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1. Introduction

Communication is an essential part of our life. It is the exchange of
information between individuals through a “noisy channel”. However, noise
may create some errors in the received data. Shannon [1] claimed that
appropriate encoding and decoding methods make secure information
transmission possible. Quantum computation’s speed is much greater than
classical computation in handling complex problems. Because quantum bits,
say, qubits, can store more information than classical bits due to their
superposition property. Quantum codes are crucial for safeguarding quantum
information against quantum noise. Quantum codes can correct both types of
errors: bit flip and phase flip. Shor [2] discovered 1% QECC. Since then,
researchers' interest in discovering new and efficient QECC’s has grown.
Calderbank et al. [3] discussed a groundbreaking method for creating QECC’s
using classical cyclic codes. Subsequently, researchers have focused on
enhancing the effectiveness of QECC’s and extending their applicability over
finite fields [4] and rings [5], [6], [7], [8], [9], [10] using Cyclic Codes. A CCc
(a generalization of Cyclic Codes) is crucial for effective error correction due to
its extensive algebraic structure. Recently, numerous studies have been done on
the construction of QECC’s by CCc over the finite chain and non-chain rings to
produce several QECC’s [11], [12], [13], [14], [15], [16], [17], [18], [19], [20],
[21]. Also. [22] show that complementary group codes over finite
noncommutative Frobenius rings form LCD codes, including checkable codes
over the same alphabet. In the present study, we generate some novel and
efficient QECC’s from Hermitian dual containing CCc over the Frobenius &
non-chain ring R = F2[u, v]/(4* — w?u, v* — 0’v).

The outline of the study: In the first section, the introductory elements of
this research study has presented. Section 2 provides a comprehensive overview
of the fundamental definitions and linear codes over the field, 2, Euclidean
(EIP) and Hermitian inner product (HIP) over R. In section 3, we establish the
structure of finite, non-chain, and Frobenius ring, R = Fpz2[u,v]/ (u?® —
w?u, 3 — w?v). Here, we find Idempotents of R, and express the ring in
terms of these Idempotents. Also, we establish the distance-preserving “Gray
map” over R. In next section, we discuss units and some significant results
related to Ccc codes and the formation of QE ‘s from Y — CCc over the ring. In
section 5, we construct and tabulate some novel and efficient QECC’s as an
application. Last section concludes the paper.

2. Preliminaries

Consider the finite field F,2 with cardinality p?. If a code C is a subspace
of the vector space T:z. Then, C is said to be an 7n-length “linear code” (LC)
and the members of C are called codewords. Hamming weight of code C is
described as, wy (C) = min{wy (8) = Zéi, 1|8€C,s+# 0}, and Hamming
distance of C, dy(C) = min{ds (s, 1) =wy(s—1), 8 #1}, where & =
(89, 81y er8p-1), L = (I, 14, ..., L,—1) € C. Define Hermitian inner product of 8
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and 1, (8,1)4 = ﬁ;ééirl?, and Hermitian dual, C*% = {5 € T;’H(é,l)}[ =
Ovlie C}. A F,2 — linear code with length n is called p' -CCc if
(1 8p—1,80) e 8(n—-2)) € C VY (80,81, ) 8y_1) € C, where ' € F2. A code C
is called cyclic or negacyclic, according to u' is 1 or -1, respectively.
Polynomial representation of §€C is &)+ 814 + ..+ Su_ny™ ' €
Fp2lyl{y™ — u'). An F 2- linear code C with length 7 is called u’ —CCec iff
Cis an ideal of Fp2[¢]/(y" — u').

Suppose gcd (n,p) = 1, which implies that the zeroes of (¢” — u') are
non-repeated. Let ' be a primitive t** root of unity and m be the least natural
number such that p?” = 1(mod n t). Then, 3 a primitive zt. th root of unity 8
in Fp,2m such that B = u'. Leta = B t then a is a primitive 7. th root of unity.
Then, 4™ — i’ = [15%5 (% — B+Y). Suppose M = {t 9 + 1|9 =0 to (n —
1)} (mod nt). Then, W = {i" € M | g(ﬁ i”) = 0} be the defining set of the
p' —CCe, € = (g(y))-

