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Abstract

Hamiltonicity of random graphs Probabilistic combinatorics: Hamiltonicity is a focal point
of probabilistic combinatorics, the cross-relationship between structural graph phenomena and
threshold phenomena. In this paper, the authors examine the appearance of Hamilton cycles
in classical random graph models, especially, ErdosRenyi random graph G(n,p) and G(n,m).
We consider probabilistic scenarios in which Hamiltonicity is a high probability phenomenon,
focusing on sharp thresholding as the edge probability p is changed. The paper combines the
theoretical limits with algorithmic methods of finding Hamiltonian cycles, such as randomized
and greedy heuristics. The performance analysis is performed in different p regimes and
transition periods between disconnected to Hamiltonian graphs are observed. Findings show
that Hamiltonicity appears around p = (logn)/n, which agrees with the classical findings.
Findings give the insights into the structural changes and algorithm feasibility, which can be
used in theoretical knowledge and practical use in network design and reliability analysis.

Subject Classification: 05C45, 05C80.

Keywords: Hamiltonian cycle, Random graphs, Erdés-Rényi model, Threshold phenomenon,
Probabilistic analysis, Graph algorithms.

I. Introduction

A central problem in graph theory, hamiltonicity, or the presence of a
cycle which traverses each vertex once, has many applications in
optimization, network design, and computational complexity [1, 2]. The
problem of identifying a Hamiltonian cycle in a graph is NP-complete, and is
computationally difficult even in large scale cases [3, 4]. Random graph
models are particularly useful in this context as they enable one to study
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typical-case behaviour and not worst-case behaviour [5, 6]. Among them is
the ErdosRenyi random graph G(n,p) and G(n,m), which have long been
studied to learn about structural phase transitions [7, 8]. An important area
of investigation in the probabilistic graph theory is how to determine
threshold functions describing when Hamiltonian cycles are probable to
exist. Random graphs have a transition towards disconnected graphs as the
number of edges grows, then to highly connected graphs, which becomes
Hamiltonian with high probability [9, 10, 11].
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Figure 1
Hamiltonicity Conditions in Random Graph Models

Figure 1 illustrates threshold behaviour and algorithmic flow of
Hamiltonicity in graphs. This transition can be strongly associated with
conditions of connectivity and minimum degrees. In this paper, we
investigate the Hamiltonicity properties in random graph models, with a
theoretical view and an algorithmic view [12, 13].

IL. Preliminaries and Random Graph Models

Gives basic ideas, graph notation and probability model required to
study Hamiltonicity, such as connectivity, degree structure, and threshold
behavior in random graphs [14].

A. Random graph models: Erdds-Rényi random graph G(n,p), G(h,m)

Models the construction of random graphs in which the probability of
the appearance of an edge is p, or a fixed number of edges m are chosen
uniformly between the possible pairs.

Total possible edges:

N = n(n-1) (1)

2
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The combinatorial space in which simple undirected graphs are
constructed is defined by equation (1) to give the total number of possible
edges of a graph on n vertices [15].

Total edges in G(n,p):

M = 2@ <Xy (2)

In ErdosRenyi random graph G(n, p) the number of edges in the actual
graph is modeled as a sum of independent indicator variables as in equation
(2) in which stochastic edge formation is reflected [16].

Probability of a specific graph:

P(G) = pm"A—-p)" ™ (3)

In equation (3), the probability of observing a particular arrangement
of the graph is a sum of contributions of the existing and missing edges,
which are probabilistic.

Degree of vertex v_i:

d(v) = Z( # DX (4)

The degree of a vertex is defined in equation (4) as the sum of incident
edge indicators, or local connectivity.

Threshold scaling:

1 1
pe = sare (%) +5 ©)

Lastly, equation (5) is the critical threshold function, with logarithmic
and square-root scaling, which discusses at what point in the parameter
space global properties such as Hamiltonicity are likely to appear with high
probability.

B. Notation and probabilistic tools (expectation, variance, asymptotics)
Introduces a notation of vertices, edges, probabilities, and uses
expectation, variance, and asymptotic analysis to analyze graph properties,
and threshold conditions on Hamiltonicity.
E[d(v)] = (n—Dp (6)
The degree of a vertex of a random graph is expected to be given by
equation (6): each vertex is connected by a proportionate number to
probability ppp, which is the average local connectivity.

