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Abstract

The elliptic curve cryptography is based upon the efficient scalar multiplication, which
directly affects the performance and security of a calculation. The article is an in-depth analysis
of the advanced techniques of multiplication of scalars to reduce time complexity and resource
consumption. It analyzes algorithmic optimization strategies, including, but not limited to,
precomputation techniques, windowing techniques and memorycomputation trade-offs. The
parallel processing and pipelining are addressed to enhance the throughput features of hardware
and software programs. The use of the GLV and GLS methods of endomorphisms are examined
with the aim of hastening the breakdown of scalars. The binary method and its computational
complexity is also taken into consideration along with the optimized point addition and doubling
algorithms in the context of the group law. According to the experimental findings, the time
spent on execution, the amount of energy used, and the scalability have improved positively,
which demonstrates the applicability of the proposed optimizations to the recent cryptographic
systems.

Subject Classification: 68P25.

Keywords: Elliptic curve cryptography, Scalar multiplication, GLV/GLS methods, Parallel
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I. Introduction

Elliptic Curve Cryptography (ECC) has become a critical component of
the existing secure communication systems, being able to provide a high
degree of security with an exceptionally small key sizes [1, 2]. The simplest
operation of ECC is scalar multiplication, the computation of kP, with k an
integer, and P a point on the elliptic curve [3, 4, 5]. This operation is the
most common in the overall computation cost of cryptographic algorithms
such as key exchange, digital signature and encryption [6, 7]. In this way,
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improving the performance of scalar multiplication is critical in improving
the performance of a system, particularly with resource-constrained
systems such as embedded systems and Internet of Things devices [8, 9]. A
number of algorithms have been proposed to maximize scalar
multiplication, including binary algorithms, window algorithms, and
precomputation algorithms, which are memory-speed tradeoffs [10, 11].

Select Optimization Strategy

|
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Update k, P 4‘\
»  Output Result Q
and Repeat Process Required?
equired?
Figure 1

Flowchart of Efficient Scalar Multiplication Techniques on Elliptic Curves

A more sophisticated method such as endomorphism-based
decompositions (GLV/GLS) is faster to compute the scalar, subdividing the
scalar into smaller components. Figure 1 illustrates an optimized process of
scalar multiplication, parallel processing. In addition, the good
implementation of point addition and point doubling are also significant
issues that influence performance.

II. Algorithmic Optimization Strategies

Algorithms Optimizations based on scalar multiplication, with
windowing, recoding and efficient arithmetic operations make trade-offs
between speed, storage and computational overhead between a set of
elliptic curve cryptographic algorithms [12].
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A. Precomputation Techniques and Memory Trade-Offs

Base points are pre-computed in multiples to accelerate repeated
calculations, with the cost of increased memory consumption, and is
particularly important when multiplication of fixed bases is required.

2
Pset = {P,2P,3P,...,(2¥ — 1P} = sqrt ( (Sum{2i=1 to (ZW—1)}||iPI|) +
(P xt + tz)zdt)) (1)

Equation (1) defines this precomputation set, and calculates multiple
times base point P, at the expense of additional storage and a reduced run
time.

2
- R 2

k = sumg_, to 1-1)(iejr 29°W) = sqrt((sum{jzow l_l}(kj*zj*w)) +

f01 ((k,- * 27 st 4 tz)zdt)) (2)

The scalar decomposition with windowing can be described as in
equation (2) where k is broken down into smaller functions and it can be
easily computed using fewer steps and more effective utilization of pre-
calculated values.

T(M) = sqrt ( (C‘;’%)Z + It + tz)zdt)) (3)

Equation (3) is the time-memory trade-off, which implies that the less
the memory assignment, the less the expenses of the computation, and the
performance efficiency of the optimized implementations are traded with
the needs of storage.

Opre = minsqrt ( (T(M)* + Mczost)z) + fol((T(M) *t + Meose * tz)zdt))
(4)

The optimization problem is presented in equation (4) and is to
maximize the total cost in terms of computational time and memory of
elliptic curve cryptographic system to achieve an optimum tradeoff of an
efficient scalar multiplication [13].

B. Parallel Processing and Pipelining Approaches

Parallelism distributes computations and pipelining overlaps
computation phases to implement much higher throughput and lower
latency in hardware and high-performance ECC implementations.