Consider t € Aut ( R) , where Aut (R) is the collection of all
automorphisms of a Frobenius, commutative, and finite ring R. Then, we can
extend it to a bijective map, 7 : R”™ = R™ by (¢, S1, > Sn—1) — (T(sp),7(51),
e, T($},—1)). Define T — Inner product as, (s",s"); = sy t(sp) +s57(st) + -+
$nT($n-1), where s = (¢, 81, ..., $5—1) and s" = (50,1, ., $p—1) € R™. When
R = Fp2 and T € Aut(R) is identity, then “7 —inner product” becomes EIP
over Fp2. Also, if 7(b) = bP for b € F 2, then “T —inner product” is precisely
the HIP over F,2. The term LC refers to a code C of length n over R, if C
forms an “R — submodule” of R™. Dual code, C1* = {s"” € R"|(s",s'), =
0foralls' € C}.

3. Ring structure, Linear codes over R and Gray map

Consider a ring, R =7F,2 +uF,2 +u’Fy+vF,+v>F,2 with
1® = w?u and v* = w?v such that wr = vu = 0, where F 2 is a finite field
with cardinality p?, and p is a prime power. An element 7~ € R be of the form,
r =1y +ury + ulry + vy +vPrg, where 7; € F2. To decompose the
considered ring, let the elements of R as follows: &; = 27} («?w™2 + uw™1),
& =2"1o?—uw), 5 =21 w0 +rvo™), g =2"1(v?0% -
vw™), g5 =1-1*w? — v ?w % such that ¥3_, &, = 1, g;¢; = g;¢;, = 0 for
i # j,and €7 = ¢, forall 4,7 € {1to 5}. Thus, R =@}, &R =@B;_, &F 2.

An element 7 = 74 + wury + Uty + vy + v2r5 € R can be written as,
=1+ ury + urry oy, +virg = g (1 + wry + 0¥ry) + g,(ry —
w1y + wiry) teg(r twry + Wiy ) Y e (r —wry + WPy ) + ey =
ag, + be;, +ce3+dey +ees , where ry,a,b,c,d,e € Fpz for all i€
{1 to 5}. Define, C; = ¢;C for all 4 € {1 to 5}. Then, an n-length LC, C over R
may be expressed as, C =@?_, &;C;, where C, is an n-length Fpe-LC.
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Definition 1. Define a Gray map, n: R — TSZ by n(ag, + be, + ce; + de, +
ees)=(a,b+c+d+eb+c—d—etb—c+d—e b —c—d+e), which
can be extended as, @ : R™ — TS? such that @(rg, 1{, ..., Tj_1) = (€1, €2, -, Ls),
where ¢, = (ag,aq, ., Ap_q1) , £2 = ((&0 +cotdotey) b+ +d +
e, (bp1tcp1td, i+ 3n—1)) s t3=((bo+co—dog—ep) (b1 +
cr—dy—e) ., (b1t Cpg—dpg—en1))ts = ((bo— o + do — &),
by —crt+di—e), ., (buy—chgtdy 1 —€,-1))8s = ((bg —co—do +
e), (br—cr—dite) .., (bp1—ch1—dp1te, 1), and 1, =aue
+bpe, +cpes+Hdpes tepes ERVALE{0Lo (n— 1)}

Define lee weight of s' =(sg,S1,-,S-1) ER™ as w(s) =
Yrcsw;(s)y) such that w(sy) = wy(n(s})). The formula for lee distance of
5" €R™ is D(s,5") = wi(s' — ") = wy (D' —§")). The formula for
the minimum Lee distance of C is D;(C) = min{D,(s’,s'")|s" # s"}. It is
evident that the “Gray map”, @ : R" — T;ZL is distances preserving and linear.
Since, @ is bijective, then @(C) be an Fj2 —LC, [5n, k, Dy],2 where Dy, and k
respectively are the Hamming distance and dimension of @(C).

Lemma 1: If C is an n — length linear code over R . Then, C** be a linear code
and |C||C*t| = |R™|, where T and C*= is defined in the preliminary.

Proof: Let 8' = (8(, 87, .., 8p_1) & 8" = (85,81, ,8n_1) EC*, p,g ER,
and m' = (my, my, ..., mj,_1) € C. Then, (m',ps' + qs"), = Yp_omyt(p
s+ as) = T(p) TiTimit(sh) +7(a) Tk mit(s)) = T(p)(m', 8'), +
t(g){m',8"), = 0. Thus, ps’' + gs&" € C1r. So, C1* be an LC over R. Now,
consider v/ €C & v' € Cir . Then, v' € Ctc iff (v',v'), =0 that is
V", T(v))g =0 iff t(v') € C*E iff v/ € T71(CLE), where (v/',t(v)))p is
Euclidean inner product of v'’ and t(v"). Also, since T : R™ — R"™ is bijective
mapping. So, |C1E| = [t71(CLE)| = |Ctt|. For R, |C||CLE| = |R™|. Finally,
we get, |C]|CLt| = |R™|.

