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Abstract

DLTs are sensitive to having secure authentication to ensure privacy, scalability, and
against advanced adversaries. The method involves the combination of finite field based key
generation and encoding with identity of polynomials so as to generate secure representations
of users. Multi-party authentication schemes are introduced in the form of hypergraph to
describe the complicated interactions between the participants and make them fault tolerant.
The framework has hardness assumptions of discrete logarithm problems and combinatorial
optimization problems to give cryptographic hardness. It creates a verification step based
algorithm that can be used to effectively verify and has reduced communication overhead. The
proposed solution is a scalable solution based on algorithmic, ensuring authentication in the
next-generation distributed ledger.
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I. Introduction

The DLTs have been used to streamline the decentralized systems by
facilitating transparent, trustless and tamper-proof data processing among
a number of actors [1, 2]. Nonetheless, the issue of whether to provide a
safe and privacy conscious authentication in such open environments is a
big question [3, 4]. This is because the traditional authentication systems
would most probably use central authorities or show sensitive identity
information, which is not suitable to decentralized systems [5, 6]. This has
led to the increasing demand in an increased cryptographic requirements
that can offer high authentication assurances as well as safeguard user
privacy [7, 8]. The algebraic and combinatorial direction is one of the
promising directions to design such secure authentication protocols. The
compact and verifiable identity representation is made possible by the use
of finite field operations and an encoding identity representations, which
are anchored on polynomials, without exposing secrets [9, 10]. The
hypergraphs and other combinatorial structures can also prove helpful in
the modeling of interactions between many parties, and enhance scalability
and fault tolerance of distributed systems. The mathematical constructions
are also used to justify the hardness assumptions (discrete logarithm,
combinatorial optimization problems, etc.) to make them resistant to the
adversarial attacks [11, 12].

II. Proposed Algebraic Authentication Framework

It is a system that integrates finite field algebra, representation of
polynomials and combinatorics to create scalable privacy preserving
authentication systems to be implemented in secure distributed ledger
systems [13].

A. Algebraic Key Generation Using Finite Field Operations

The keys of finite fields are generated using structured algebraic
transformations in a fashion that is random, compactly represented and
resistant to algebraic attacks and with efficient computation and
verification algorithms.

F, = {ao, a, ...,a{q_l}}, where q = p" (D

Finite field initialization (Eq. 1) generates a finite set of elements of
prime power order, generating the algebraic geometry to conduct secure
key generation operations.

K(x) = Z;izo}(_k)s x (2)

A poly is constructed using secret coefficients (Eq. 2) to produce a poly
which enables a structured key representation that enhances randomness,
scalability and resistance to algebraic reconstruction attacks.

K'(x) = sqrt ( (K(x))2 + f{il}}(l((x) . t)zdt) 3
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Integral-based strengthening (Eq. 3) is a method that adds key
robustness through continuous transformation, making nonlinearity and
complexity more significant, and resistance to analytical and
approximation-based cryptography attacks.

PK = (g,P) (4)

SK = s ® K'(x) (5)

The formation of the public key (Eq. 4) is based on the algebraic

operations, which makes the shared parameters that will allow the secure

communication and verification without disclosing the information about

the private key. The secret value is first multiplied with bitwise operations

with strengthened polynomials to make it private key derivation (Eq. 5) and
enhance secrecy and resistance to key recovery attacks.

B. Polynomial-Based Identity Encoding Mechanism

The identities of the users are mapped to the form of a polynomial
functions, which allows the safe representation of the identity, preservation
of anonymity, and verification of the identity by the evaluation,
interpolation and secret-sharing principles without disclosing sensitive
identity attributes. Figure 1 demonstrates secure encoding of polynomials
identity with preservation of authentication privacy.

Identity Field Polynomial
Input Mapping Construction

Encoded
Identity

Encoded
Output

Polynomial
Evaluation

Figure 1

Polynomial-Based Identity Encoding Mechanism for Privacy-Preserving
Authentication

fx) = Zzizo}{‘d}ax (6)

Polymorphic construction (Eq. 6) is a mathematical representation of
identity that takes the form of a coalition of coefficients and allows
structured encoding which can be evaluated securely, interpolated, and
withstands reverse reconstruction attacks.

al' = ri + H(ID) (7)
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Randomness is introduced by Coefficient randomization (Eq. 7) which
involves the combination of identity hashes and secret values, making the
latter unpredictable, unique and preventing identity inference, correlation-
based attacks.

E = sqrt(E2 + [E e+ tz)zdt) (8)
{o}

Obfuscation with integration (Eq. 8) has the advantage of using
nonlinear transformation to increase complexity and diffusion to the
encoded output to improve the resistance to statistical analysis and
approximation-based cryptographic attacks.