2
k = Sumg—1 ¢opy; = sqrt((sum{i=1mp}kiz) + fol((ki xt + tz)zdt)) (5)

An example of scalar partitioning is given in equation (5): k can be
decomposed into smaller, independent components, and can be
computationally partitioned to save time on the overall computation time
and to offer a more efficient processing.
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Q;=k;x P = sqrt(((ki * P)2)2 + fol (((ki * P)xt + t3)2dt)) (6)

Parallel point multiplication is defined by equation (6), with each
partitioned scalar ki separately computing Qi, to speed up the calculation by
running many computational units concurrently.

2 1
Qparatter = SUM(i=1 o plo; = sqrt((sum{izl to p}Qf) t fo (@t + tz)zdt))
(7)

Equation (7) represents concurrent execution, which sums up
autonomously determined partial outcomes Qi, and combines them
efficiently to achieve the final scalar multiplication outcome with lesser
latency.

2
S]‘ = sqrt < (Sum{izl to "}O{Zi,j}) + f()l ((O{lr]} *t + t3)2dt)> (8)

Equation (8) is a form of pipeline stages, where operations are
grouped into sequential processing units, and the execution can overlap
them to achieve maximum throughput and minimal idle time in
computational processes.

2
Lope = minsqrt ( (sum{jzlw m}sjz) + fol ((Sj *t + t3)2dt)) (9)

Latency optimization is (9), which minimizes the sum of pipeline stage
delays, and makes the scheduling and workload distribution efficient to
execute elliptic curve computations faster, in parallel.

II1. Use of Endomorphisms (GLV/GLS Methods)

GLV and GLS algorithms take advantage of curve endomorphisms,
breaking scalars into small parts, which allows multiplications to be done
simultaneously, and the overall complexity and execution time of the
computations to be scaled down effectively.

1
ko=kl+k2sd = sqrt<(k12+ (k2 % )?)? + f (el + k2x2) ¢t + tz)zdt)
0

(10)
P(P) = AP = sqrt ((APY)2 + [[((AP ¢t + t3)%dr)) (11)

Scalar decomposition is represented by equation (10) as an
endomorphism, where scalar k is set up as two smaller parts: k1 and k2* A.
This allows the computation to occur in parallel and is simpler.
Endomorphism mapping is defined in equation (11) and converts point PPP
into Y(P) Y(P) Y(P) to maintain the structure of the curves, and to allow
efficient scalar multiplication with algebraic symmetry and reuse of
computations.
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kP = k1+P + k2 xp(P) = sqrt(((kl*P + k2*¢(P))2)2+

IN (((k1 «P + K2« p(P)) *t + tz)zdt)) (12)

Equation (12) is a dual scalar multiplication that multiplies
decomposed terms k1Pk1Pk1P, and k2y(P)k2 \psi(P)k2 ¢(P) and has
fewer computation steps and is more efficient than traditional single-scalar
methods of multiplication.

QL = k1+P,Q2 = k2+p(P) = sqrt ((Q12+ Q22> + [((Q1+t +
Q2 +t%+ t3)2dt)) (13)

Parallel computation is modeled by equation (13), and it calculates
Q1Q_1Q1 and Q2Q_2Q2 separately and allows parallel calculation and high
performance by effectively using multi-core or hardware-accelerated
cryptographic implementations.

1 2
Eope = sart (((Q1 + 2%+ [ (((@1 + Q)+t + ¢2)°dt))  (14)
The optimization function, which is a combination of parallel results
Q1Q.1Q1 and Q2Q_2Q2, is defined in equation (14) so that the

computational overhead is minimal but the correctness and efficiency of the
processes of endomorphism-based scalar multiplication are ensured.

Cyrp = min sqrt < ((lfgln)z + (I:gzn)Z)Z + fol (((kl + k2) «t + t3)2dt)> (15)

Equation (15) is a complexity reduction goal, which minimizes the cost
of computation involving the use of logarithmic scaling of decomposed
scalars, which makes large elliptic curve cryptographic computations much
more efficient and scalable.

IV. Binary Method and Its Computational Cost

The binary method is a simple but more costly method of bit-to-bit
processing of scalars that uses point doubling and addition, starting with bit
0 and successively computing bit doubling and bit addition.

Q = O (point at infinity) = sqrit<(||0||2)2 + fol((O *t + t3)2dt)) (16)

Initialization is determined by equation (16), with result point Q
corresponding to identity element O, and with the appropriate
accumulation of result point Q in scalar multiplication, and with elliptic
curve group consistency.