Definition 2: Define a map, y: R >R by 0'(ag + be, +ce; +de, +
ess) = g p(a) + e,0(8) + e30(c) + ,0(d) + esp(e), where a,b,¢,d,e €
Fp2, and ¢ € Aut (prz) such that ¢(b) = b? for all b € F,2. Clearly, 0’ €
Aut(R). The Hermitian inner product of s”,s" i.e. (s",s" )y = ;::01) sz0'(sh),

no__ 124 n n I ! ! !
where §” = (50,81, -, $n-1) &' = (S0, $1 -+, Sn-1) ER™.

Lemma 2: Let C be an n- length linear code over R. Then, @(C1#) = @(C)**.

Proof: By lemma 1, we have |C||C**| = |R™|, and |8(C)||@(C)“*| = |F5¢
Since @ is bijective, so |C| = |@(C)| & |C1#| = |@(C1*)]|, gives |@(CL#)| =
|8(C)*]. Suppose, §" = (50,51, - Sn-1) € C & " = (50,57, -, S—1) € C¥,
where s, = aje + b6, +cpez+dye,tepes . & 5y =aye +b5 e+
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Cpesz+ 4284 + e eg for £ € {0to (n— 1)}. Then, (s',s" )y = Npco sy (sh
=& Nplo Apay’ + ey plo bpbyt + E3 N paChCe” + s X s dpd,’ +

n—1 .1 D _
sSZ,& 0€r€y = 0. Since, {&, &5, €3,&4, 65} is the basis of R over Fpz, so

iooahay = Xisobiby’ = Eisochey’ = Eisodpdy’ = Xioene }lp =
0 (eq.l1). Consider, ((D(s'), O(s" ) = ZE,;” 01) aja,’ + Z(” 1)(1% +cp +
dy +ep) by +cy +df +ep)? + X5V by +ch—dy —ep) (b + ) —
dy —ef)P + z;f o“(h ch + d;é —ep) by —cp +dj —ep)P +
Z;ZL 01)(ﬂla dk + ek)( o H d” H)p _ ;:l 01) a’&a,,k,p +
4(25:1, 01)[)’/&/6’”;) +Z(n 1) , l/p +Zk 01) dkd”p +Z(n 1) , l/p =0 )
(using eq. (1)). Since @(s’ ) € Q)(C) so B(s") € Q)(C)l”. Hence p(ctrn) c
@(C)Lr. Also, since |@(C)| = |@(C)*] so, B(CH*) = @(C)1*. o

To investigate the units of the ring for providing a better outline of the

algebraic structure of the considered ring.

Lemma 3: Suppose Y = Y2_, &Y; € R. Then, Y is a unit in R iff Y; € T;z for
all i € {1to 5}.

Proof: Here, Y € R may be written as Y =7, + «J, + «?J; + vJ, + v2J; =
g+ wlh+0?T) + 60 — 0T + 0¥ + &0 + w I, + 0%Ts ) + e4(T; —
w Iy + w?s)+ sy =3, &Y;, where 7, € F2V 4 € {1to5}. Suppose
Y € R be a unit, then Y’ =Y3_; &,Y; € R such that YY' =1 =Y>_, &. So,
Yiia= Qi aY)Xio eY) = X &Y, = Yo &, (Y, Y; — 1) = 0.
Since {&y, &5, €3, &4, €5} is the basis of R over F 2. So, Y, Y; = 1V 4. Therefore,
Y, are units V 4 € {1 to 5}. Suppose that Y, are units for all < € {1to 5}, then
AY] € Fpz such that Y;Y; = 1. Let Y’ = ¥3_; &Y}, then YY' = Y7, &,Y,Y; =
¥°_,& = 1.Hence, Y € R be a unit.

4. Novel QECC’s through CCc’s over R

Here, we establish some important results to construct Q@ ECC’s by
Hermitian dual containing CCc’s.

