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Abstract
In this work, we use the Hermitian technique to find novel Quantum error correcting 

codes (𝒬E𝒞𝒞’s) by Constacyclic codes (CCc’s) over the ring ℛ = ℱp2 [𝓊, 𝓋]/(𝓊3 – ω2 𝓊, 𝓋3 – ω2 
𝓋), where p is a non-even prime power and ℱ*

p2 = 〈ω〉. Firstly, we express the ring in terms 
of “pairwise orthogonal Idempotent” elements & analyze “linear codes.” We investigate 
ring structure and establish a one-one, onto and distance preserving Gray map, ∅ ∶  
ℛ𝓃→ℱ5𝓃

p2. We provide the units of ℛ, to analyze CCc’s & their generators. We also give a 
condition for this code to contain its Hermitian dual over ℛ. At last, we derive and tabulate 
some novel and efficient 𝒬E𝒞𝒞’s.
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1. Introduction 
Communication is an essential part of our life. It is the exchange of 

information between individuals through a “noisy channel”. However, noise 
may create some errors in the received data. Shannon [1] claimed that 
appropriate encoding and decoding methods make secure information 
transmission possible. Quantum computation‟s speed is much greater than 
classical computation in handling complex problems. Because quantum bits, 
say, qubits, can store more information than classical bits due to their 
superposition property. Quantum codes are crucial for safeguarding quantum 
information against quantum noise. Quantum codes can correct both types of 
errors: bit flip and phase flip. Shor [2] discovered 1st 𝒬𝒬E𝒞𝒞𝒞𝒞. Since then, 
researchers' interest in discovering new and efficient 𝒬𝒬E𝒞𝒞𝒞𝒞‟s has grown. 
Calderbank et al. [3] discussed a groundbreaking method for creating 𝒬𝒬E𝒞𝒞𝒞𝒞‟s 
using classical cyclic codes. Subsequently, researchers have focused on 
enhancing the effectiveness of 𝒬𝒬E𝒞𝒞𝒞𝒞‟s and extending their applicability over 
finite fields [4] and rings [5], [6], [7], [8], [9], [10] using Cyclic Codes. A CCc 
(a generalization of Cyclic Codes) is crucial for effective error correction due to 
its extensive algebraic structure. Recently, numerous studies have been done on 
the construction of 𝒬𝒬E𝒞𝒞𝒞𝒞‟s by CCc over the finite chain and non-chain rings to 
produce several 𝒬𝒬E𝒞𝒞𝒞𝒞‟s [11], [12], [13], [14], [15], [16], [17], [18], [19], [20], 
[21]. Also. [22] show that complementary group codes over finite 
noncommutative Frobenius rings form LCD codes, including checkable codes 
over the same alphabet. In the present study, we generate some novel and 
efficient 𝒬𝒬E𝒞𝒞𝒞𝒞‟s from Hermitian dual containing CCc over the Frobenius & 
non-chain ring                          ). 

The outline of the study: In the first section, the introductory elements of 
this research study has presented. Section 2 provides a comprehensive overview 
of the fundamental definitions and linear codes over the field,    , Euclidean 
(EIP) and Hermitian inner product (HIP) over  . In section 3, we establish the 
structure of finite, non-chain, and Frobenius ring,                
           . Here, we find Idempotents of  , and express the ring in 
terms of these Idempotents. Also, we establish the distance-preserving “Gray 
map” over  . In next section, we discuss units and some significant results 
related to Ccc codes and the formation of 𝒬𝒬E „s from    CCc over the ring. In 
section 5, we construct and tabulate some novel and efficient 𝒬𝒬E𝒞𝒞𝒞𝒞’s as an 
application. Last section concludes the paper. 

