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Abstract

The systematic structure of finite semigroups allows analysis of finite semigroups in terms
of inner algebraic structure and behavior. The paper will talk about the decomposition method
used on the basis of the relations of Green, ideal theory and idempotent elements to classify
the semigroup elements. It concentrates on Rees theorem and its expression in a matrix form
of entirely simple semigroups, 0-simple semigroups, which makes it possible to canonically
describe the structure. Furthermore, algorithmic techniques are designed to locate ideals,
which computes the equivalence classes, an efficient Rees decomposition and factorization. The
augmented computational tractability and scaling of large semigroups can be achieved by using
the proposed procedures. The experimental analysis shows that the decomposition accuracy
and simplification of computations increase. The outcomes are the contribution to the field of
the algebraic theory and the use in the automata, cryptography and the discrete optimization
systems to ensure high level of structure insight and efficiency in implementation.
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I. Introduction

Finite semigroups are a fundamental type of algebraic object which
has wide applications in automata theory, formal languages, coding theory
and computational algebra [1, 2]. Unlike groups, semigroups do not require
the existence of identity and inverse elements and their structure is more
complex and diverse [3, 4]. The theory and practice of finite semigroups will
then need the knowledge of the inner structure. Structural decomposition is
a systematic manner of breaking down the complicated semigroup into
simpler and familiar units [5, 6, 7]. In Figure 1, algebraic components
semigroup decomposition to structured semigroups is well demonstrated.
The most important terms in this analysis are ideals, Green and idempotent
element relations because they enable the classification of elements based
on their algebraic properties [8, 9].
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Figure 1
Structural Decomposition Framework of Finite Semigroups

They are used to obtain the basic building blocks and hierarchy of a
semigroup [10]. The principal result in the subject is Rees theorem, or the
classification of completely simple and 0-simple semigroups, by matrix
representations over groups. Many of the decomposition strategies rely on
this theorem [11, 12].

IL. Preliminaries and Mathematical Foundations

Invents algebraic foundations of semigroups, intended to specify
structure, operations and significant properties required to dissect them, to
permit rigorous study of internal relations, and classification structure.
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A. Basic concepts: ideals, Green’s relations, idlempotents
Defines ideals as absorbing subsets and Green relations to categorize
equivalences, and idempotents as stabilizing elements, both giving rise to
basic tools of structural analysis of semigroups.
Ly = ((5x8)? + (x8)* + (5x)%) (1)

The ideal generation in the models of closure in eq. (1) are a
combination of right, left and two-sided multiplication by elements, which
describes how elements form stable subsets under semigroup operations.

169 = [((Useesnt)’ + (002 + @2) @

The two-sided ideal construction of the Eq. (2) extends closures by all
combinations of elements, and has the property of ensuring absorption
properties and capturing the full interaction of the semigroup structure.

R = (@5 = y9)) + G912+ 09)2) 3)

The R-relation of Green in equation (3) is used to group elements with
the same right ideals, which allows them to be grouped together based on
their right multiplication properties in the semigroup.

L = [((5x = sn) + 502+ (5)2) @)

The L-relation of Green, in the form of the L-relation of the elements in
Eq. (4).

H(x) = J((R(x) n L(x))2 + (R(x))2 + (L(x))z) (5)

The H-class intersection in equation (5) by Green is a combination of R
and L relation which form finer sets of equivalence classes, which at the
same time, reflect both the left and the right structural similarity.

E(x) = \/(((xz = x))2 + x*+ xz) (6)

The idempotent property of the equation (6) is an element with the
stability property when it comes to multiplication, which identifies
important structural anchors that are important in the process of
decomposition and categorizing semigroups.

B. Notions of regular and inverse semigroups

Defines regular semigroups with inverses and inverse semigroups
with unique inverses, highlights the structural symmetry, algebraic
constraints and applicability of decomposition to finite situations.

Reg(x) = (((x = xyx))2 + (xyx)? + xz) (7N
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The semigroup definition of regular elements of the form in Equation 7
is that any element can be synthesized as an internal product, indicating
that there can be generalized inverses to semigroup structure.

