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Abstract

Cryptographic systems are transparent to achieve trade-offs between high security and
verifiability and interpretability, and do so through the use of rigorous algebraic structures.
The paper gives a single algebraic framework that combines the theory of groups, finite field
theory, ring theory and lattice theory to construct transparent and auditable cryptographic
mechanisms. The offered framework codifies encryption and decryption procedures with the
help of the mappings of polynomials and structured transformations of algebras, which allows
tracing them without any loss of confidentiality. The mathematical preliminaries form a basis
to build safe primitives, whereas the framework design focuses on modularity and scalability
as well as classical and quantum attacks. The method increases the transparency of the system
by making it possible to obtain formal verification of the operations and structural consistency
checks. Experimental analysis shows high efficiency, less ambiguity in computations and high
resistance to adversarial models. The findings point to the fact that it is possible to achieve
algebraic transparency with high security, which will enable next-generation cryptographic
systems in distributed, regulated, and privacy-sensitive systems.

Subject Classification: 94A60, 68P25.

Keywords: Algebraic cryptography, Transparent security, Finite fields, Lattice-based cryptography,
Polynomial algebra, Verifiable encryption.

I. Introduction

The fast development of digital systems has accelerated the necessity
to have cryptographic mechanisms that not only provide security, but also
transparency and verifiability [1, 2]. Conventional cryptographic designs
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are mainly concerned with confidentiality and integrity, and typically are
opaque systems, which are not easily interpretable [3]. Nevertheless, new
uses in regulated systems, distributed systems, and privacy preserving
technologies require structures in which cryptographic functions can be
audited and mathematically proved, without the exposure of sensitive data
[4, 5, 6]. In Figure 1, it is illustrated that layered algebraic modules
guarantee transparency, security and efficient cryptographic
transformations. Algebraic schemes provide a formal and rigorous way of
creating such transparent cryptography systems [7, 8].
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Figure 1
Algebraic Framework Architecture for Transparent Cryptographic Systems

Using the mathematical concept of groups, rings, finite fields and
lattices it is now possible to formalize and analyzable represent encryption
and decryption processes [9, 10]. They can be traced, checked for
consistency and resistant to adversarial attacks, such as those of quantum
computing paradigms, using such algebraic representations [11]. The
author will introduce a holistic algebraic model in this paper which will
involve different areas of mathematics in a manner that will guarantee both
security and transparency [12].

II. Mathematical Preliminaries

Provides the elementary algebraic data required to achieve secure and
verifiable cryptographic constructions, including structured operations,
discrete mathematics, and formal properties including consistency,
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correctness and resistance to computational and adversarial attacks [13],
[14].

A. Group Theory and Finite Fields

The group theory defines the closed algebraic operations and the
modular arithmetic is realised by the finite fields that in turn enable the
secure transformations, key operations together with the effective
cryptographic primitives whose sound mathematical guarantees.

glog2 = sqrt((gl + g2)* + [ (0to1)(glt + g2t?)dt) (@))]

Operation mapping of closure and operation that are presented in the
form of the equation (1) characterizes a composite group operation that is
the sum of the algebraic addition and nonlinear transformation that is
grounded on the utilization of integrals. This ensures closure through the

inclusion of linear and continuous elements and adding complexity to the
structures.

gog™ = sqrt(e* + [ (0to1)(g*t + gt?)dt) (2)

This can be generalized to identity and inverse terms in eq. (2) with
the interaction between g and g -1 given thus: the properties of groups are
preserved and balanced with the integrals making it consistent with the
identity element e.

a @ b = sqrt((a + bmod p)*+ [ (0to1)(at + bt3)dt) (3)

Finite field addition is a type of addition process where instead of
modular arithmetic a second term of integration is added that introduces
additional randomness and diffusion, but does not affect the modulo p
closure.

a ® b = sqrt((abmod p)? + [ (0to 1)(a’t + b%t?)dt) (4)

Similarly, in Eq. (4), multiplication is also defined, but with the
products of modular numbers with nonlinear integration enrichment to
boost algebraic strength.

a* = sqrt((a*mod p)? + [ (0 to 1)(a*t + k?t?)dt) (5)

Finally, the expansion of exponentiation in the form of the equations in
the five (5 ) generalizes the use of a modular exponentiation in a continuous
integrated form, making it harder and harder to attack in algebraic manner,
as applied in cryptography.