2. Preliminaries 
Consider the finite field     with cardinality   . If a code C is a subspace 

of the vector space     . Then, C is said to be an  -length “linear code” (LC) 
and the members of C are called codewords. Hamming weight of code C is 
described as,          {      ∑         ,    }, and Hamming 
distance of C,           {                ,     }, where   
              ,                   C. Define Hermitian inner product of   
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and  , 〈   〉  ∑       
    

     and Hermitian dual,     {       〈   〉  
       }  A     linear code with length   is called   -CCc if 
(             (   ))      (            )   , where        . A code C 
is called cyclic or negacyclic, according to    is 1 or -1, respectively. 
Polynomial representation of     is             (   )      
    , -/〈     〉. An    - linear code C with length   is called    CCc iff 
C is an ideal of    , -/〈     〉. 

Suppose     (   )   , which implies that the zeroes of (     ) are 
non-repeated. Let    be a primitive     root of unity and   be the least natural 
number such that      (       )  Then,   a primitive     th root of unity   
in      such that      . Let     , then   is a primitive  . th root of unity. 
Then,       ∏ (       )(   )

   . Suppose   *                (  
 )+ (      )  Then,   *          (     )   + be the defining set of the 
   CCc,   〈 ( )〉. 

Consider      (  ) , where    (  )  is the collection of all 
automorphisms of a Frobenius, commutative, and finite ring  . Then, we can 
extend it to a bijective map,          by (               )   ( (   )  (   )  
   (     )). Define    Inner product as, 〈      〉       (   )       (   )    
     (     ), where     (                  ) and    (               )    . When 
      and      ( )  is identity, then “  inner product” becomes EIP 
over      Also, if  ( )     for      , then “  inner product” is precisely 
the HIP over    . The term LC refers to a code C of length   over  , if C 
forms an “   submodule” of   . Dual code,     *       〈      〉  
              +  

3. Ring structure, Linear codes over   and Gray map 
Consider a ring,                             with 

       and        such that        , where     is a finite field 
with cardinality   , and   is a prime power. An element     be of the form, 
                      , where         To decompose the 
considered ring, let the elements of   as follows:       (          ), 
      (          )  ,       (           ) ,       (       
    ) ,                   such that ∑    

     ,             for 
   , and        for all     *      +  Thus,       

         
      .  

An element                          can be written as, 
                         (            )    (   
         )    (            )     (            )         
                   , where                   for all   
*      +  Define,        for all   *      +  Then, an  -length LC,   over   
may be expressed as,       

     , where    is an  -length    -LC. 
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Definition 1. Define a Gray map, ղ       
  by                   

                                       ), which 
can be extended as,   :       

   such that                                , 
where                  ,    (                        
                           ) ,                        
                                                       
                                                     
                                          , and         
                           {             

Define lee weight of                         as        
∑           
    such that                   . The formula for lee distance of 
          is                         (         )  The formula for 
the minimum Lee distance of C is          {                     It is 
evident that the “Gray map”,          

   is distances preserving and linear. 
Since,   is bijective, then      be an     LC,             where    and   
respectively are the Hamming distance and dimension of     . 

Lemma 1: If C is an    length linear code over   . Then,     be a linear code 
and              , where   and     is defined in the preliminary. 

Proof: Let                      &                             ,      , 
and       

            
      Then, ⌌            ⌍   ∑   

       
    

               ∑   
      

            ∑   
      

             ⌌     ⌍  
    ⌌      ⌍   . Thus,             . So,     be an LC over    Now, 
consider       &       . Then,        iff ⌌      ⌍    that is 
⌌         ⌍    iff           iff            , where ⌌         ⌍  is 
Euclidean inner product of     and      . Also, since          is bijective 
mapping. So,                       . For  ,              . Finally, 
we get,                 

Definition 2: Define a map,        by                    
                                       , where            
   , and       (   )  such that         for all      . Clearly,    
        The Hermitian inner product of        i.e. ⌌      ⌍  ∑                 

   , 
where                          &                        . 

Lemma 2: Let C be an  - length linear code over  . Then,              . 

Proof: By lemma 1, we have                and                |   
  |. 

