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Abstract

Checking codes play a role in ensuring credibility in delivering information in the noisy
communication channels. The paper is a detailed ring-theoretic analysis of error-correcting
codes, in the algebraic structure of the linear, cyclic and constacyclic codes of finite rings. In
certain applications, the ring-based coding structures are more flexible, have better structural
richness and better error-handling capabilities than classical field-based approaches. Algebraic
definitions of linear codes (as modules), the construction of cyclic and constacyclic codes in
commutative rings, and the geometry of such codes (duality, minimal generating sets and ideal
decomposition) are discussed in the paper. In addition, the efficient decoding algorithms which
are unique to the ring-based codes are discussed with a focus on their efficiency in computation,
and their use in practice. The results indicate that the codes using the ring-theoretic methods
are far superior in code performance and flexibility and can thus be used in the existing
communication system, e.g., storage, wireless resource and cryptographic protocols.

Subject Classification: 08A05, 13D10, 94B05.

Keywords: Ring theory, Error-correcting codes, Cyclic codes, Constacyclic codes, Decoding
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1. Introduction

Modern digital information communication and storage systems
would not be possible without error-correcting codes that provide
reliability in the transmission of information across noisy channels.
Classical coding theory has mostly been based on algebraic structures
which are defined over finite fields, but the growing complexity of systems
and the need to serve a variety of applications have led to the investigation
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of more generalized algebraic structures [1, 2]. Here, the concept of ring
theory has proven to be a strong mathematical frame work to the
development and study of sophisticated error correcting codes [3]. Ring-
coded theory is an extension of the traditional linear codes which takes into
account modules of finite rings, rather than vector spaces of fields [4, 5].
With this generalization, more diversified families of codes such as cyclic
and constacyclic codes with a greater structural variety and better error-
handling can be developed [6, 7]. It is interesting to note that some
nonlinear binary codes can be effectively modeled as linear codes over
rings, which can be used to show the practical benefits of this method.
Moreover, the ring-theoretic techniques are used to gain more information
about the algebraic properties (ideal structure, duality, decomposition) that
are required to effectively encode and decode [8, 9]. The design of strong
decoding algorithms that are specific to the structure of a ring are also
based on these properties [10].

2. Linear codes and their algebraic representation

Linear codes are modeled as subspaces of rings, and generalize the
case of vectors spaces, which permits generator matrices, parity-check
matrices and algebraic encoding schemes to effectively represent, analyze
and implement them [11].

Module Definition over Ring

C € R"C = {c = (cl,c2,..,cn)|ci € R} (1)

The definition of a module over a ring forms the basis of linear codes,
by providing a model of codewords as elements of Rn, the elements of
which are in a ring. This representation (Eq. 1) extends the algebraic
structures and allows more elaborate representation of a vector space [12].

Linear Combination Structure

c =X, ui* gi,ui € R, gi € R" (2)

Each codeword is computed as a linear combination of basis vectors
with coefficients in the ring (as in the linear combination structure, Eq. 2),
creating a module as opposed to a vector space, which makes it easier to
create codes [13].

Generator Matrix Representation

c = mGwherem € RfandG € R¥ xn (3)

The generator matrix representation (Eq. 3) is a succinct and
methodical means to encode messages into codewords. With the help of a
multiplication of an input vector by the generator matrix, efficient encoding
is obtained.

Parity Constraint Equation

Hc™ = 0,H € Rin-loxn (4)
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The parity constraint equation (Eq. 4) provides code validity by
guaranteeing the orthogonality conditions with the help of the parity-check
matrix that is very necessary to identify the errors made during the
transmission [14].

Distance Metric with Root Form

d(ci,¢f) = T, Ieil — I (5)
A distance measure based on a root form (Eq. 5) is used to measure
the dissimilarity between codewords, allowing the assessing of error-
correcting power by using similar-like measures of the Euclidean distance.
Syndrome Calculation

s=Hr"=H( +e)T=HeT (6)
Lastly, the syndrome calculation (Eq. 6) is an important step in the
process of decoding as the error component of the received vector is

separated out and any errors can be corrected efficiently under the ring-
based framework.

3. Construction of Cyclic and Constacyclic Codes over Rings

Both cyclic and constacyclic codes over rings are built with ideals in
quotient rings of polynomials, allowing to build shift-invariant properties,
encode data algebraically, and build flexible structures to support powerful
error correction. Figure 1 demonstrates the construction that is based on
polynomials so that it can allow cyclic and constacyclic codes.