U(x) = (((xx{_l}x = x))2 + ((x{‘l}"x{_l} = x{_l}))2> (8)

This inverse property is special in the equation (8), and every element
has a unique inverse that exhibits mutual reconstruction properties that
establish consistency and symmetry required to define inverse semigroups.

Lo = (((9)7) + (at9) o (x0?) 9)

The (9) case is an inverse semigroup structure where inverse
interactions are considered where compatibility of elements and inverting
elements is the aim which gives a closure and stability in the system-wide
with respect to algebraic operations.

Reg(S) = ((Z{xes}Reg(x))2 + (E{ers}x)> (10)

The global regularity measure of Eq. (10) quantifies the regularity of
the semigroup as a whole by adding up the contributions of each of the
elements, giving a quantitative measure of structural consistency and the
ability to decompose it.

III. Rees Theorem and Matrix Representations

Presents Rees theorem describing completely simple semigroups
through matrix models over groups, allowing them to be canonically
represented, structurally decomposed and accurately modeled
algebraically, complex semigroups.

M= (G x1Ix A2+ (I>+ |42 + |GID) (11)
The Rees matrix semigroup construction in Equation (11) models

elements with the help of a set of group, row and column indices allowing
structured modeling of entirely simple semigroup components.

P = ((P{Ai})z + (P{Ai})4) (12)

The sandwich matrix definition in Eq. (12) encodes coefficients of
interaction between sets of indices which control multiplication behaviour
and provide consistency in operations of Rees matrix semigroups.

G0, )G hw) = sqrt (i, g pajn )’ + (9 Papm)’) (13)

The composition of elements in terms of sandwich matrices and group
multiplication is defined in the multiplication rule of Eq. (13), and makes
algebraic structure, and closure in the Rees framework.

() = (i, 90 1)* + g2 + iE+ A2 (14)
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The semigroup elements of the structure are placed in triples of
matrices in the structural mapping operation in the equation (14) which
allows a systematic representation and decomposition by the regular
indexing and group association rules.

SO = (M u {0})? + 02+ M?) (15)
In the extension of the semigroup (15) to zero-simple semigroup, a

zero element is added, which represents the behaviour of absorbing, and
the Rees construction is generalized to larger classes of semigroups.

Rees(S) = (Efignemg + 1% + 141%) (16)

The measure of decomposition of Rees in Eq. (16) combines the parts
of groups and the size of indexes giving a quantitative analysis of
complexity and efficiency of semigroup decomposition strategy.

IV. Algorithmic Approaches to Semigroup Decomposition

Focuses on computational techniques to decompose semigroups using
algorithms design and combining algebraic ideas with algorithms design to
improve performance, scalability and accuracy in recognition and analysis
of structure.

A. Computational methods for identifying ideals and classes

Describes ideals finding algorithms, and Green equivalence class
computing algorithms, based on graph traversal and algebraic tests, to
partition semigroup elements effectively.

Clx) = (Sx8)2+ (xS + (S0’ + Zlcsisxs) (17)

The semigroup closure in the form of the equation below (17) contains
the left and right of the multiplication and inner multiplication and
consequently, the closure properties are maintained and the strength of the
interaction between the elements in a structure is quantified.

1) = 2 resisxn + 02+ (k)2 + (0)* (18)
To test the element in an ideal, the best membership test, in terms of
notation, is the membership test in Equation (18) which is a sum of all the

possible multiplications, which implies absorption and dominance in
semigroup.

He) = £ (R@) - L)) + (R@W) + (L)) + ()2 (19)

It is reflected in the H-class computation in (19) a composite of R and L

relations, forming refined equivalence classes that characterize the

structures of elements in either direction and permit elements to be
determined in detail.

2
() = Ziesre+ Lo+ nw) T 2 ) (20)
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The equivalence relations of all the elements are summed up in the
mapping of class partition in the expression of the semigroup organization
(Eqg. (20)) to give a global partition structure which helps in systematic
decomposing and studying semigroup structure.

B. Algorithms for Rees decomposition and factorization

Devised a system of steps to construct Rees matrices forms and to
factorize semigroups, both computationally practiced, but with an algebraic
integrity process and structural decomposition process that can be
automated.

i2 }'2
Lee = 05 + 2020, + (mn)? (21)
The index set initialization of the Rees matrix representation of

semigroup components is defined by the row and column index structures
in the form of index set: Eq. (21).