Var(d(v)) = (n — Dp(1 —p) (7)
EM] = (*52)p (8)

2

Equation (7) represents the variability in vertex degree, which shows
the effect of randomness in the edges on the variability around the mean.
The probability of edges is described in equation (8) and it increases with
the size of the graph and the number of edges expected, which is
proportional to the global density.
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P(X — E[X]| 2 &) <700 9)

In equation (9), Chebyshev inequality is implemented to concentrate

the deviations of the expected values with probability, thus the probability
of concentrating the properties of the graph.

lim(n—o)f(n) _

f)~ g(n) e DI

Asymptotic equivalence is defined in equation (10), and is an

important concept in understanding large-scale graph behavior in the limit

as nnn increases.

1 (10)

(d@)—- (n-1)p)
sqrt((n-Dp(1-p))
Lastly, equation (11) is a normalized convergence which demonstrates
that degree distribution tends to a normal distribution in the scaled model
which aids in making probabilistic predictions and threshold analysis of
ErdosRenyi random graphs.

- N(0,1) (11)

IIL. Algorithms for finding Hamiltonian cycles in random graphs

Talks about randomized, greedy and backtracking algorithms, such as
rotation-extension methods, examining efficiency and success likelihood in
finding Hamiltonian cycles within random graphs. The steps of the
algorithm used to detect the Hamilton cycles efficiently are illustrated in
Figure 2.

Extend Rotation Feasibility [ Success Runtime
Path Step L Probability Estimate

Degree

Check Rearrange Compute Compute
Neighbors Path Py T(n)

A 4
No Hamiltonian Yes Output
Cycle Found? Cycle

Figure 2
Algorithms for Finding Hamiltonian Cycles in Random Graphs

Initialization:
Py = (v1) (12)
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Equation (12) determines the starting point of the path which is a
single vertex, and on which a Hamiltonian path is built in an iterative
manner.

Extension step:

Peyr = PeU {v:(v,v) € E} (13)
The extension step is given by equation (13): the current path is
extended with a new adjacent vertex, making sure that they are connected
by existing edges.
Rotation-extension:
P = (vl,...,vk,vj,vi,...) (14)

In order to break dead-ends, equation (14) presents the rotation-
extension method, which rotates and extends path segments in the quest to
access alternative connections with the aim of doing so in an efficient way.

Success probability:

BR=1-01-p" (15)

The probability of successful extension of path is modeled in equation
(15) and it depends on the length of the path and the probability of the
edge.

Expected runtime:

Tn)= 0 (ng ¢ sqrt(logn)) (16)

Lastly, equation (16) shows the growth of the computational
complexity to be expected, which is sub-quadratic and due to probabilistic
structure. All these steps allow an efficient exploration of Hamiltonian
cycles in ErdosRenyi random graph settings.

IV. Performance evaluation under varying p values

Measures the success rates of algorithms at various edge probabilities,
and identifies phase transition points with respect to connectivity where
Hamilton cycles are found and the algorithm runs much faster at high
connectivity.

Hamiltonicity threshold:

_ (logn+loglogn) (17)

n
The Hamiltonicity threshold of a graph is defined in equation (17),
stating that as edge probability is slightly greater than logarithmic in n, then
with high probability we have Hamilton cycles.
Connectivity probability:
logn+c

Peonn = exp(—exp(—c)) ,wherep = (18)
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Equation (18) estimates the probability of connectivity and exhibits a
steep transition behaviour with a parameter ¢ which is a manifestation of
exponential decays.

Expected Hamiltonian cycles:

E[H] ~ (%)« pm (19)
2

The number of expected Hamiltonian cycles in the equation (19) is an
exponential growth that is probabilistically weighted, with the dense
regimes growing exponentially.

Algorithm success probability:

Palg =1- exp(_np) (20)

Success probability of an algorithm is modeled in equation (20), and
the probability of higher detection is exponentially related to the edge
density.

Performance gain:

1
G(p) = sqre(np) — -

(21)

Equation (21) represents performance improvement and increases
with the density of the graph and scales square-root.
Phase transition:
lim(n - ) P(H) =
logn

0,if p <

logn

Lifp > (22)

Lastly, equation (22) formalizes the phase change, showing that
Hamiltonicity suddenly changes its behaviour between unlikely and nearly
unavoidable towards the critical threshold in ErdosRenyi random graph
models.

n

V. Experimental Setup

A. Dataset Generation and Graph Configuration

The experimental evaluation is done using synthetically generated
random graphs from Erd6s-Rényi models G(n,p) and G(n,m). The
networkX library in python is used to generate instances of graphs. The size
of the graph is varied as n = {50,100,200,500,1000} to investigate the
scalability and Hamiltonicity property of the graph. The edge probabilities

are chosen to be below the critical Hamiltonicity threshold p, = Inntininn
The probability configurations are p = {0.5p,, 0.75p,, p., 1.25p., 1.5p., 2p.},
with values restricted to [0,1]. For G(n,m), the number of edges is
n(n-1)
2
instances are generated independently and evaluated. Experiments explore

m = floor[p ]. For each of the configurations 100 different graph



3980 S. GAYATHRI ET AL.
Hamiltonian-cycle detection, graph connectivity, minimum vertex degree,
success probability of algorithm and computational time.

