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Abstract
Conventional cryptographic systems such as factorization and discrete logarithm problems 

are threatened by the quick development of quantum computing. This paper offers a thorough 
study of number-theoretic problems and structures underlying post-quantum cryptographic 
protocols based on modular arithmetic, algebraic structures, lattices and computational 
hardness assumptions. The research is based on the mathematical problems of Learning with 
Errors (LWE) and Short Integer Solution (SIS) which are used for secure quantum-resistant 
encryption, digital signature and key exchange mechanisms. In secure communication scenarios, 
a framework of structured protocol is analyzed, which combines lattice-based operations and 
modular polynomial transformations. Experimental comparisons show that these schemes are 
not only practically efficient in computation but also have a level of security greater than 95% 
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against the quantum attack, both for the LWE and SIS schemes. The results point towards the 
scalability, robustness and future applicability of number theoretic post quantum cryptographic 
systems.
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I. Introduction  
The rapid evolution of quantum computing poses a threat to classical 

cryptography systems, notably cryptographic systems based on integer 
factorization problems and discrete logarithm problems [1, 2]. Quantum 
attackers can efficiently attack popular schemes, such as RSA and ECC, with 
algorithms such as the Shor algorithm [3]. It implies that there is an urgent 
need to devise cryptographic protocols that are not weak against the 
availability of quantum computational capabilities [4, 5]. Post-quantum 
cryptography defeats this issue by taking recourse to mathematically hard 
problems that are believed to be resistant to both classical and quantum 
attacks. Among the various methods, number-theoretic foundations have 
significance in the construction of resilient and scalable cryptographic 
primitives [6, 7]. Their mathematical basis is in terms of concepts such as 
modular arithmetic, theory of prime numbers and algebraic structures, 
such as rings, fields, and lattices [8, 9]. In particular, lattice problems 
(including Learning with Errors (LWE) and Short Integer Solution (SIS)) 
have gained popularity due to their high level of security and capability to 
be implemented in protocol design [10, 11]. This paper shares these 
principles foundations and how they have been applied in designing secure 
post-quantum cryptography protocols. 

II. Mathematical Preliminaries 
The computational background of cryptographic constructions 

includes mathematical preliminaries like modular arithmetic, theory of 
primes, theory of residues and algebraic structures like rings, fields and 
lattices [12]. 

A. Fundamentals of number theory (modular arithmetic, primes, residues) 
Modular arithmetic establishes the congruence relations, primes 

provide factorization hardness and quadratic residues provide the 
organization of calculations, which are the foundations of secure arithmetic 
operations in the design of cryptographic protocols. 

     (      )√*( (        )   )   ( (        )(       )
 )+    (1) 
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It is formulated by starting with Eq. (1) in which modular residues and 
square terms of the prime are summed using a modular initiation that is 
prime-based and uses an integral to construct a normalized arithmetic 
model of cryptographic calculations.  
   ( )    (      )(     (        ) (  ))

           (2) 
The residue mapping of (Eq. 2) combines the totient function of Euler, 

which models cyclic group action, and enhances the modular 
transformation properties of the function needed to provide security in 
mappings. 

   ( )    (      )√[(  ( )    )    (        )(       )]   (3) 

Eq. (3) uses modular exponentiation based on Fermat, which puts 
exponentiation under modulus into an integral form, manifesting 
periodicity and computational difficulty in finite field. 

    √*  (      )( (        )(          ) )      (        )(     )
 + 

   (4) 
Switching to the form of Eq. (4) the residue aggregation of polynomials 

is a combination of terms of a modular polynomial with a product of primes 
and increases the complexity of the structure and the difficulty of the 
factorization-based attack. 

 ( )    (      )√*( (        )      (        )(        )
 )+          

   (5) 
Lastly, the composite modular structures are assessed by taking the 

product of the sum of the squared variables and the sum of the modular 
reductions which are integrated (Eq. 5) to obtain one single measure of 
arithmetic consistency and nonlinearity. Collectively, these equations model 
operations in layers of number theory that are important in the design of 
secure and quantum-resistant. 