Definition 3: A Q ECC, [[n,K’, d”]]q is defined as “a gX - dimensional
subspace” of “a g™ —dimensional complex Hilbert space,” C? ® C? ® ... Q C4,

n times
where q is a prime power and d"is the minimum Hamming distance of QECC.

A QECC can correct up to [(d"” —1)/2] errors. Q ECC is represented by
[[7, k, D]],, where n, k, D are respectively its length, dimension, and minimum
Hamming distance over F,. Q ECC’s parameters satisfy Quantum singleton

bound (Qsb) = n —k +2 = 2D.
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Theorem 1: The necessary and sufficient condition for an LC, C = Y3, &,C; to
be a’Y —CCc with length n over R is that C; is a Y; —CCc with length n over
F .

P

Proof: Let C=Y>_,eC, be m— lengthy, Y— CCc over R &
1= (Mo Hy) s hn-1) € C , Where [y =& pyp + € Pop T €3 Pap T Eqllap T
Eslisp Mg € Fpz. Clearly, (Wiortits oo Mign-1) EC;Y 1 E{1t05}, AE
{f0to(mn—1)}. Since C is Y — CCc with length n over R, we have
(Yln-1) Bo» +r H(n2)) € C. Furthermore, Y = ¥5_; &,Y; = &,Y = g,Y, for
all £ Thus, (Yiga-1) o s Bin-2)) = V(E1i(n1) + E2la(n-1) + = +
EsHs(n-1)), (E1h10 + E2120 + €330 + Eallao + Eslso), ) (E1H1(n-2) T E2Ho(n—2)
+e3l3(n-2) + Eallain-2) + Esls(n-2))) = Ni=1 & (Vi Hign-1)s tios ~» Ki(n-2))
€ C, we have (Y, fitn—1) Hios -r Hi(n—2)) € C;. Hence, C; is a Y, —CCc with
length n over ¥,z for all i € {1 to 5}. The reverse aspect can be demonstrated
similarly.

The below findings are employed to find the generators of Y —CCc over R.

Theorem 2: Consider an n —length, Y —CCc, C = ¥3_, €,C; over R. Then,

C =(e191(4),€292(4), €393 (¢), €494 (%), e5¢5(4)) = (9(9)) and g(y)| (4" —

Y), where g(y) = €191 (9) + €292(9) + -+ + & @5(4), g:(¢) is a generator
polynomial of Y; —CCc, C; over F .

Proof: Let C = {§(y)|#(y) = 45;=1 &:(4), $:(y) € C;; i = {1to 5}. Then,
C S(e181(9), 292(%), ..., &5 @5(4)). Consider, Y189 (yhi(y) €

(6191(#), 82 92(¢), ..., e5g5(9)) such that h;(y) € <:7[3]Y) and hence
, , F_2[yl .
ghi(y) = e#;(y) , where £;(y) € (;’jﬂ—n) for i=1to5. So, 24?:1 &idi

(y)hi(y) = 2?:1 £,9:(4)#i(y) € C. Thus, (e1¢1(%), &2 32(%), ..., &5 @5 (%))
CC=C=(q9:(1)9:,(%), ..., 5 @s(1)). Another part can be proved as
follows:  Suppose, g(y) = &1g1(¢) +€,9,(y) + - +esgs(y) . Then,
(g(y)) € C =(e191(9), 82 92(%), .., &5 @5(1)).  Also, &,9,(y) = £,9(y)
implies (e;91(¢), €2 92(¢), .., &5 @s(¢)) = C S (g(y)) . The expression,
g (Ply" - Yi)[=; gy hi(y) = (4" —Y,) = gi(whi(yle, = (" —Ye;
F

for #)(y) € %, where 4 = 1to 5. Now, (¢" —Y) = ¢" — (X3, &Y;)
=Y (9" —Y)e =i g hi(y)e, = (T 69:(9)) Tizy A (e,
Hence, g(y)| (" —Y).

Theorem 3: [19] Suppose C is an F,2 — linear code with parameters
[n, K, D] o2 If C* < C, then 3 a QECC having parameters [[n, 5K — n, D]],,.
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Lemma 4: Suppose C; be a’Y; — CCc with length n and the defining set W;
over Fpz, where Y; € T;z is the primitive t; — th root of unity such that
t;|(p + 1). Then, Cj‘” CC, oW, NW, " is the empty set, where W, " =
{-pw (mod n t)|lw € W,}.