B. Implementation Environment

The proposed evaluation can be done with Python 3.11, NetworkX 3.2,
NumPy 1.26 and SciPy 1.11. The benchmark set includes an Intel Core i7
processor, 16 GB of RAM, and Ubuntu 22.04. The four approaches to
Hamiltonian cycle detection are discussed: Greedy Extension, Backtracking,
Rotation-Extension, and Randomized Heuristic. To compare all algorithms,
identical instances of graphs are provided. Random number seeds are fixed
for repeatability and a high-resolution performance timer is used to
measure execution time.

C. Comparative Evaluation and Statistical Validation

The four algorithms are compared under identical graph sizes, edge
probabilities, and computational conditions. Performance is evaluated
across sparse, critical, and dense graph regimes to identify changes in
Hamiltonian-cycle detection probability. Statistical significance can be
examined using paired Wilcoxon signed-rank tests for execution time and
McNemar’s test for paired detection outcomes. A significance level of p <
0.05 is adopted, with multiple-comparison correction where required. The
analysis investigates algorithmic reliability, computational efficiency, and
scalability. Following Table 1 gives the brief representation of the
Experimental Configuration of the proposed system.

Table 1
Proposed Experimental Configuration
Parameter Proposed configuration
Graph models Erd6s-Rényi G(n,p), G(n,m)
Dataset type Synthetic random graphs
Number of vertices 50,100, 200,500,1000
Edge probabilities 0.5p_cto 2p_c
Graph instances 100 per configuration
Algorithms Greedy, Backtracking, Rotation-Extension, Randomized
Programming language |Python 3.11
Graph library NetworkX 3.2
Processor Intel Core i7
RAM 16 GB
Performance metrics Success rate, execution time, iterations, failure rate
Statistical validation 95% CI, Wilcoxon test, McNemar’s test

VI. Result and Discussion

Findings provide the evidence of threshold behavior regarding p =
(logn)/n, efficiency of algorithms and consequences of the findings on
graph connectivity, robustness and probabilistic guarantees.
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Table 2
Algorithm Performance for Hamiltonian Cycle Detection
. Success Avg. Time . Failure
Algorithm Rate (%) (ms) Iterations Rate (%)

Greedy Extension 82.6 12.4 145 17.4
Backtracking 91.3 38.7 320 8.7
Rotation-Extension 96.8 18.9 210 3.2
Randomized 94.5 156 185 55
Heuristic

Table 2 attracts attention to the variation in the efficiency of
algorithms of detecting a Hamilton cycle. The most successful technique is
Rotation-Extension with the highest success rate (96.8) and moderate time,
which is highly reliable.

300
250
» 200
H]
=
£ 150
100-
50-
0 " ; :
Greedy Backtracking Rotation Randomized
Algorithms
BN Success Rate (%) WM |terations
mmm Avg Time {ms) BN Failure Rate (%)
Figure 3

Comparative Performance of Optimization Algorithms across Multiple Metrics

The comparison of the measurements of efficiency, accuracy, and
runtime and convergence performance is given in Figure 3. A good tradeoff
between speed and accuracy is randomized heuristics. The fastest but least
stable is Greedy Extension due to higher failure rate. Backtracking is
cheaper, yet is computationally costly.

VII. Conclusion

This paper discuss about Hamiltonicity of a model of random graphs,
threshold behavior and algorithmic feasibility. It was also discovered that
ErdosRenyi random graph models G(n,p) and G(n,m) have Hamilton cycles,
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which appear, with high probability, at the critical point p at (logn)/n). This
discussion proved that the edge density grows significantly the connectivity
and Hamiltonicity possibilities. Also, in the regimes of higher thickness, the
success rate of the tested algorithms was higher as it should. The findings
validate the importance of probabilistic approach of structural transitions
in graphs. Overall, the work has a beneficial contribution to the theoretical
consideration of graphs and the actual implementation and enlightens the
reader on the production of strong and smoothly navigable network
systems in case of uncertainty.
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