice that
_((=2)™, i odd
det(E;) = {(—2)"72, i even
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b=1
We can choose m, n as m={’ and
b+2, b+1
{5, b=1
n= .
2b -2, b#1
2. This table is used transforming characteristics to numbers (mod30)
A B c D E F G H I ]
p p+1 p+2 p+3 p+4 p+5 p+6 p+7 p+8 p+9
K L M N 0 P R Q S T
p+10 p+11 p+12 p+13 p+14 p+15 p+16 p+17 p+18 p+19
U %4 w X Y A : . , 0
p+20 p+21 p+22 p+23 p+24 p+25 p+26 p+27 p+28 p+29
{m, i odd
where p = . .
n, i even

3. Determine bf, 1<j<9)
Compute det(B;) = d;.
Construct the coding matrix F = [di,b},] J€(1,2,3,4,6,7,8,9)

Decoding Algorithm
1. For i odd, the first column are used to evaluate, and for i even, the second
column are used to evaluate:
]'11bi' +].12sz; +]'13b; - eli C11bi’ + C12bi + C13b§ - €1i
Ji1bs + ji2bs + jisby = €5 c11bj + ci2bk + ci3b§ - €]
J11b% + ji2b§ + jisbs = €4 c11b} + ci2b§ + ci3b5 — e}
j21b{ +].22sz; +]'23b; - ei C21b1i + szbzi; + C23b§. - ezit
j21b£ +j22bé +]'23b§ - eé C21b£ + szbé + C23b£i; - eé
J21b5 + jazb + ja3bd = €f  ca1bh + caabg + cp3bs = e€f
Ja1bi + jaabh + jazbh = €5 c31bf + c3pbf + c33bs — €}
j31b£ +j32bé +]'33b§ - eé C31b£ + C32bé + C33b£i; - eé
j31b.'_§" +j32bé +]'33bé - eé C31b§ + C32bé + C33bé - eé
2. So, we get
i
(=2)"d; = =(j11b3 + 12X + j13bg) ZZ + (ja1b} + jo2x + jo3bb)

e
e

i
4
i
7

i
1 €3
i
4+ €6

el

el .
3L. , 1 odd

L e
- (J31b5+132x +J33b§) o

i
€7 €9

(—2)"72d; = _(Cllbé + CipX + C13bé)

ei e i i
ol ks (c21b2 +cpx + c23b8)

7 9
i i
e €3 i i
S (C31bé + C32x + ngbé)

el
e; e
3. Substitute for x; = bt

4. Construct Bi and M.
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This example shows us an application of the above method.

Example 7: Assume that the message text is given as
"MATHEMATICS CRYPTOLOGY JACOBSTHAL"

The message matrix M are obtained as follows:

[M A T H E M]

A T I C S 0|

C RY P T O

M=1L 0o ¢ v o]

[A c 0 B S TJ

H A L 0 0 O

We split the message matrix M of size 3 X 3 into the matrices, B;
(1<m<2),

M AT H E M L 0 G Y 0 J
Bi=|A T I|,Bp=|C S§ 0|,B3=|A C O|,B,=|B S Tl
C R Y P T O H A L 0 0 O

It is easily seen that b = 2. For m = 4, n = 2, we use the "character table"
for M matrix. The elements of the blocks B; (1 < i < 4) are obtained as: We
evaluate the determinants d; of the blocks B;:

16 4 23

B, = I4 23 12] then we get d; = det(B;) = 4970
6 20 28
9 6 14

B, = |4 20 31] then we get d, = det(B,) = —3785
17 21 16
15 18 10

B;=14 6 18] then we get d; = det(B3) = 2254
11 4 5

26 31 11
B, = I3 20 21] then we get d, = det(B,) = 10695
31 31 31
We have the F matrix as:

4970 16 4 23 4 12 6 20 28
F= -3785 9 6 14 4 31 17 21 16
2254 15 18 10 4 18 11 4 5
10695 26 31 11 3 21 31 31 31
Decoding Algorithm

We know m = 4, n = 2, and determine
Jj11=9 Jjiz=9 j1z=10
j21=5 Jo2=4 J3=4
J31=2 j32 =3 jzz =2

and
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€11 =10 ¢, =7 ¢3=10
€1 =5 €33=5 (;3=2
€31 =2 C33=4 c33=4%
We evaluate the elements of the matrix E; as:
el =240 el =443 el=595 o} =120 el =192 el =275 e} =56 ei=117 ej =138
el =288 =410 e}=517 e}=99 el=172 ¢2=257 e2=93 el =170 e =202
e} =281 =256 el=402 =135 =130 el =182 e} =064 of =62 o =104
ef =591 ef =760 ef =567 ef =207 ef=317 ef=22 ef =162 ef =235 ef =219,
We calculate the elements

1 1 1 1
24(4970) = —(9b} +9x, +108))|* | +(5b, +4x, +4b})[" ef‘
e, e e, e
1 1
—2b,+3x,+ 28T @
e, €
\ 120 275 240 595
2(4970) = —(9.4 + 9x, +10.20) o|F(Garax +420)
56 138
240 595
—(2.4+3x,+2.20)
120 275
x, =23
62 2 2 eZ
144(~3785) =—(10b7 + T, +1062)| 0|4 (562 +5x, +260)| "
e7 e9 7 69
2 2
(b2 +4x, +40))| T 9
s G
. 99 288 517
272(-3785) = ~(10.6+Tx, +1021)| + (5.6+55,+22D|
288 517
~(1.6+4x, +42D)|
257
x, =20
63 3 3 e3
2*(2254) =—(9b; +9x, +105;) | ‘; +(5b; +4x, +4b; ) :
7 9 7 9
63 e
—(2by +3x;,+26))|
e, e
135 281 402
36064 = —(9.18 +9x, +10.4) +(5.18+4x, +44)|
64 104
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281 402

—(2. 18+3x3+24)‘ 62

x =6
4 4
+(5b! +5x, + 267 @
7 9

144(10695) = —(10b; + 7x, +105b;)

(b} +4x, +4b)|

4 G

1540080 = —(10.31+ 7x, +10. 31)

591 567
(5 31+5x, +2.31)

162 219

162 219

591 567‘

~(1.31+4x, +4.31)
207 222

x,=—20
We determine x;
x; =b3=23 x,=b3=20 x3=b3=6 x,=Dbi=20
We construct the block matrices B; and M:
—-327 23 11 12 18 7 13 4 6
6686 20 7 3 8 3 18 5 22

F=1 9605 23 11 4 8 24 8 22 1
~117 15 3 22 8 6 3 3 3
(T H I R D 0
IORDEROI
J A C 0B S
M= 4w a1 o sl
[EQUENCJ
E S 0 0 0
Conclusion

In this article, we developed new algorithms in coding theory with the help
of J-matrix and C-matrix. In the algorithms, we divide the desired message into
blocks and transform the message matrix into an encoded message matrix. In the
decryption process, we converted the encrypted message matrix to the desired
message matrix by using the J-matrix and C-matrix.
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