B. Ring and Polynomial Algebra

Rings and polynomial algebra support structured mappings, modular
reductions, and arithmetic operations, and are the basis of encryption
functions, key scheduling and algebraic representation of cryptographic
transformations.
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f) + g(x) = sqrt((£(i = 0ton)(ai + bi)x)? + [ (0to 1)(x*+ t¥dt)
(6)

In Polynomial addition, coefficients of powers of two polynomials are
added together, to form another polynomial, which occupies the same space
in algebra as the original polynomials as in the equation below: The square-
root and the integral augmentation adds a new nonlinear continuous term,
adding more richness to the transform than the sums of simple coefficients.

fx) gx) =
sqre((Z(i = 0 ton)Z(j = 0 to m)aibjx™*/)? + [ (0 to 1)(xt + x?)dt) (7)

We can use multiplication of polynomials (defined in equation (7)) to
multiply pairs of coefficients to produce higher degree terms. The new
integral term introduces dynamic variation, and introduces algebraic
complexity and structural representation to the higher uses.

fG)mod P(x) = sqrt((f(x) — q@)P)" + [ (0to (PG + xztz)dt)
(8)

Modular reduction, as in Eq. (8), puts the polynomial inside a finite
ring, by subtracting a multiple of a modulus polynomial. The missing
component of this is the integral component, which adds a continuous
mapping layer, maintaining its boundedness but adding diversity to the
transformations.

S0 = sqrt ((Z(k = 0 to n)dky*mod P(x))2 + [(0toD)(yt + yztz)dt)
)

The computation of the inverse of the polynomials in the equation (9)
finds a polynomial which inverts the transformation even in a moduli
condition. The augmentation that is based on integrals enhances stability
and injects nonlinearities to the augmentation, which guarantees a robust
inversion and improved computational security.

C. Lattice-Based Algebraic Structures

Lattice constructions give hardness properties grounded on
computational problems, and can be used to construct quantum-resistant
cryptographic constructions with algebraic transparency, as well as secure
key generation, encryption, and resistant to sophisticated attacks.

A = {sqrt((Z(i = 1ton)zibi)®> + [ (0to 1)(zit + bit?)dt):zi € Z}
(10)
The lattice definition in Equation (10) is the set of discrete
combinations that are generated by combinations of integer multiples of
basis vectors. The square-root and integral augmentation presents a

continuous nonlinear embedding, which increases the diversity of structure
more than classical lattice representations.



3880 A.K. BHANJAET AL.

llvl| = sqre(v-v + [ (0to 1)(wi%t + t¥)dt) (11)

Computation of the norm of vectors in Eq. (11) generalizes the
magnitude that is based on inner products with an addition of an integral
term to enhance sensitivity to vector changes and enriched geometrical
characterization.

B' = sqrt((BU)? + [ (0to 1)(Ut + B%t?)dt) (12)
Basis transformation in the equation of (12) wuses linear
transformation with the help of the matrix U but the integration element

provides nonlinear flexibility which enhances the strength of robustness in
manipulating lattice space.

¢ = sqrt((As + emod q)* + [ (0 to 1)(st + et?)dt) (13)

The lattice-based encryption mapping of the equation (13) is based on
a matrix multiplication, secret vector and noise based encryption mapping,
which is further augmented with the use of integral to improve diffusion
and complexity.

m = sqrt((c — Asmod q)? + [ (0to 1)(ct + s®t?)dt) (14)
In the case of decryption recovery, the recovery of the message occurs
in response to the inverse of the transformation, i.e. the scalar term in the

equation of recovery, the integral term helps to maintain stability and
withstand structural attacks.

I11. Algebraic Framework Design

Characterizes a single architecture with algebraic elements, providing
transparency, modularity and verifiability, allowing structured
cryptographic operations with transformations that can be traced, and
formal validation of correct systems.

