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1.  Introduction  
  is commutative and has an identity in this study. The left  -modules be 

 . That unitary. a sub-module   for   is pure (for short       ) if      
   [1] for all    ideal of   .   A proper submodule for    named the small 
submodule for short (   ), which means, if the submodule   for   has 
    = , then     [2]. Ahmed, Dhari, and Atiya [3] developed a different 
sub-module that is a generalization of a small one and is named a purely small 
sub-module, where each proper pure submodule   in  , a sub-module   for 
modules   named purely small submodules      , where        . We 
will use purely small submodules to present a new generalization of modules 
using  - supplements, called  -Purely supplemented modules. We will prove 
the main properties of all these concepts. 
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2.  -  -Supplemented Modules 
We have a few new  -purely-supplemented module characterizations. 
Remember that, an  -modules   namely  -supplemented, where for 

submodules   for  , where exist direct summand   for   , with    +    =  iff  
 +  =  for each       , See [4], [5], [6] and [7]. 

Remember that: The submodules   for   -module   named a weak-
supplement to the sub-module   in  ,  where    = +  also     be small for 
 . See [8]. 

Recall that   's submodule   has an ample supplement in   if, for each 
submodule  , &       by   +  =  ,    for    be the supplement to       . See 
[8]. 

Definition 2.1 the R-module   named  -purely supplemented, used for short 
( -   -supplemented) if the direct summand exists for every submodule    for  
 -module  .    for   with, for each      ,     +    =    iff       =   . 

Examples and Remarks 2.2 
1.  Every  -supplemented be  -   -supplemented modules. if  is  -

supplemented modules also   is submodule in  , hence there is 
directsummand   in module  ,  with   +   =   iff   + =       . If    
+   =       proper pure submodules for module  , so  + = . If 
 +  =       proper pure for  , so          . Thus,   be  -   - 
supplemented modules. 

2.  If   is  -regular  -modules implies   be  -   -supplemented modules 
coincide. The  -module     is  -regular which is  - supplemented [5]. 
Thus,     as a   -modules be  -   -supplemented. 

3.    -module   not   -   -supplemented. Since only direct summand of   are 
〈 〉 and  . For the sub module   , if the direct summand is  , when 
       but           and if the direct summand is 〈 〉,    
     but 〈 〉       . 

4.  Modules with  -    -supplemented are closed under isomorphism. 
5.  The  -module     is  -    -supplemented since the proper pure sub-

modules of     are 〈 ̅〉, 〈 ̅〉 〈 ̅〉 and     and the direct summand of     
〈 ̅〉 〈 ̅〉 〈 ̅〉 and    . 

6.  Every semi simple module is an  -   -supplemented module. The     as 
 -module and    as   -modules are  -    -supplemented modules.  

7.  The weakly   -supplemented not   -   -supplemented. For example,     
as  -module. See examples and remarks ((3.2),1) ,[9]. 

8.  The  -   -supplemented must not be amply     - supplemented module. 
For example:     as a  -module. See examples and remarks ((3.2),4) ,[9]. 

9.  The  -   -supplemented need not be    -hollow. For example,    as a   -
module. 
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The following shows the basic properties of  -   -supplemented modules. 
Recall that, if the sum of any of two pure sub-modules is again pure, it is 

said   -modules have pure sum property (PSP) [10]. 

Proposition 2.3 if   is  -   -supplemented modules using (PSP) property. so 
for every pure sub-module   for  , exist direct summand   for   , with   
    
         also           

 
 . 

Proof: Suppose     pure sub-module for  . Thus   directsummand for  , with 
  +   =    iff each       ,   +   =  . assume      

 
  , with                   

=          , since   have (PSP) property &         then           and       

implies that   +   =  , so                 , hence    
 
 .     

  implies      . Thus,         
 
  .Similarly for          

 
 . 

Recall that If a frame of sub modules in the module   is distributive, then 
amodule named distributive, means,                                
for submodule     &   for  . See [11]. 