T =HE)D f(x) (9)

The generation of authentication tokens (Eq. 9) generates a secure
token by adding hashed obfuscated output and polynomial values, which

allows a system of distributed systems to use to authenticate with
efficiency, verifiability, and privacy.

IIL. Cryptographic Primitives and Hardness Assumptions

The primitives of discrete logarithm, finite field arithmetic and
combinatorial hardness, such that the computational infeasibility of an
attack is guaranteed and high security is guaranteed under typical
adversarial models.

y = g¥modq (10)
Modular exponentiation is used to map a secret exponent to a public

value without any inversion attacks by discrete logarithm mapping (Eq. 10)
to provide one-way computation and computational hardness.

C = H(x|r|) (11)

The input values are committed with randomness as per hash-based

commitment (Eq. 11) by using a cryptographic hash, which guarantees

integrity and information hiding and eliminates tampering and replaying
information in authentication processes.

H, = Y (log(q))! (12)

Hardness cost function (Eq. 12) models represent the computational
complexity by summing up logarithmic growth terms, which represent a
growing resistance to adversaries with increasing field size and system
parameters.

S = sqrt((HC)Z + f{{(;}(Hf t + tz)zdt) (13)

Integral based security modeling (Eq. 13) adds complexity that adds

continuous nonlinear transformation, which increases diffusion better

resistance to approximation, statistical and analytical cryptographic
attacks.
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cs = sqrt (IR + (5)?) (14)

Final cryptographic strength measure (Eq. 14) is the combination of
field size and security parameters to provide one measure that can be used
to measure robustness, scalability and resilience of the entire cryptographic
framework.

A. Privacy Preservation and Adversarial Model

The authentication mechanism suggested in this work includes several
mechanisms that provide secure identity protection and adversarial
resilience in distributed ledger systems while maintaining privacy. The use
of polynomial-based identity encoding and finite field transformations: all
user identities are encoded as polynomials in finite field before they are
used for authentication process, this renders their identities anonymous.
Decentralized verification operations are shielded from direct disclosure of
sensitive information from participants by the encoded identities.

Replay attack resistance is provided by challenge-response
authentication, and random generation of commitment. Dynamic nonce-
based transformations and integration of cryptographic hashing generates
different responses for each authentication session, which may not be
reused by an adversary who had previously captured an authentication
response. Randomized polynomial coefficients and non-linear algebraic
maps are used to generate the authentication tokens which are session
dependent for maintaining the unlinkability. As such, authentication
sessions can't be matched up with the transactions in the distributed ledger
network, maintaining the user privacy and anonymity of transactions.

The adversarial model considers the presence of attackers that might
have the ability to intercept messages, replay them, infer identities, perform
a statistical analysis, impersonate legitimate users and partially observe
distributed communication channels. The proposed framework is however
able to withstand these attacks by making finite field hardness
assumptions, nonlinear identity obfuscation and combinatorial
authentication structures.

Identity encoding over a finite field is represented as:

le(x) = X(aixi)modp (15)
where Ie(x) denotes the encoded identity polynomial, ai represents
randomized secret coefficients, and p is a large prime defining the finite
field.

To strengthen anonymity and prevent identity inference, coefficient
randomization is introduced as:

!

ai'’ = ai + rimodp (16)
where ri denotes session-dependent random masking parameters used for

identity obfuscation. The challenge-response authentication function is
formulated as:
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R = H(le||N || Ks) a7
where H(.) is a cryptographic hash function, N is a nonce, and Ks denotes
the secret session key used to resist replay and impersonation attacks.

Privacy leakage minimization is modeled through nonlinear
commitment generation:

C = [ (Ie(x) + Ks)%dx (18)
where C represents the privacy-preserving authentication commitment
used during distributed verification.0

The adversarial success probability under algebraic hardness
assumptions is represented as:

1 1
Padv —Z—A‘l'; (19)

where A denotes the cryptographic security parameter and p is the finite
field size, demonstrating negligible adversarial advantage for large
parameter selections.

IV. Hypergraph-Based Multi-Party Authentication Schemes

Hypergraph structures represent complex relationships among
participants, facilitate authentication of many parties with high fault
tolerance and scalability to verify them concurrently, maintaining their
privacy and scalability in decentralized ledger systems.

H = (V,E),V = {v,vy, .., 0, },E € 2V (20)

The hypergraph structure (Eq. 20) defines the vertices that can be
participants and the hyperedges that can be a group relationship so that
multi-party interactions can be flexibly modeled in multi-party interaction
in distributed authentication systems beyond pair-wise relationships.

K; = H(v;) (21)

Assigning vertex y keys (Eq. 21) is used to identify each participant
node with a distinct cryptographic key, which allows the representation of

identity and safe involvement in the hypergraph-based authentication
system.