A. Structural Model of Transparent Cryptographic Systems

To enable transparent and auditable implementation, the model
structures cryptographic operations into layered algebraic operations that
are traceable and interact with each other in a modular fashion and verify
their actions without compromising confidentiality.

X0 = sqrt((Z@ =1ton)xi®)? + [(0to 1)(Z(i = 1 ton)xit + t2)dt)
(15)
The state space in the system initiation in the equation above, (15)
uses aggregated squared terms to define the state space and the integral

term incorporates the dynamics of the continuous system, allowing the
representation of the initial conditions in a more detailed way.

Dyxy) = sqrt ((Z‘(i =1ton)(xi ki))2 + [ (0to 1)(xikit + t3)dt)
(16)
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Key-dependent structural mapping of Eq. (16) is a transformation with
a mixture of state variables and key elements of modular interaction. The
built-in augmentation increases reliance on state and key enhancing
flexibility and security.

Vo0 = sqre (T — X)*+ [0 to 1)(Tynt + Xe?)dt) (17)

The transparency verification term of the Eq. (17) compares the
transformation to the original state. The component of integrity is sensitive,
therefore, correct structural anomalies are detected.

2
C(X) = sqrt ((‘Dk(n(x)) - T,(d,K(X))) + [(0to (X%t + t4)dt> (18)

The consistency constraint enforcement in the form of the equation,
(18), checks the commutativity of transformations, and the integrating term
checks the robustness to structural deviations.

2
MK = SqT't ((TI(CDK(XO))) + f(O to 1)(¢K(X0)t + Tl(Xo)tz)dt) (19)

Lastly, the structured cryptographic model in Equation (19) unites the
transformations into a singular model and the augmentation of the integrals
provides stability, consistency and increased cryptographic power.

B. Algebraic Representation of Encryption and Decryption

The encryption and decryption are represented as algebraic functions
based on mappings, modular operations and structured functions, which
maintain the correctness, reversibility, and verifiable computation in
defined algebraic systems.

PO = sqrt((Z(i = 1ton)pi®)* + [ (0to 1)(pit + t?)dt) (20)
In the input data encoding by plaintext in equation (20) brings the
input data into an algebraic space through the aggregation of squared

components with the integral term incorporating the variability of the input
which increases the representational richness and structural uniformity.

P1 = sqrt((PO @ K)?+ [ (0to 1)(POKt + t3)dt) (21)

The major mixing transformation in the equation (21) modularly
interacts the plaintext, which is encrypted, with the secret key. The
diffusion is further enhanced by the integral augmentation and both,
plaintext and key, have an effect on the transformation.

€ = sqre((P)?+ [ (0to (At + tHdt), (22)
P = sqrt((C © K)?+ [ (0to 1)(Ct + K%t?)dt) (23)

The final encrypted form is generated by ciphertext generation in Eq.
(22) and an additional nonlinear complexity is added by the integral term.
This can be undone by decryption recovery in Equation (23) which uses the
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key to restore the plaintext originally but remains stable and resistant to
attacks.

C. Transparent Algebraic Cryptographic Protocol

The proposed transparent algebraic cryptographic protocol combines
finite field operations, polynomial algebra and lattice based
transformations to enable secure, traceable and verifiable cryptographic
communication. The proposed protocol employs structured formal
algebraic mappings to ensure information confidentiality while enabling
formal verification of transparency and consistency auditing throughout all
stages of the cryptographic process.

Algorithm 1: Transparent Algebraic Cryptographic Protocol
Input: Plaintext M, System parameters P

Output: Ciphertext C, Verification token V

Step 1: Initialize finite field, lattice basis, and polynomial modulus
Step 2: Generate private key SK

Step 3: Compute publickey: PK = A X SK + emod q

Step 4: Transform plaintext into polynomial form

Step 5: Generate random masking vector r

Step 6: Encrypt message: C = PK X r + M(x) + nmod q

Step 7: Generate verification token: V. = H(C || PK || T)

Step 8: Transmit {C, V}

Step 9: Receiver performs decryption: M'(x) = € — SK X rmod q
Step 10: Verify transformation consistency and transparency

IV. Result and Discussion

Findings indicate enhanced transparency, computing power, and
classical and quantum attack resistance, which prove the effectiveness of
the suggested framework by comparing and assessing performance through
performance metrics.