B. Algebraic structures (rings, fields, lattices) 
Rings and fields allow to perform arithmetic operations in a structured 

manner, and lattices give a geometric model of vectors, which can be used 
to make complex assumptions needed to build quantum-resistant 
cryptographic primitives and schemes. Figure 1 depicts rings, fields, lattices 
that allow safe cryptographic structures. 

Polynomial Ring Construction and Norm Evaluation 

     (      )√*( (        )    )   ( (        )    )
 +     (6) 
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Figure 1 

Algebraic Structures (Rings, Fields, and Lattices) for Cryptographic 
Foundations 

 
The algebraic model starts with the equation (6), and the construction 

of the ring of polynomials that combines the squared expressions of 
polynomials, including the norm evaluation and the structural consistency 
of the elements of the ring.  

   ( )   √*  (      ) (( ( )    ( ))   ( ( )    ( )) )    +  (7) 

In a combination of addition and multiplication in an integral 
arrangement, field operation closure is analyzed in the framework of 
algebraic completeness and consistency of the field operations in an 
equation, which is in form of Equation (7). 

       (      )√[( (        )    )    (        )(       )]   (8) 

The lattice vector expansion as in Eq. (8) is a linear combination of 
basis vectors which is integrated up to replicate the geometry structure and 
norm properties needed to do lattice-based cryptography. 

 ( )   √*  (      ) ( (        )(      )   ( (        )    )
 )    +   

   (9) 
In the field combination equation (Eq. (9)) binary field combination is 

a binary algebraic interaction and nonlinearity in binary space expressed as 
XOR operations and inner products. 
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 ( )   √*  (      ) ( (        )(         ( ))
    (        )   )    +  

   (10) 
Finally, the representation of polynomials as finite fields is brought 

down to a smaller irreducible polynomial (Eq. (10)) that ensures finite 
representation and uniqueness of objects. All that gives one algebraic 
foundation of the construction of secure, structured, and quantum-resistant 
cryptography. 

III. Number-Theoretic Hard Problems for Post-Quantum Security 
The quantum resistant security foundation, which is founded on 

computational intractability, provides security guarantees of 
confidentiality, integrity and robustness in cryptographic systems on hard 
problems such as LWE and SIS. 
         
  (      )√[( (        )    )    (        )(       )]        (11) 

LWE-based hardness is designed by beginning with the formula in 
(11) with instance generation being a combination of matrix-vector 
multiplication, noise embedding, which are jointly learned to learn 
distributional complexity with modular constraints.  

     ( )   √[  (      )((       )    (        )   )   ] (12) 

Existence of deviation of exact solutions in the form of noisy linear 
equations given by Eq. (12) is ensured to render the problem intractable to 
computing due to the hardness of the problem. 

    √[  (      )( (        )(         )    (        )   )   ] (13) 

A hash-like compression scheme via modular linear mappings in the 
form of a hash scheme is introduced in Eq. (13) that preserves structure 
and scramles underlying vectors. 

       (      )√*( (        )(        ))   (       ) +     (14) 

In the equation (14), coupling of secret and error vectors as integrated 
norms are examined and this equation illustrates the way that noise hides 
the secret and boosts security. 

    √*  (      ) ( (        )(       )    (        )(    )
 )    +  

   (15) 
Finally, a modular vector hardness metric (Eq. (15)) is a numerical 

metric of the hardness to attacks which is a composite of squared modular 
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elements and linear transformations. These formalizations combine to 
formulate the mathematical problem of LWE, and serve as a foundation to 
quantum-resistant cryptographic schemes and protocols. 

IV. Protocol Design Using Number-Theoretic Foundations 
To construct quantum-resistant encryption, authentication, and key 

exchange protocols, the principles of number theory can be combined to 
unite hardness assumptions, algebraic geometry, and efficient 
computations to form the basis of the protocols. 