Since   is bijective, so            &               , gives          
          Suppose,                        &                             , 
where                                   , &                    
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                     for   {             Then, ⌌      ⌍  ∑       
            

   ∑      
      

      ∑      
      

      ∑      
      

      ∑      
      

    
  ∑      

      
       Since, {                is the basis of   over    , so 

∑      
      

    ∑      
      

    ∑      
      

    ∑      
      

    ∑      
      

    
  (eq.1). Consider, ⌌            ⌍  ∑      

        
    ∑               

   
                               ∑                                  

   
            ∑                                             

    
∑                                             
    ∑      

        
    

 (∑      
        

    ∑      
        

    ∑      
        

    ∑      
        

   )   . 
(using eq. (1)). Since           , so              . Hence,        
      . Also, since                   so,              . □ 

To investigate the units of the ring for providing a better outline of the 
algebraic structure of the considered ring. 

Lemma 3: Suppose   ∑      
     . Then,   is a unit in   iff          for 

all   {       . 

Proof: Here,     may be written as                        
                                                 )           
         )        ∑      

   ,  where            {       . Suppose 
    be a unit, then      ∑       

      such that       ∑    
     So, 

∑    
     ∑      

     ∑       
     ∑         

    ∑                
    

Since {                is the basis of   over    . So,            . Therefore, 
   are units     {       . Suppose that    are units for all   {        , then 
          such that        . Let    ∑       

   , then     ∑         
    

∑    
     .Hence,     be a unit.  

4. Novel  E𝒞𝒞𝒞𝒞𝒞𝒞𝒞𝒞’’s through CCc’s over   
Here, we establish some important results to construct 𝒬𝒬 E𝒞𝒞𝒞𝒞‟s by 

Hermitian dual containing CCc‟s.  

Definition 3: A 𝒬𝒬 E𝒞𝒞𝒞𝒞  [          ]  is defined as “a    - dimensional 
subspace” of “a    dimensional complex Hilbert space,”           ⏟            

       
, 

where   is a prime power and    is the minimum Hamming distance of 𝒬𝒬E𝒞𝒞𝒞𝒞. 
A 𝒬𝒬 E𝒞𝒞𝒞𝒞 can correct up to ⌊         ⌋  errors. 𝒬𝒬 E𝒞𝒞𝒞𝒞 is represented by 
          , where       are respectively its length, dimension, and minimum 
Hamming distance over     𝒬𝒬 E𝒞𝒞𝒞𝒞‟s parameters satisfy Quantum singleton 
bound (Qsb)           .  
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Theorem 1: The necessary and sufficient condition for an LC,   ∑      
    to 

be a   CCc with length   over   is that    is a    CCc with length   over 
     

Proof: Let   ∑      
    be   length,   CCc over   & 

                  , where                               
               Clearly, (                 )         {           
{           . Since   is   CCc with length   over  , we have 
(                   )   . Furthermore,   ∑      

               for 
all    Thus, (                   )                           
                                                                   
                                 ∑                               

    
  , we have                               . Hence,    is a    CCc with 
length   over     for all   {         The reverse aspect can be demonstrated 
similarly.  

The below findings are employed to find the generators of   CCc over  . 

Theorem 2: Consider an   length,   CCc,   ∑      
    over  . Then, 

  ⌌                                        ⌍  ⌌    ⌍ and          
  , where                                 ,       is a generator 
polynomial of    CCc,    over    . 