Table 1
Performance Evaluation of Algebraic Transparent Cryptographic Framework
. Traditional Algebraic Improvement
Metric Crvptosvstem Transparent (%)
yptosy Framework 0

Encryption Time 3.45 2.68 223
(ms)
Decryption Time 321 255 20.6
(ms)
Computational
Overhead (%) 41.8 324 22.5
Verification
Efficiency (%) 687 893 299
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As Table 1 illustrates, the suggested algebraic transparent system is
much more effective than the performance of the traditional cryptosystems.
The computational efficiency is improved, with the time of encryption and
decryption decreasing by 22.3% and 20.6%, respectively. Figure 2
demonstrates that algebraic framework enhances efficiency and security, as
well as, computational performance.

gnc TIMe pec TiMe oval""ead yerificatio®
Metrics

. Traditional . improvement (%)
mmm Algebraic Framework

Figure 2

Performance Comparison of Traditional Cryptosystem and Algebraic
Transparent Framework

Also, there is a reduction in the computational overhead, which is an
indication of optimized resource use. The greatest improvement will be in
the verification efficiency that goes to 89.3, with a higher transparency and
auditability.
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Figure 3
Stacked Performance Visualization of Cryptographic Efficiency Metrics
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Figure 3 present stacked metrics that indicates the efficiency gains of
cryptographic operations. On the whole, the findings support that the
framework is well balanced in terms of security, efficiency and verifiability,
and it is therefore very appropriate in the contemporary cryptographic
applications.

Table 2
Security and Performance Analysis of Transparent Algebraic Cryptographic
Framework
i Proposed
. Traditional Ex1stmg_g Transparent
Metric Algebraic .
Cryptosystem Algebraic
Framework
Framework
Entropy Score 6.84 7.29 7.93
Throughput (Mbps) 118.6 164.3 228.7
Avalanche Effect (%) 48.2 61.5 74.8
Key Sensitivity (%) 72.4 86.7 97.9
Memory Utilization (MB) 148 126 103
Algebraic Attack 68.5 82.1 95.4
Resistance (%)
Quantum Attack 42.8 79.6 94.1
Resistance (%)
Verification Accuracy (%) 71.3 88.2 97.6
Scalability Efficiency (%) 64.9 81.7 93.5
Computational Stability 69.4 84.6 96.2
Score (%)

Table 2 contrasts the performance of the proposed transparent
algebraic cryptographic framework with traditional and existing algebraic
cryptographic framework in terms of security and computation. The
framework's entropy score is 7.93, a high value that suggests good entropy
in the ciphertext and good diffusion properties. The avalanche effect
becomes much higher, as do key sensitivity values, thus indicating greater
resistance to differential and brute force attacks. The increase in
throughput and reduction in memory usage also illustrates efficient
management of resources as per the proposed architecture. Moreover, the
structure is resistant to algebraic and quantum attacks thanks to lattice-
based transformations and structured polynomial mappings. The proposed
framework, with its enhanced scalability efficiency and verification
accuracy, demonstrates its suitability for large-scale, secure, and
transparent cryptographic deployments.
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V. Conclusion

This paper introduced an algebraic model of clear cryptographic
systems, combining group theory, finite fields, and ring model, and lattice
models to introduce security and verifiability. The proposed solution has
demonstrated that, with algebraic representations, it is possible to provide
a structured, traceable and auditable encryption and decryption without
loss of confidentiality. The framework improves scalable applications that
could be used within the modern distributed and privacy-sensitive
environment by putting an emphasis on mathematical rigor and
modularity. The experimental measurements were indicative of the
increase in the computational clarity, efficiency and susceptibility to
classical and emerging quantum threats. Further, formal verification and
consistency checks are simpler to carry out due to the application of well-
defined algebraic transformations that increases the confidence in the
cryptographic operations.