& O

Polynomial Constacyclic Root-Based Norm
Ring Structure Generator Constraint

RIX]/{x" -1} C={g(x}} | |c(x)=m(x)g(x) gx)=MNx-a)| | llcxM<8s

Figure 1
Construction Framework for Cyclic and Constacyclic Codes over Rings

Polynomial Ring Representation
R[x]
xM—-1 (7)
The representation in the form of poly-ring brings about the concept of
the code constructions in cyclic forms based on quotient rings in which the
codewords are treated as polynomials by the defining relation. This
expression (Eq. 7) allows manipulation of codewords algebraically with the
help of arithmetic of polynomials, which is the basis of cyclic invariance.
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Cyclic Code Ideal Definition

C=<g®)>gx®) | " = 1) (8)
The definition of the cyclic code ideal (Eq. 8) describes the code as an
ideal produced by a polynomial that factors the modulus, so that all the
codewords are multiples of a generator polynomial, making the encoding
and structural analysis of the code easier.
Codeword Polynomial Form

c(x) = m(x)g(x), m(x) € Rlx] (9)
Constacyclic Structure
R[x]

x"—A'A ERA=*O (10)

The codeword polynomials of each of the codewords are given, as the
product of a message polynomial and a generator polynomial, in the
codeword polynomials form (Eq. 9), which can provide an efficient
encoding scheme within the ring structure. The constacyclic structure (Eqg.
10), which is an extension of cyclic codes, allows the scalar factor to allow
multiplication of codewords by a constant, to allow greater flexibility in the
design of the code.

Root-Based Generator Condition

g =Tl (x — ai) ,ai®= 2 (11)
The root based generator condition (Eq. 11) describes the generator
polynomial in terms of its roots linking the algebraic properties with

spectral properties and is enabling of a systematic construction.
Norm-Based Constraint

llcGI| = /Z?;ollcilz <6 (12)

Finally is the norm-based constraint (Eq. 12) that quantitatively
accounts the size of codewords that gives a quantitative accountability in
controlling the error limits and stability in the transmission and decoding
processes.

4. Algebraic Properties and Structural Analysis

Code properties such as duality, ideal decomposition, generating sets
of minimal size, and module structure are property of ring-based codes,
which allow more complete analysis of the behaviour and redundancy of
code performance and code algebraicity.

Dual Code Definition

Ct ={veER" <vc>=0,Vc €C} (13)

The dual code definition provides a fundamental orthogonality
relationship in the structures of the ring-based coding. It determines the
collection of vectors which are orthogonal to all of the codewords with
respect to an inner product, which is given in (Eq. 13). This is an essential
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concept to build parity-check matrices and is essential in error detection
and correction.
Weight Distribution Measure

wt(c) = |{i: ci # 0} (14)

The measure of weight distribution (Eq. 14) is the count of nonzero

components in a codeword which gives an idea of sparsity in a code and
affects the ability of the code to detect errors.
Minimum Distance via Root Expression

dmin = min(ci # ¢j) \/ioqlcik — cjk|? (15)
The formulation of the minimum distance based on a root-based
expression (Eq. 15) is used to find the minimum distance between different

codewords which directly provides the error-correcting power of the code.
Ideal Decomposition

C=N1Q12d--- Ik (16)
The optimal decomposition property (Eq. 16) is the code as a direct
sum of smaller sub-ideals, making structural analysis easier and modular

structure creation of complex codes over rings possible.
Spectral Norm Evaluation

ICllo = maxc€C licl (17)
Lastly, the spectral norm analysis (Eq. 17) is an evaluation of the size

of codewords in a root-based formulation, which gives a global view of the
energy and stability of codes.

5. Decoding Algorithms in Ring-Based Codes

Ring-based codes can be decoded by decoding algorithms such as
syndrome decoding, iterative algorithms and algebraic algorithms, and take
advantage of the ring structure to enhance the error detection, the
correction efficiency and the computational performance.

Received Vector Model

r=c¢+e (18)

The received vector model is the simplest communication model
whereby noise is introduced during transmission of the codeword being
transmitted. The received vector (as represented in (Eq. 18)) is the
combination of the original codeword and an error vector, which
represents channel distortions. All the decoding strategies are based on this
formulation.

Syndrome Computation

s=HrT=HeT (19)
The syndrome computation (Eq. 19) converts the received vector with
the parity-check matrix to single out the error term. Valid codewords satisfy
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parity constraints in that the syndrome is only sensitive to the error and as
such is an effective error detector.
Decoding Condition Check
Il s Il < € forathreshold e (20)
Lastly, the check of the decoding condition (Eq. 20) is to test the
residual error is within the acceptable limit. In case the standard of the
syndrome is small enough, the decoding is regarded as being successful.