Proof: Let   {          ∑         
   ,             {       . Then, 

  ⌌                           ⌍   Consider, ∑              
    

⌌                          ⌍  such that       
     
⌌     ⌍  and hence 

                , where        
      
⌌     ⌍

 for           So, ∑      
    

         ∑               
     . Thus, ⌌                           ⌍ 

     ⌌                           ⌍  Another part can be proved as 
follows: Suppose,                                 . Then, 
⌌    ⌍    ⌌                           ⌍  Also,                
implies ⌌                           ⌍    ⌌    ⌍ . The expression, 
                                                          

for        
      
⌌     ⌍

, where           Now,              ∑      
   ) 

 ∑   
            ∑                

   (∑         
   )∑           

    
Hence,                

Theorem 3: [19] Suppose C is an      linear code with parameters 
          . If        then   a 𝒬𝒬E𝒞𝒞𝒞𝒞 having parameters              . 
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Lemma 4: Suppose    be a     CCc with length   and the defining set    
over    , where         is the primitive       root of unity such that 
          Then,   

           
   is the empty set, where   

   
{                      

Theorem 4: The necessary and sufficient condition for       to be   
   

  , where       
      be a    CCc with length   over    

Proof: Firstly, suppose   
     , then     

              
     

   
     

     . Therefore,        Similarly,          
     ,            

Theorem 5: Consider an    length,   CCc,       
      over    If 

      , then   a 𝒬𝒬E𝒞𝒞𝒞𝒞,                  . 

Proof: Let                 , then           such that             
Since,      , then       &                  which gives        
    .Therefore,      be a Hermitian dual containing LC,             over 
     Hence, by theorem 3,   𝒬𝒬E𝒞𝒞𝒞𝒞 with parameters                     

5. Application of CCc to construct novel Quantum codes  
Using the above-discussed results, we explain 3 different examples (Ex.) 

for 3 different scenarios to get some novel 𝒬𝒬ecc. In Ex. 1, the least natural 
number that satisfies               is 1 for each    that is, both splitting 
and base fields are the same. In Ex. 2nd,   is 1 for    ;       and   is not 1 
for   ,        , that is, the splitting field and base field are not same for ring 
 . In Ex. 3,   is not 1 for each    that is, the splitting field and base field are 
not same for ring    

Example 1: Suppose       ⌌ ⌍ that is       , then              
                      with        &       . Let   be  -CCc 
such that                        , then               
               Here,                        . As       
     are     primitive root of unity, so      Smallest natural no   that 
satisfies                that is                is 1. Let      such 
that             is      primitive root of unity for          The roots of 
      are   

              , that is, 2, 4, 8, 5, 10, 9, 7, 3, 6, 1 in       
Therefore,   {                             . Suppose,    ⌌     ⌍ is 
a    CCc, where:                 , the defining set of    is    
{    , and   

    {     ;            , the defining set of    is 
   {  , and   

    {  ;            , the defining set of    is 
   {  , &   

    {  . Here,   
    {                   and 

     
       

      for all 𝓳𝓳          Here,          
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              . As          are 2nd primitive root of unity, so 
     Smallest natural no   that satisfies                that is      
          is 1. Let       such that         that is    is the 20th primitive 
root of unity for         The roots of       are   

                that is, 
the roots are                in       Therefore,   {                     
              . 

Suppose,    ⌌     ⌍  be    CCc, where                
    , defining set of    is    {      ,   

    {      ,          
    , defining set of    is    {   ,   

    {   . Here,   
    

{                  , and      
        

      for all 𝓳𝓳  
     Hence, by theorem 4,      . So,      be an LC having parameters 
             over      , and by theorem 5,   a 𝒬𝒬 E𝒞𝒞𝒞𝒞 having parameters 
                

Example 2: Suppose      ⌌ ⌍  that is     , then            
                   with        and       . Let   be    CCc 
such that                     then               
               Here,                               
                      As         are 1st primitive root of unity, 
so      Smallest natural no   that satisfies                that is 
            is 1. Let      such that       that is    is the 8th primitive 
root of unity for        The roots of      are   

              , that is, the 
roots are            . Therefore,   {                       .  