Q = 20 = sqre (RO + [[(2Q *t + t9)2dD)) (17)

Equation (17) is iterative doubling and repeatedly, it is performed by
computing Q=2Q and is the basic operation of binary scalar multiplication,
and it is a major factor in total computational effort.
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The total computational cost as in equation (18) is the sum of doubling
operations D and additions A, doubling operations and additions
respectively, divided by the scalar length n, estimates the overall
complexity and performance of the execution of binary methods.

Copt = minsqrt ( ((Cl?in)z) + fol((cbin *t + tz)zdt)) (19]

The optimization objective in equation (19) is to minimize the
computing cost in binary, and it is achieved by eliminating redundant
calculations and enhancing this process with refined execution plans and
balanced operation planning systems.

V. Group Law: Point Addition and Point Doubling

The point addition and doubling operations in elliptic curve group law
have a very large effect on performance, and must be optimally designed to
reduce field operations and inversion costs.

Exy?’=x*+ax + b = sqrt(((x3 + ax + b)?)? + fol((x *t + tz)zdt))

(20)
The elliptic curve equation is defined by equation (20), and all valid

points of the curve are guaranteed to fulfill the algebraic structure, which is
the basis of generating secure and efficient cryptographic operations.

x3 = 22— x1 — x2, (21)
y3 = Axl — x3) — y1 = sqrt(((sz + y339)H)? + fol((x3 *t + y3 * tz)zdt))
(22)

Equation (21) is the x-coordinate of the resultant point, which is
obtained by the use of the slope value to assure accurate horizontal location
after the point addition operation of elliptic curve. Y-coordinate of resultant
point is calculated using equation (22) to complete point addition process,
to make sure that the resultant point satisfies the elliptic curve equation
and group closure property.

Gope = min sqrt ( ((22 + x32+ y39)2)2 + fol((l *t + x3xt2+ Y3« t3)2dt))

(23)

The optimization objective, which should be minimized in equation

(23), is the combination of slope and coordinates, which enhances

computational efficiency and reduces the complexity of repeated operations
of elliptic curve groups.



4328 B. S. PANIGRAHI ET AL.

VI. Result and Discussion

The experimentation has been performed and the Findings presented
show that using optimization methods can lead to efficiency with shorter
execution times, less energy use, and increased scaling than traditional
scalar multiplication methods in ECC systems.

Table 1
Performance Analysis
Metric Binary | Windowed | GLV/GLS Opi;;lil;; d
Method Method Method p
Method

Scalar Multiplication Time 158 106 74 59
(ms)

Number of Point Additions 160 112 84 78
Number of Point Doublings 256 192 128 128

As shown in Table 1, sophisticated techniques are much more efficient
than the binary method. Figure 2 compares the ECC scalar multiplication
techniques pointing out on the efficiency gains.

250-
200
§150-
32
3
100
50-
° Binary wWindowed GLV/GLS Parallel
Methods
Time {ms) Point Doublings
Point Additions

Figure 2
Comparative Analysis of Scalar Multiplication Methods in ECC

There are significant improvements in the time of scalar multiplication
as it reduces to 5.9 ms, as compared to 15.8 ms. In the same manner, the
addition of points and doubling are minimized, minimizing the
computational load.
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Figure 3
Performance Trend of ECC Scalar Multiplication Techniques

Figure 3 presents the rate of improvement in performance of ECC
scalar multiplication techniques. GLV/GLS and parallel have more
optimization, reducing the number of operations, which leads to faster
performance and high-performance scaling of elliptic curve cryptographic
implementations.

VII. Conclusion

Efficient scalar multiplication is one of the key concerns when it comes
to improving the performance of elliptic curve cryptography systems. This
paper has discussed major methods of optimization, such as
precomputation methods, paralleling methods, pipelining, endomorphism-
based methods like GLV and GLS. The trade-offs between the computational
cost and the memory usage were also pointed out in the analysis, especially
in windowing and fixed-base methods. Moreover, the significance of
maximizing the point addition and doubling operations in the group law
was highlighted. Through experimental observations, it has been found that
a combination of various optimization strategies will dramatically cut down
the execution time and enhance the scalability. The improvements are
particularly useful in environments that are resource-constrained, allowing
cryptographic operations to be performed faster and more energy-
efficiently and providing high security measures in contemporary
communication and distributed systems.
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