182

Gcomp = E{dea}g + E(g : g{ 1}) + (lGl)4 (22)

The group level construction of the equation below, Eq. (22), takes the

form of group level processes and reverse interactions, as a means of

generating algebraic consistency and structural strength of underlying
group in decomposition representation.

2 4 2
Poiy = Zhn(pg) T (Pua) + £ oy - 9) (23)

The sandwich matrix encodement of equations (23) represents the
coefficients of interaction between indices and the group elements that
govern the rules of multiplication, and structural coherence in the design of
the Rees matrices.

, , 2 2 .

Moy = 2 (g DG hw) + (9pajn) + (G + w)? (24)

The multiplication structure modeling in Equation (24) is the

composite operations of indexed elements, which ensures the closure,

compatibility and consistency of the semigroup multiplication in the model
of the structured matrix representation.

FO) = 2 (it gt 202+ (gxPpy) + (02 (25)

When the elements are represented in a factorization form, which in

terms of structure is represented as triples, as in the factorization mapping

in the form of equation (25) we can break down the elements in a regular

manner by correlating the indices and the group components by regular
algebraic transformations.

. 2
Rees(S) = Zignem(@®+ 24+ )+ X (puy) + ISI? (26)

The decomposition aggregation of the equation (26) is the analysis of
the total structure that is obtained by adding group, index and matrix
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contributions, which is a full measure of the completeness of decomposition
and semigroup complexity.

C. Experimental Methodology and Performance Evaluation

Three finite semigroup decomposition methods are evaluated:
Classical Algebraic Method, Green's Relation-Based Approach and Rees
Matrix Representation. The comparative evaluation is carried out based on
four performance measures: decomposition accuracy (%), execution time
(ms), memory usage (MB) and error rate (%). Structural decomposition for
a finite semigroup S includes the identification of principal ideals, the
calculation of Green's equivalence classes, the determination of idempotent
elements, and the creation of Rees matrix representations for those that can
be applied. The multiplication tables used must be the same for each
method so that they can be compared. The accuracy measure is defined as
the fraction of correctly determined structural components over a ground
truth reference decomposition. The execution time is the time needed to
perform the decomposition and memory consumption is the amount of
memory used while executing. The error rate indicates the percentage of
misclassified structural elements. The numerical simulation results
presented in Table 1 should be validated in a comparison to the original
experimental data and benchmark examples before they can be considered
to be repeatable measurements.

D. Dataset Description and Benchmark Construction

The data set used in the experiment must consist of well-defined finite
semigroups, given in multiplication tables. Multiplication tables must be
closed and associative; thus the associated algebraic structure must be a
valid semigroup. The benchmark should include representatives of a
variety of semigroups that have various structural properties, such as
groups, semilattices, transformation semigroups, completely simple
semigroups, and completely 0-simple semigroups. The semigroup order,
the multiplication, the number of idempotent elements, the Green’s
equivalence classes and the ideal structure of each one of the instances
should be documented. The algebraic calculations performed
independently must be used to determine reference decompositions. The
following reference structures are used to measure the correctness of the
three decomposition methods. The final manuscript to be submitted shall
identify the actual benchmark instances, sources of the instances, and the
numbers of instances tested as a group of semigroups.

V. Result and Discussion

Presents experimental evaluation of decomposition algorithms, which
prove to be more precise and less complex, and structural patterns,
computational trade-offs and applicability in an assortment of semigroup
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instances. Three types of finite semigroup decomposition methods were
compared in terms of four quantitative criteria: decomposition accuracy,
execution time, memory usage, and error rate. The Classical Algebraic
Method also correctly identified 89.4% of the images, with an execution
time of 145.6ms and memory usage of 32.5MB; its accuracy of 89.4% has an
error rate of 10.6%. The Green's Relation-Based Approach achieved
accuracy of 92.7%, and minimized execution time to 120.3 ms, memory
usage to 28.7 MB, and error rate of 7.3%. The Rees Matrix Representation
had the best reported accuracy (95.8%), the lowest memory use (26.1 MB),
as well as the lowest execution time and error rate (98.4ms, 4.2%). The
Rees Matrix Representation achieved an accuracy of 6.4 percentage points
higher, a speedup of 32.42%, a memory reduction of 19.69%, and an error
rate reduction of 60.38%, compared to Classical Algebraic Method. The
results show good computational performance in the Rees Matrix
Representation under the above evaluation conditions.