6. Results and Discussion
6.1. Mathematical Derivation and Performance Validation
Let C be a linear code over a finite commutative ring R, which is
contained in R". The Hamming distance is translation invariant, thus its
minimum Hamming distance is the minimum nonzero Hamming weight:
dmin = min{ wy:c € C,c # 0} (21)
If the Hamming distance between any two of the code's patterns is at
least d,,;;,hen the code is capable of uniquely correcting all of the code's
patterns with at most t symbol errors:

e =[] 22)

Proof: Suppose a received word r lies within Hamming distance t of two
distinct codewords c; and cp. By the triangle inequality, dy(1.2)<

dy(cty) T dy(rez) S 2t < dipyn contradiction. Therefore, Hamming balls
of radius t around distinct codewords do not overlap, establishing unique
bounded-distance decoding.

The experimental error-correction success rate and decoding accuracy
are defined by:

ECR (%) = (—fvvif) x 100 (23)
corrupte
NBXG.C
DA (%) = (#) x 100 (24)

Mean measured runtime is:
1
Tavg = (E) ?ilTi (25)
For the experimental protocol, encoding efficiency is defined as a ratio
of successful encoding operations from the total number of attempted
operations (for instance, a code rate k/n). These are various measures and
should not be confused. Equations (23)-(25) are used to calculate but do
not confirm the reported measurements.

Table 1 contrasts the field-based and the ring-based coding methods
based on the key performance measures.
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Table 1
Performance Comparison of Field-Based vs Ring-Based Codes
. Field-Based Ring-Based Proposed Ring
Metric Codes Codes Model
]EI{;S')or Correction Capability 825 89.7 943
Encoding Efficiency (%) 78.2 85.6 91.8
Decoding Accuracy (%) 80.4 88.9 93.6
Computational Complexity 185 142 108
(sec)

The proposed ring model is always top of all models and it has the best
error correction ability (94.3%), encoding efficiency (91.8) and decoding

accuracy (93.6).

The bounded-distance condition is:
2t + 1 < dpn- (26)

Table 2

Minimum Hamming Distance and Guaranteed Error-Correction Capability of

Different Coding Schemes

Code type Reported minimum Guaranteed
distance correctable errors
Linear codes 5 2
Cyclic codes 6 2
Constacyclic codes 7 3
Proposed ring-based codes 9 4

Values

) w:iing erciency )
Enc

B Field-Based Codes
mam Ring-Based Codes

Decd i

B Proposed Ring Mode!

Figure 2

Ring-Based Coding Performance Comparison
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Table 2 shows that, bounded-distance decoding, up to 4 symbol errors
are assumed to have been corrected, if the code is assumed to have been
constructed and its minimum distance is verified, as is reported.
Comparisons of the field and ring code classes should be made at specified
block lengths, alphabet sizes, code rates and channel conditions.

The results presented in Figure 2 demonstrate that ring-based codes
are better than the conventional methods of coding. It also minimizes the
computational complexity to 1.08s as compared to 1.85s in the field-based
codes. Figure 3 depicts that there is an increase in error correction and
efficiency among coding models.

80 T

)

e (o)
piticy €
on Cap? pecodin

racy (%) ity (sec)
gncodin g pect Comp!®

o Efficiency e
Comp utaﬂond

errof correct

—=— Field-Based Codes —=— Proposed Ring Model
Ring-Based Codes

Figure 3
Error Correction and Efficiency Trends Across Coding Models

The codes on rings show a great improvement compared to the old
systems, as they have the benefits of greater structural flexibility and
efficiency, and are, therefore, better suited to modern high-performance
communication systems with need of reliability and higher processing
speeds.

Table 3
Structural and Algebraic Properties Evaluation
Metric Linear Cyclic Constacyclic Proposed Ring-
Codes Codes Codes Based Codes
Algebraic
Flexibility Score 6.5 78 8.3 94
Minimum
Distance > 6 4 i
Redundancy
Level (%) 22 18.5 16.8 14.2
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Table 3 indicates that ring-based codes have structural benefits over
traditional linear, cyclic and constacyclic codes. The model proposed has
the maximum algebraic flexibility (9.4) and minimum distance (9), meaning
that the model is more resilient to errors. Figure 4 illustrates heatmap that
indicates excellent performances of ring-based codes.

Linear Codes
Cyclic Codes
Constacyclic Codes

Proposed Ring-Based

anf_e \_eve‘ (%}

ploe ahrait F\%‘“‘w‘% Sundd! ancy

18 20 22

Figure 4
Ring-Based Coding Structure Performance Heatmap

Also, it minimizes redundancy to 14.2, which enhances efficiency.
These findings affirm high quality structural optimization and performance
advantages.