Suppose,    ⌌     ⌍ is a    CCc, where                  , 
the defining set of    is    {    , &   

   {    ,                
   , the defining set of    is    {      , &   

   {     . Here,   
   

{                 and,      
       

      for all 𝓳𝓳        
Here,                                 . As       
      are 2nd primitive root of unity, so      Smallest natural no   that 
satisfies                that is              is 2. So,      splits in 
   . Let      ⌌ ⌍ that is       and       such that             is 16th 
primitive root of unity for           The roots of      are   

       that is 
                 . Note:      . Therefore,   {                    
        . Suppose,    ⌌     ⌍  is a    CCc over      where       
       with roots in     are                , the defining set of    is 
   {          , &   

   {         ;               with roots in 
    are        ; the defining set of    is    {      , &   

   {    ; 
              with roots in     are       , the defining set of    is 
   {    ,   

   {     . Here,   
   {                 , and 
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      for all 𝓳𝓳        Hence, by theorem 4,      . 
So,      be an LC,             over     and by theorem 5,   a 𝒬𝒬E𝒞𝒞𝒞𝒞 having 
parameter               

Example 3: Suppose      ⌌ ⌍  that is       then,            
                   with        and       . Let   be    CCc 
such that            , then                            . Here, 
                                               
                                                 
                                                  
                                             
                                      . As         
are 1st primitive root of unity, so      Smallest natural no   that satisfies 
               that is               is 2. So,       splits in     . 
Let       ⌌ ⌍  that is        and        such that             is 39th 
primitive root of unity for        The roots of       are   

      that is 
                   . (Note:      ). Therefore,   {           
        . Suppose,    ⌌     ⌍  is a    CCc over      where       
             with roots in      are          , the defining set of    is 
   {      , &   

   {      . Let                    with 
roots in      are         , the defining set of    is    {     ,&   

   
{     . Here,   

   {           |    }, and      
       

   
   for all 𝓳𝓳      Here,                                
                                           
                                             
                                               
                                                
                . As             are 2nd primitive root of 
unity, so      Smallest natural no   that satisfies                that is 
              is 2. So,       splits in     . Let       ⌌ ⌍ , where 
       &      , such that        . That is    is 78th primitive root of 
unity for           The roots of       are   

       that is            
       . Note:      . Therefore,   {                  . Suppose, 
   ⌌     ⌍ is a    CCc over       where                   with 
roots in      are         , the defining set of    is    {     , &   

   
{      ;                 whose roots in      are         , defining 
set of    is    {     ,   

   {      ;                   whose 
roots in      are          , the defining set of    is    {      ,   

   
{      . Here,   

   {                  and      
     

  
      for all 𝓳𝓳         Hence, by theorem 4,      . So,      be an 

LC,               over     and by theorem 5,   a 𝒬𝒬E𝒞𝒞𝒞𝒞 having parameters 
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                Table 1, below, represents the new and better 𝒬𝒬E𝒞𝒞𝒞𝒞 in the 10th 
column (col.). Here, 1st col. gives length    2nd col. gives units, 3rd col. gives    
(primitive  t.th root of unity), and the following five columns give generator 
polynomials of   , in the form of their coefficients, for instance,        
   and               is written in the form 1        and 1    1   
respectively. 

6. Conclusion and next plan 
This manuscript discusses the construction of novel and efficient 𝒬𝒬E𝒞𝒞𝒞𝒞‟s 

by CCc‟s over the ring                           , where   is a 
prime (other than two) power. Here, we explore Idempotent elements, linear 
codes, units, and generator polynomials of Hermitian dual-containing CCc over 
the considered ring. As an application of this study, we explain three different 
types of examples to construct 𝒬𝒬E𝒞𝒞𝒞𝒞‟s. Example (Ex.) 1 presents the scenario 
when the splitting and base field of the ring are the same. Ex. 3 presents the 
scenario when the splitting and base field are different, and example 2 presents 
the mixed case. Here, many novel and effective 𝒬𝒬E𝒞𝒞𝒞𝒞‟s are found (in the 10th 
column of Table 1). In the future, we will extend this work to construct more 
efficient and new 𝒬𝒬E𝒞𝒞𝒞𝒞‟s and MDS codes, by Skew CCc‟s over the ring. 
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