The submodule   for   named fully invariant sub modules, where 
         for each      , when   = End    . the  -modules   named duo, if 
each submodule for   be fully invariant. [12]. 

The following suggestion gives an instance where the submodules for   -
    -supplemented is  -    - supplemented. 

Proposition 2.4 if   is the duo (distributive) modules with (PSP) property. If   
is  -   -supplemented implies that all direct summands are  -   -
supplemented. 

Proof: If     be  -    –supplemented & let direct summand   for  , hence 
      ,      and        Then    sub module for  . There is a direct 
summand   for  ,  =       ,      , with   +  =   iff  +  = , for each   
    . So direct summand for  . If   +   =    for the proper pure sub module   
of  . Since   =    , for each sub-module   for  , so  = +  +  . Since 
                    [13, Remark (3.1.5)] and since   has (PSP) 
property and  ,    are pure submodules hence          by [10]. Hence 
         and        . Again if          for a proper pure 
submodule   for  , hence                    , so     
       so,     . Therefore,   is  -    -supplemented. 

Lemma 2.5 [14, Lemma 5.4] if   is modules. where          , so    = 
    
          . if each fully invariant sub-module    for  . 
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Proposition 2.6 if   be  -   -supplemented modules using (PSP) Property 
also a proper submodule   is any pure for  . so    be  -   -supplemented if 

each directsummand   for  ,        be a direct summand for    . 

Proof: Suppose      is sub modules for      . Hence        direct summand   
for   , with        iff       for all       . From the hypotheses, 
there exists the direct summand.        for     . If     +    =  , wherever    is the 

proper pure submodules for    , because   pure in   implies the sub module   
be proper pure for   by [ 13, remark (3.1.5)] also      , hence       
also         

  =    . If         
  =    where    is the proper pure sub module of     , 

and    pure in  , so   be proper pure sub-module of   by[13, remark (3.1.5)] 
and       , hence       &    +   =    therefore,    is  -   -
supplemented. 

Corollary 2.7 if   is distributive and  -   -supplemented modules with (PSP) 
property and   be every pure sub module for  . Now      is  -   -
supplemented [15, 16]. 

Proof: Assume   is directsummand for  ,             when       . 
 
  =        

  =      =       and sine   is distributive,                 
            . Thus      =                  , hence by proposition (2.6)     is  -
    -supplemented.  

Corollary 2.8 if   is  -   -supplemented modules with (PSP) property &   is 
any pure and  's fully invariant sub module implies that     is  -   -
supplemented. 

Proof: Assume that   is directsummand for  ,           when      . 
Since    is fully invariant, by Lemma (2.5),       is the directsumand for    ,  

thus, from (2.6)      be   -    -supplemented.  

Proposition 2.9 if          be duo (distributive) modules, with    &     
is  -    –supplemented modules implies that    be   -    - supplemented 
modules. 

Proof:  If    be submodules for  . Because    a duo (distributive) module,   = 
                               .       is the pure sub module of     
by [13, Remark(3.1.5)] and        is a pure submodule for    s.t        
        if and only if              , for all        and      . As a result, 
  has a direct summand         .Now if  + = , for the sub module    a 
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proper pure of  . Then                                      
       .       is a proper pure submodule for    &      be proper pure 
submodule for    .                                 
      ,and               .Hence            and      
       , thus                  . Also, if            for  
    , then      . Therefore,   is  -    - supplemented. 

3. Conclusions  
In this work, purely-supplement sub modules and weak supplement sub 
modules, ample supplement sub modules, are facts of   -supplemented,  -  -
supplemented. We also show some of the following results:  
 If   is  -   -supplemented module using (PSP) property. Then for each 

pure submodule   for  , there is the direct summand   for    
 If    is  -   -supplemented module with (PSP) Property, also the proper 

sub-module   is any pure for  . hence    be  -   -supplemented. 
 If   be a distributive and  -   -supplemented module with (PSP) 

property and    be every pure submodule for  . so      be  -   -
supplemented. 

 A distributive module         , with    &    be  -   –
supplemented module, so    be   -    - supplemented modules. 
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