A, = Z{vie e} K; (22)
Hyperedge authentication mapping (Eq. 22) uses keys of the vertices

in each hyperedge to represent collectively the authentication of groups
and still maintain structure among the entities that are involved.

M = Zfe € E}(Ae) (23)
Multi-party interaction encoding (Eq. 23) encodes aggregated
hyperedge values into a global measure, which captures the interactions of

the entire system and allows effectively assessing the distributed
authentication dependencies.
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T = sqrt((M)2 + f{{ol}}(M Ct+ tz)zdt) (24)

Aggregating trust with integrals (Eq. 24) improves encoding of

interaction with nonlinear transformation, which makes it more robust,

diffusion-enhancing, and adversarial manipulation and statistical inference
attacks harder.

Auth = sqrt < (T)? + <Z{i=1}{n} K)2> (25)

The aggregated trust and cumulative key contributions are aggregated
to generate final authentication output (Eq. 25) that is used to generate a
single authentication decision metric to ensure reliability, scalability, and
privacy in distributed environments.

V. Authentication Algorithm

The algorithm encompasses consecutive steps such as generation of
key, identity encoding, commitment creation, verification and validation,
which provide secure, efficient and privacy preserving authentication in a
distributed node with minimized overheads.

E = ZE[:O}{.d}ax (26)

Encoding identity (Eq. 26) is a process that represents encoded
identity as a result of evaluating a polynomial on field elements, which
makes it possible to represent it in a structured manner, allowing
verification, interpolation, and resistance to identity reconstruction attacks.

Commitment Generation

C = sqre((E)* + (K)?) (27)
To achieve the required binding and hiding properties to ensure
secure authentication and guard against information leakage, commitment

generation (Eq. 27) is a nonlinear transformation of encoded identity and
secret key.
R =C @ H(D) (28)
The computation of challenge-response (Eq. 28) is a combination of
commitment and hashed identity to obtain response to facilitate interactive
verification, yet provide the unpredictability and resistance to replay and
impersonation attacks.
V= sqrt((R)2 + f{{ol}}(R : t)zdt) (29)
The integral-based verification (Eq. 29) is a nonlinear transformation
that uses continuous integration to enhance verification robustness, and
diffusion, as well as resistance to statistical, approximation, and adaptive
adversarial attacks.
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VI. Result and Discussion

The efficiency and scalability of the suggested algebraic-combinatorial
authentication framework is validated by the outcomes that demonstrate
enhanced authentication accuracy, reduced latency and their privacy
protection compared to the current solutions.

Table 1
Performance Evaluation of Privacy-Preserving Authentication Framework

. Traditional | LoKe™" Graph- Improvement
Metric Method Based Based (%)
System Model °

Authentication
Accuracy (%) 90.8 93.6 95.2 7.5
Privacy Preservation
Score (%) 65.4 78.9 88.3 45.6
Verification Time (ms) 48.7 30.5 24.2 62.8

The Table 1 in the results section shows that there is a clear increment
in performances of all measures of advanced authentication methods.
Performance is compared with the performance of authentication
frameworks with improvements in of Authentication Framework
Performance illustrated in Figure 2.

60

Values

40

puth ACC privacy yesify TIO®
Metrics

mmm Traditional B Graph-Based
mm Token-Based BN improvement (%)

Figure 2
Comparative Analysis of Authentication Framework Performance

Compared with the traditional methods, the accuracy of the
authentication increases by 90.8 percent to 95.2 percent accuracy of the
graph-based models, which is more reliable. There is also a significant
growth in privacy preservation, where it can be seen that the preservation
of privacy increases to 88.3% up to 65.4% meaning that information is
more securely preserved.
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Metrics

Figure 3
Visualization of Authentication Accuracy, Privacy, and Efficiency Metrics

Figure 3 visualizes the accuracy, privacy and the efficiency metrics.
The verification time is lower by far (48.7 ms to 24.2 ms, 62.8 percentage
point) and it is representative of more efficiency and faster processing of
authentication in new frameworks.

VII. Conclusion

The current paper has offered an algebraic and combinatory solution
to privacy-preserving authentication to distributed ledger technologies, and
the important questions of security, scalability and user anonymity. The
solution, based on the finite field-based key generation and encoding of the
identities of the polynomials, ensures small, verifiable and privacy-
conscious authentication schemes. The multi-party models that are hyper
graph based have been combined to help in enhancing system robustness
that could respond effectively to the complex interactions among the
participants and be tolerant to failure. In addition, it incorporates hard
cryptographic assumptions, which aid in making it more resistant to
adversarial attacks. Experimental findings have indicated a great
improvement in authentication accuracy, reduced latency and less
communication overhead compared to the traditional procedures.
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