Theorem 4: The necessary and sufficient condition for C*%* € C to be Cil” c
C;, where C =@3_, £,C; be a Y — CCc with length n over R.

Proof: Firstly, suppose Cj” CC;, then eiCj” CeC = O, eiCil” c
@®?_, C;. Therefore, C*7 C C. Similarly, C*%* € C = ¢ € (;,i=1to 5.

Theorem 5: Consider an n — length, Y — CCc, C =@®3_, ,C; over R. If
CH € C, then3 a QECC, [[5n, 2k — 5n, Dy]] ,.

Proof: Let u' € @(C**) € ¢(C)*, then Iu” € C1% such that u' = @(u").
Since, C* € C, then u” € C & u' = @(u"") € @(C), which gives @(C)** <
@(C).Therefore, @(C) be a Hermitian dual containing LC, [57, k, Dy],,2 over
Fp2. Hence, by theorem 3, 3 QECC with parameters [[57, 2k — 51, Dy(]] 5.

5. Application of CCc to construct novel Quantum codes

Using the above-discussed results, we explain 3 different examples (Ex.)
for 3 different scenarios to get some novel Qecc. In Ex. 1, the least natural
number that satisfies p*”* = 1(mod nt) is 1 for each C; that is, both splitting
and base fields are the same. In Ex. 2“d, m is 1 for Cii3=1, 5 and m is not 1
for C;, 7 = 2,3, 4, that is, the splitting field and base field are not same for ring
R. In Ex. 3, m is not 1 for each C; that is, the splitting field and base field are
not same for ring R.
Example 1: Suppose F, > = (w) that is w'?® =1, then R = Fy2 + uF 2 +
U Fi2 +vF 2 + 02 F 2 with 4 = o?u & v = w?v. Let C be Y-CCc
such that Y =-1+4 Qu?+vH)w'® +vw!® |, then (Y,Y,,..,Ys) =
(1,1,1,—1,—1). Here, g1 =1 = (g + D(g +2) ..(g +10). As Y, =Y, =
Y; = 1 are 15 primitive root of unity, so t = 1. Smallest natural no # that
satisfies p®”* = 1(mod n t) that is 121” = 1(mod 10) is 1. Let 8; = 2 such
that 8;° = 1 = pB; is 10" primitive root of unity for 7 = 1,2,3. The roots of
Yy —Lare 7,9 =0t09, that is, 2, 4, 8, 5, 10,9, 7, 3, 6, 1 in Fyp.
Therefore, M = {1,2,3,4,5,6,7,8,9,10}(mod 10). Suppose, C; = (g,;(4)) is
aY; —CCc, where: g1(¢) = (¢ + 2)(¢ + 3), the defining set of C; is W, =
{6,3}, and W11 ={4,10}; g,(¢) = (¢ +5), the defining set of C, is
W, = {9}, and Wy ={1}; g3;(y) = (¢ + 7), the defining set of C; is
W; = {2}, & Wy ={8}. Here, W; ' = {~11w(mod 10)|w € W,} and
W,nW; P =¢=C"cC for all 4 =1,2,3. Here, ¢ +1=(y+
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) (g + 0®) (g + 0*) (g + 0**) (g + ™) (¥ — 0°) (¥ — ') (g - ©*)
(g — 0*?)(y — ™). As Y, = Y5 = —1 are 2™ primitive root of unity, so
t = 2. Smallest natural no s that satisfies p?™ = 1(mod = t) that is 121" =
1(mod 20) is 1. Let ; = w® such that ﬁ;o = —1 that is 3, is the 20™ primitive
root of unity for 4 = 4,5. The roots of ¢1° + 1 are ﬁ;1+219),19 = 0to 9 that is,
the roots are w®, w'8, ..., w!'* in F, 2. Therefore, M = {1,3,5,7,9,11, 13,15,
17,19} (mod 20).