     (      )√[( (        )      )    (        )(       )]    (16) 

The protocol design commences with the first equation: (16), as the 
key generation uses secret vectors with prime components whereby the 
square terms are combined to provide randomness, diffusion and structural 
strength in key generation.  

    √[  (      )((           )    (        )  
 )   ]      (17) 

The encryption in the lattice-based linear transformation in the form 
of a lattice-based message encryption is represented as in the Eq. (17), 
where the message, secret, and noise are all multiplied together, and where 
the integration of complexity is desired and the indistinguishability of the 
ciphertext is guaranteed by the modularity. 

    √[  (      )( (        )( ( )     )    (        )   )   ]  (18) 

The digital signature generation algorithm defined in Eq. (18) is based 
on the outputs of hash functions and short vectors, and it is compact, yet 
has a strong binding property between the message and signature. 
       (      )√[(     ( ) )    (        )   ]    (19) 

In the equation (19), the signature verification is used to test 
consistency with the square signature and hash values, proving consistency 
and anti-forgery. 

      √[  (      )( (        )(        )     )   ]  (20) 
Lastly, Eq. (20) obtains a secure session key by combining both key 

and ciphertext elements, and blending them to ensure integrity and 
confidentiality. All of these equations together create a complete structure 
of secure, efficient and quantum-resistant implementation of cryptographic 
protocols. 

A. Hybrid Ring-LWE and SIS-Based Protocol Design 
The hybrid protocol that is proposed combines the concepts of Ring-

LWE encryption and SIS-based authentication in a single lattice 



3834� O. AL RAWI

cryptographic framework. The operations of Ring-LWE enable the 
generation of quantum-resistant ciphertexts based on modular polynomial 
transformations and Gaussian-noise embedding, whereas short lattice-
vector constructions are used for the authentication integrity and non-
forgeability of quantum-resistant signature mechanisms based on SIS. The 
hybrid architecture enhances the signature forgery resistance, key recovery 
security and computational security for quantum attackers, and also 
provides confidentiality and scalability. The computational efficiency of the 
module reduction approach and the choice of a suitable lattice parameter 
further improve the ciphertext in distinguishability and computational 
efficiency of secure post-quantum communication systems. 

Algorithm 
Input: Plaintext message m 
Output: Ciphertext c and signature z 
1.  Generate random polynomial a 
2.  Sample secret key polynomial s 
3.  Generate Gaussian error vector e 
4.  Compute ciphertext: 

    (           )       
5.  Compute message hash H(m) 
6.  Generate short signature vector z 
7.  Compute: 

       ( )       
8.  Transmit {c, z} 
9.  Receiver verifies signature consistency 
10.  Recover plaintext using secret key s 

B. Security Analysis 
The security of the proposed hybrid protocol is based on the hardness 

of Ring-LWE and SIS lattice problems which are both believed to be hard for 
polynomial time attacks on classical and quantum computers. The security 
of Ring-LWE is based on the hardness of computing gaussian errors and 
that of SIS is based on the hardness of short vector problems. The hybrid 
design enhances the lattice reduction attack resistance such as BKZ and 
Quantum assisted Key Recovery techniques. 

V. Result and Discussion  
The proposed Hybrid Ring-LWE and SIS protocol was tested using 

Python 3.11, SageMath running on an Ubuntu 22.04 on an Intel Core i7 16G 
RAM processor. Experimental evaluation was done with n=256, q=3329, 
and sampling parameters for the discrete Gaussian noise based on the NIST 
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Level-3 post-quantum security recommendations. The protocol 
performance was compared with the schemes RSA, ECC, standalone Ring-
LWE and SIS regarding its encryption latency, verification time of its 
signatures, computational overhead, and resistance to quantum attacks. 

Table 1 shows that the traditional schemes like the RSA and ECC have 
low encryption and decryption time but significantly lower security level. 