7. Conclusion

In this paper, 1 will describe how ring-theoretic techniques are
effective in further developing error-correcting code design and analysis.
With the extension of classical field-based models to ring structures, a more
comprehensive set of codes with greater flexibility and structure richness is
obtained. The analysis of the linear, cyclic and constacyclic codes in rings
proves that the depiction of the algebra and error processing capabilities is
highly improved. Moreover, the structural analysis, such as duality,
decomposition and formulation in terms of modules can divulge more
information about the code behavior. Ring-based codes can also be
demonstrated to be practical in practice with the assistance of effective
decoding algorithms. These findings validate the idea that one path ahead is
to have solid, scalable and high-performance code systems based on ring-
theoretic designs.



RING-THEORETIC ANALYSIS 4223

References

(1]

(2]

(3]

[4]

[5]

(6]

[7]

(8]

[9]

[10]

N. Gassner, M. Greferath, ]. Rosenthal, and V. Weger, “Bounds for coding
theory over rings,” Entropy, vol. 24, no. 10, Art. no. 1473 (2022), doi:
10.3390/e24101473.

A. N. Alkenani, M. Ashraf, and G. Mohammad, “Quantum Codes from
Constacyclic Codes over the Ring Fq[ul,u2]/(u 12 -ul,u 2 2 -u2,ulu2-
u2ul),” Mathematics, vol. 8, no. 5, Art. no. 781 (2020), doi: 10.3390/
math8050781.

D. Camazo6n Portela and ]. A. Lopez Ramos, “Error-correcting codes on
projective bundles over Deligne-Lusztig varieties,” Mathematics, vol.
11, no. 14, Art. no. 3079 (2023), doi: 10.3390/math11143079.

G. G.Jadhav, P. D. Patil, and V. S. Kumbhar, “Signature verification system
using machine learning and image processing,” International Journal on
Advanced Computer Engineering and Communication Technology, vol.
14, no. 1, pp. 108-114 (2025), doi: 10.65521 /ijacect.v14i1.202.

H. Q. Dinh, H. L. Thi, and R. Tansuchat, “y-dual codes over finite com-
mutative chain rings,” Axioms, vol. 13, no. 10, Art. no. 655 (2024), doi:
10.3390/axioms13100655.

H. Bordbar, “Computational algebra, coding theory, and cryptography:
Theory and applications,” Axioms, vol. 13, no. 11, Art. no. 784 (2024),
doi: 10.3390/axioms13110784.

H.Kostadinovand N. Manev, “A general construction of integer codes cor-
recting specific errors in binary communication channels,” Mathemat-
ics,vol. 11, no. 11, Art. no. 2521 (2023), doi: 10.3390/math11112521.

M. Bras-Amords, “Ideals of numerical semigroups and error-correcting
codes,” Symmetry, vol. 11, no. 11, Art. no. 1406 (2019), doi: 10.3390/
sym11111406.

J. Ettayb, “Pseudospectra and condition pseudospectra of multivalued
linear operators on non-Archimedean Banach spaces,” Journal of In-
terdisciplinary Mathematics, vol. 28, no. 7, pp. 2439-2457 (2025), doi:
10.47974/JIM-1900.

P. Khobragade, G. Gandal, A. Somatkar, H. M. Panchabudhe, P. P. Ashok,
and B. Madaminov, “Heat transfer modeling using fractional differential
equations,” J. Interdiscip. Math., vol. 29, no. 3, pp. 749-756 (2026), doi:
10.47974/]IM-2511.



4224 R.S. M. JOSHITTA ET AL.

[11] A. Alahmadi, M. Altaiary, and P. Solé, “Cyclic codes over a non-commuta-
tive non-unital ring,” Mathematics, vol. 12, no. 13, Art. no. 2014 (2024),
doi: 10.3390/math12132014.

[12] A. L. Mufioz Castafieda, N. DeCastro-Garcia, and M. V. Carriegos, “On the
state approach representations of convolutional codes over rings of
modular integers,” Mathematics, vol. 9, no. 22, Art. no. 2962 (2021), doi:
10.3390/math9222962.

[13] M. Ashraf, A. S. Alali, M. Asim, and G. Mohammad, “($3,y)-skew QC codes
with derivation over a semi-local ring,” Symmetry, vol. 15, no. 1, Art. no.
225 (2023), doi: 10.3390/sym15010225.

[14] R. C. Poonia, R. Almakki, A. K. J. Saudagar, A. Altameem, and M. Alba-
than, “An optimization approach for real-time object detection in [oT
devices through edge computing and deep learning,” Journal of Infor-
mation and Optimization Sciences, vol. 45, no. 5, pp. 1465-1475 (2024),
doi: 10.47974/]J10S-1768.

Received April, 2026