Suppose, C; = (g;(¢)) be Y; — CCc, where g,(y) = (% + 0®)(y +
w'®), defining set of C, is W, = {11,13}, W; 1! = {19,17}, gs(¢) = (¢ +
®'®) , defining set of Cs is Ws = {13}, Ws™' = {17} . Here, W; "' =
{-11w(mod 20)|w € W,}, and W; nW; ' = ¢ = C;* € C; for all 4=
4,5. Hence, by theorem 4, C1% < C. So, ®(C) be an LC having parameters
[50,43,4],,2 over F;;2 , and by theorem 5, 3 a Q ECC having parameters
[[50,36,4]] 11

Example 2: Suppose Fj, = (w) that is w® =1, then R = Fy2 + uF;2 +
u? Fyz + vFy2 + v% Fyz with 4 = 0?u and v> = w?v. Let C be Y — CCc
such that Y=14wuw’ —W?+20»)wb then (Y,Yy..,Ys) =
(1,-1,-1,-1,1). Here, ¢y®—1=(g+ Dy +w0)(g+ o)y +w*)(yg +
2)(y + 0)(y + 0 (g + w’). AsY; = Y5 = 1are 1% primitive root of unity,
so t = 1. Smallest natural no m that satisfies p?™ = 1(mod n t) that is
9™ = 1(mod 8) is 1. Let f; = w such that 8¢ = 1 that is 3, is the 8" primitive
root of unity for 4 = 1, 5. The roots of 48 — 1 are ,8;”’9),19 = 0 to 7, that is, the
roots are w, w?, ..., w’, 1. Therefore, M = {1, 2,3,4,5, 6,7,8}(mod 8).
Suppose, C; = (g;(¢)) is aY; —=CCc, where g, (¢) = (% + w)(y + 0?),
the defining set of C; is W; = {5,7}, & W2 ={1,3}, ¢s(¢) = (¢ + o”) (g +
w®), the defining set of Csis W = {3,1}, & W3 ={7,5}. Here, W}_3 =
{—3w(mod 8)|w € W;} and, W; N W;? = ¢ = C;* € C; for all 4 =1,5.
Here, 4% +1= (¢’ +w)(@’+ ) (> + )@ +w’) . As Y,=Y;=
Y, = —1 are 2" primitive root of unity, so t = 2. Smallest natural no s that
satisfies p?™ = 1(mod n t) that is 9™ = 1(mod 16) is 2. So, ¢® + 1 splits in
Foz. Let Fyz = (g) that is ¢® = 1 and B; = ¢® such that B = —1 = B, is 16"
primitive root of unity for 7 = 2,3, 4. The roots of 4% + 1 are ,8;”219) that is
G109 9 = 0to 7. Note: w = ¢'°. Therefore, M = {1,3,5,7,9,11,13,15}
(mod 16) . Suppose, C; = (g,;(y)) is a Y; —CCc over Fjz, where g,(y) =
(y? + w) with roots in Fg2 are ¢°°,¢7°,¢25,¢3°, the defining set of C, is
W, ={5,7,13,15}, & W;3 = {1,11,9,3}; g5(¢) = (¢* + ®*) with roots in
Fqy2 are ¢25,¢3%; the defining set of Cy is Wy = {13,15}, & Wy 3 ={9,3};
g4.(y) = (y? + ®°) with roots in Fg2 are ¢*°,¢>, the defining set of C, is
W, = {1,9}, W, ® = {13,5}. Here, W;® = {—3w(mod 16)|w € W,}, and
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W; nW;3 = ¢ = C;* c C; for all 4= 2,3, 4. Hence, by theorem 4, C*% € C.
So, @(C) be an LC, [40, 30, 4];2 over F52 and by theorem 5, 3 a QECC having
parameter [[40, 20, 4]]5.

Example 3: Suppose F;» = (w) that is w?* =1 then, R =Fs2 + uFs2 +
U Fez + vFg2 + v? Foz with 4® = w?u and v3 = 0?0, Let € be Y — CCc
such that Y = —1 + 2u?w??, then (Y1,Y5,...,Ys) = (1,1,—1,—1,—1). Here,
¥ -1=(g+ 0y +D Y+ )Y + oy + D + 0’y + DY’ +
0’y + 0®) (¢ + 03y + 0% (¥ + 0’y + D(gy? + 0’y + %) (¢ + 0’y +
wlﬁ)(yz + wloy) + 1)(,%2 +w10y)+ 0016)(@2 +(1)11’§/l+038)(y-2 + (,013’51,- +
o) (¥? + 0%y + 0®) (g2 + 07y + 0®)(y? + 3y + ) (y® + 3y +