 
Table 1 

Performance Comparison of Post-Quantum Cryptographic Schemes 

Scheme Type Encryption 
Time (ms) 

Decryption 
Time (ms) 

Security 
Level (%) 

RSA (Classical) 3.2 5.6 65.4 
ECC (Classical) 2.8 4.9 68.7 
LWE-Based Scheme 4.5 4.8 96.3 
SIS-Based Scheme 4.1 4.6 95.7 

 
Comparatively, the LWE and SIS-based schemes have a slightly, 

marginally higher, computational cost but offer much higher level of 
security, over 95%. Figure 2 compares the performance of classical and 
post-quantum schemes and their security. 

 

 
Figure 2 

Performance Comparison of Classical and Post-Quantum  
Cryptographic Schemes 

 
This is an extreme trade-off of post-quantum algorithms resistant to 

quantum attacks and with a reasonable efficiency of performance to 
implement cryptographic protocols in practice. 
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Table 2 
Security and Efficiency Metrics under Attack Models 

Metric 
Classical 
Systems 

(%) 

LWE-
Based 

(%) 

SIS-
Based 

(%) 

Hybrid 
PQC (%) 

Quantum Attack Resistance 12.5 95.8 94.6 97.2 
Key Recovery Success Rate 
(Attack) 78.3 3.4 4.1 2.6 

Computational Overhead 35.2 62.8 59.4 66.1 
Scalability Index 68.4 88.7 86.9 91.2 

 

 
Figure 3 

Comparative Analysis of Quantum-Resistant Cryptographic Schemes 
 
Table 2 presented the classical systems are very susceptible and with 

very low quantum attack resistance and high key recovery success rates. In 
comparison, LWE, SIS and hybrid PQC schemes are highly resistant of more 
than 94 % and low success rates of attacks. Figure 3 makes a comparison 
between quantum resistant schemes that emphasize on security, efficiency 
differences, and scaling. Post-quantum algorithms incur higher 
computational burden, but are more scalable. Hybrid PQC is the most 
balanced method that is more secure and scalable in the future 
cryptography implementation. 

Table 3 shows that the proposed Hybrid Ring-LWE and SIS protocol 
has the highest overall security and quantum attack resistance as compared 
to the classical RSA, ECC and lattices only. The signature verification 
efficiency is marginally lower as this involves some lattice operations that 
are included in the framework; however, the framework has a greater 
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computational strength and improved efficiency of signature verification. 
The results validate the effectiveness of the proposed approach of using SIS-
based authentication in addition to Ring-LWE confidentiality for scalable 
and secure post-quantum cryptographic communication environments. 

 
Table 3 

Performance Analysis of Proposed Hybrid PQC Protocol 

Scheme Security 
(%) 

Encryption 
Time (ms) 

Signature 
Verification 

(ms) 

Quantum 
Attack 

Resistance (%) 
RSA 65.4 3.2 2.9 12.5 
ECC 68.7 2.8 2.4 18.7 
Ring-LWE 95.8 4.5 3.8 95.8 
SIS 94.6 4.1 3.5 94.6 
Proposed Hybrid 
Protocol 97.3 4.7 3.2 98.1 

VI. Conclusion  
The paper has discussed the number-theoretic foundations of the post-

quantum cryptography protocols, and their importance to the security in 
the face of new threats of quantum computing. The study identified how 
these mathematical concepts are useful in the development of resilient 
cryptographic systems through the analysis of simple concepts such as 
modular arithmetic and algebraic structures as well as lattice theory. 
Learning with Errors (LWE) and Short Integer Solution (SIS) were 
considered as hard problems and addressed as basic assumptions of 
security, and these are highly resistant to classical and quantum attacks. 
Furthermore, there is the integration of these principles with the protocol 
design which demonstrates their usefulness in the encryption, key 
exchange as well as digital signatures in real life.  
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