References

[1] D.Zhao, “Compile-time fully homomorphic encryption: Eliminating on-
line encryption via algebraic basis synthesis,” Cryptography, vol. 9, no. 2,
Art. no. 44 (2025), doi: 10.3390/cryptography9020044.

[2] A.Hasi¢, M. Azizovi¢, E. Azizovié, and M. Saracevi¢, “Solvability and nil-
potency of Lie algebras in cryptography and steganography,” Mathemat-
ics, vol. 13, no. 11, Art. no. 1824 (2025), doi: 10.3390/math13111824.

[3] Q. Wu, J. Zhang, and Z. Li, “Generalized NTRU algorithms on algebraic
rings,” Electronics, vol. 13, no. 21, Art. no. 4293 (2024), doi: 10.3390/
electronics13214293.

[4] E. Gonzalez Fernandez, G. Morales-Luna, and F. Sagols, “A zero-knowl-
edge proof system with algebraic geometry techniques,” Applied Sci-
ences, vol. 10, no. 2, Art. no. 465 (2020), doi: 10.3390/app10020465.

[5] K.Somsuk, “Comparative analysis of Kyber-512, RSA, ECC and AES-128
for secure communication in resource-constrained systems,” Journal
of Discrete Mathematical Sciences and Cryptography, vol. 29, no. 4, pp.
1799-1821 (2026), doi: 10.47974/]DMSC-2591.

[6] A.Odeh, A. Abu Taleb, T. Alhajahjeh, F. Navarro, A. Ayesh, and M. Faezi-
pour, “A privacy-enhancing image encryption algorithm for securing

medical images,” Symmetry, vol. 17, no. 9, Art. no. 1470 (2025), doi:
10.3390/sym17091470.



3886

[7]

(8]

[9]

[10]

[11]

[12]

[13]

[14]

A.K. BHANJAET AL.

M. H. Noorallahzadeh and R. Alimoradi, “A new bilinear pairing-based
searchable encryption scheme,” Journal of Information and Optimiza-
tion Sciences, vol. 47, no. 4, pp. 1377-1396 (2026), doi: 10.47974/]10S-
1607.

D. Palma and P. L. Montessoro, “A post-quantum cryptography enabled
feature-level fusion framework for privacy-preserving multimodal bio-
metric recognition,” Cryptography, vol. 9, no. 4, Art. no. 72 (2025), doi:
10.3390/cryptography9040072.

K. A. Sattar, T. Haider, U. Hayat, and M. D. Bustamante, “An efficient and
secure cryptographic algorithm using elliptic curves and max-plus alge-
bra-based wavelet transform,” Applied Sciences, vol. 13, no. 14, Art. no.
8385 (2023), doi: 10.3390/app13148385.

M. Durcheva and K. Danilchenko, “Secure key exchange in tropical
cryptography: Leveraging efficiency with advanced block matrix proto-
cols,” Mathematics, vol. 12, no. 10, Art. no. 1429 (2024), doi: 10.3390/
math12101429.

H. Yan, L. Wu, Q. Sun, and P. He, “Lattice-based cryptographic accelera-
tors for the post-quantum era: Architectures, optimizations, and imple-
mentation challenges,” Electronics, vol. 15, no. 2, Art. no. 475 (2026),
doi: 10.3390/electronics15020475.

R. C. Poonia, R. Almakki, A. K. J. Saudagar, A. Altameem, and M. Alba-
than, “An optimization approach for real-time object detection in [oT
devices through edge computing and deep learning,” Journal of Infor-
mation and Optimization Sciences, vol. 45, no. 5, pp. 1465-1475 (2024),
doi: 10.47974/]J10S-1768.

Y. Yang, S. Han, P. Xie, Y. Zhu, Z. Ding, S. Hou, S. Xu, and H. Zheng, “Imple-
mentation and optimization of zero-knowledge proof circuit based on
hash function SM3,” Sensors, vol. 22, no. 16, Art. no. 5951 (2022), doi:
10.3390/s22165951.

A Nitaj and T. Rachidji, “Applications of neural network-based Al in cryp-
tography,” Cryptography, vol. 7, no. 3, Art. no. 39 (2023), doi: 10.3390/
cryptography7030039.

Received April, 2026