o) (g + oy + 1D+ 0y + )i+ oBy+1) . As Y, =Y,=1
are 1% primitive root of unity, so t = 1. Smallest natural no s that satisfies
p*™ = 1(mod n t) that is 25 = 1(mod 39) is 2. So, ¢3° — 1 splits in F,2.
Let F,.2 = (c) that is ¢®** = 1 and B; = ¢ such that §}° =1 = B; is 39t
primitive root of unity for 7 = 1,2. The roots of ¢3° — 1 are ,B;Hﬁ) that is
c(16+169) 9 — 0t0 38 . (Note: w = ¢2® ). Therefore, M ={1,2,...,39}x
(mod 16) . Suppose, C; = {(g;(¢)) is a Y; —CCc over Fsz, where g,(y) =
(y? + w3y + w'®) with roots in F,s2 are ¢**8,¢592, the defining set of C; is
W, ={28,37}, & W;° ={16,10}. Let g,(y) = (¢* + 0’y + w'®) with
roots in F,e2 are ¢3°2,¢%* the defining set of C, is W, = {22,4},& W;° =
{7,19}. Here, W;® = {~5¢(mod 39)|¢ € W,}, and W, n W; 5 = ¢ = C;H c
C; for all 4=1,2. Here, 4>+ 1= (g + D(y + 0®)(g + ') (¢* + 0y +
®®)(g? + 0y + 0®)(y? + 0y + 0 (y? + 2y + W) (y? + 2y +

@) (g2 + 0w’y + D(y* + 0’y + 0®) (g2 + olly + Dy + 0By +
D(y? + oMy + D(y? + oy + 0®)(g? + 0%y + 0®)(¢* + 0y +
D(g? + 0%y + 0% (g? + 0?1y + 0!%) (g% + 0%y + 1) (y? + 0?2y +
@) (y?+ 0By +w?). As Y3 =Y, =Ys =—1 are 2nd primitive root of
unity, so t = 2. Smallest natural no m that satisfies p?>™ = 1(mod n t) that is
25" = 1(mod 78) is 2. So, 4*° + 1 splits in F,s2. Let F,o2 = (g), where
¢®2* =1 & B, = ¢®, such that 8° = —1. That is B, is 78" primitive root of
unity for 7 = 3,4,5. The roots of 43 + 1 are B;Hw) that is (8169 9 =
0to38. Note: w = ¢?. Therefore, M = {1,3,..,77}(mod 78) . Suppose,
C; =(g;(y))is aY; —CCc over F,52, where g3(y) = 4* + 0*'y + »'® with
roots in F,c2 are ¢37%,¢*0, the defining set of C5 is W; = {47,5}, & W;3 =
{77,53}; g4(y) = ¥ + w3y + ©® whose roots in F,2 are ¢°°,¢1%2, defining
set of C, is W, = {7,19}, W; 3 = {43,61}; gs(¢) = 4> + 0°4 + w'® whose
roots in F,gz are ¢136,¢%80 the defining set of Cg is Wy = {17,35}, Wo° =
{71,59} . Here, W;> = {=5w(mod 78)|w € W,;} and W, nW;> = ¢ =
ciHt c C, for all 4= 3,4,5. Hence, by theorem 4, Ct* c C. So, ®(C) be an

i
LC, [195,185, 4]z over Fs2 and by theorem 5, 3 a QECC having parameters
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[[195,175,4]]s. Table 1, below, represents the new and better QECC in the 10"
column (col.). Here, 1% col. gives length 72, 2™ col. gives units, 3™ col. gives B;
(primitive nt.th root of unity), and the following five columns give generator
polynomials of C;, in the form of their coefficients, for instance, ¢? + 12y +
w?® and (¢ + w®)(¢» + w?) is written in the form 1(12)w® and 1 w2, 1w?
respectively.

6. Conclusion and next plan

This manuscript discusses the construction of novel and efficient QECC’s
by CCc’s over the ring R = Fp2[u, v]/(4® — w’u, v> — w?v), where p is a
prime (other than two) power. Here, we explore Idempotent elements, linear
codes, units, and generator polynomials of Hermitian dual-containing CCc over
the considered ring. As an application of this study, we explain three different
types of examples to construct QECC’s. Example (Ex.) 1 presents the scenario
when the splitting and base field of the ring are the same. Ex. 3 presents the
scenario when the splitting and base field are different, and example 2 presents
the mixed case. Here, many novel and effective QECC’s are found (in the 10th
column of Table 1). In the future, we will extend this work to construct more
efficient and new QECC’s and MDS codes, by Skew CCc’s over the ring.
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