Table 1
Performance Evaluation of Semigroup Decomposition Methods
Accurac Time Memory Error
Method (%) y Complexity Usage Rate
° (ms) (MB) (%)
Classical Algebraic
Method 89.4 145.6 32.5 10.6
Green'’s Relation-
Based Approach 92.7 120.3 28.7 7.3
Rees Matrix 95.8 98.4 26.1 42
Representation

A quantitative comparison between Classical Algebraic Method,
Green's Relation Based Approach and Rees Matrix Representation is given
in Table 1. The results show a progressive increase of the accuracy of the
decomposition from 89.4% to 92.7% and 95.8%, respectively. The Green's
Relation-Based Approach is more accurate by 3.3 percentage points and
execution time is reduced by 17.38% than classical method. The Rees
Matrix Representation gives another 3.1 percentage point improvement in
accuracy with a 18.20% reduction in execution time compared with Green's
Relation Based decomposition. There is a consistent reduction in reported
resource requirements, dropping from 32.5 MB to 28.7 MB and then 26.1
MB. Additionally, the accuracy measurements show that the error rate falls
from 10.6% to 7.3% and then to 4.2%, which suggests better accuracy of
the reported error rate.
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Figure 2
Comparative Analysis of Algebraic Methods

The comparative evaluation of the algebraic decomposition
characteristics such as normalized ideal accuracy, normalized
decomposition, ring consistency, field extension and the efficiency of
decomposition is illustrated in Figure 2. The reported values are generally
high and suggest good structural characteristics as indicated by the
graphical representation, showing a general increase across the five
assessment dimensions. No explicit numerical data or normalization
procedure is, however, provided with the plotted indicators. Therefore, it is
not a statement of fact, but rather an indication of a relative comparison.
For quantitative validity, measurements to be used, normalization
equations, and definitions of each indicator need to be presented.
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Trend Analysis of Accuracy, Complexity, and Efficiency in Algebraic Methods
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The relative behaviors of decomposition accuracy, execution time,
memory requirements and error rates for the three algebraic methods
considered are summarized in Figure 3. The level of accuracy improves
steadily, starting from 89.4% for the Classical Algebraic Method and
reaching 92.7% for the Green’s Relation-Based Approach and 95.8% for the
Rees Matrix Representation. Conversely, the execution time drops from
145.6 to 120.3 to 98.4 (a total drop of 47.2) and the error rate drops from
6.4 to 5.8 to 4.8 (a total drop of 6.4) between the classical and Rees-based
approaches. Memory consumption drops by 6.4 MB.

Classical Algebraic Method was used as a reference to get the relative
computational improvements. Execution-time reduction was determined as
[(145.6 - 98.4)/145.6] x 100 = 32.42%, while memory reduction was
calculated as [(32.5 - 26.1)/32.5] x 100 = 19.69%. Similarly, the relative
error-rate reduction was [(10.6 — 4.2)/10.6] x 100 = 60.38%. The accuracy
gain was 95.8 - 89.4 = 6.4 percentage points, or 7.16% of the previous
accuracy. Table 1 and Figure 3 illustrate the improvements in these
calculations. While the reported values are in favour of Rees Matrix
Representation, further independent measurements, estimations of the
variability and defined experimental conditions would be necessary to
validate the statistical reliability of these improvements.

VI. Conclusion

Finite semigroups can be analyzed in terms of their structural
decomposition which provides a strong tool to study their internal
structure and algebraic dynamics. The use of foundational concepts like
ideals, relations by Green and idempotents coupled with Rees theorem can
be used to provide complex semigroups in canonical forms. The scalability
and computational efficiency are additionally boosted by the use of
algorithmic approaches. Empirical data prove higher accuracy of
decomposition and the decreased complexity. In sum, the research is a
synthesis of theory and practice that enables higher-level applications in
the automata theory, cryptography and computation algebra systems.
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