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Abstract

In this work, we introduce the concept of a purely supplement submodule, also consider
some properties of this idea, and investigate connections between purely supplement
submodules and related ideas. Moreover, we give a large part of this work to introduce and
train a generalization of some, H-supplemented, H-purely supplemented.
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1. Introduction

R is commutative and has an identity in this study. The left R-modules be
M. That unitary. a sub-module N for M is pure (for short N <p M) ifIM NN =
IN [1] for all [ ideal of R . N A proper submodule for M named the small
submodule for short (N « M), which means, if the submodule K for M has
N + K =M, then K = M [2]. Ahmed, Dhari, and Atiya [3] developed a different
sub-module that is a generalization of a small one and is named a purely small
sub-module, where each proper pure submodule K in M, a sub-module N for
modules M named purely small submodules N <p, M, where M # N + K. We
will use purely small submodules to present a new generalization of modules
using H- supplements, called H-Purely supplemented modules. We will prove
the main properties of all these concepts.
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2. H-Pu-Supplemented Modules

We have a few new H-purely-supplemented module characterizations.

Remember that, an R-modules N namely H-supplemented, where for
submodules S for N, where exist direct summand D for N , with Y + S=N iff
Y+ D=N foreachY < N, See [4], [5], [6] and [7].

Remember that: The submodules A for R-module M named a weak-
supplement to the sub-module B in M, where M=A+B also A N B be small for
M. See [8].

Recall that M's submodule N has an ample supplement in M if, for each
submodule L, & L € M by L +N = M, L' for N be the supplement to L c L. See

[8].

Definition 2.1 the R-module M named H-purely supplemented, used for short
(H- Pu-supplemented) if the direct summand exists for every submodule A for
R-module M. A; for M with, foreach X <p M, X + A =M iff X+ A= M.

Examples and Remarks 2.2

1. Every H-supplemented be H-Pu-supplemented modules. if Mis H-
supplemented modules also Bis submodule in M, hence there is
directsummand D in module M, with B+ F =M iff D+F=M VF < M.If B
+ U =M V U proper pure submodules for module M, so D+U=M. If
D+U,;=M VU, proper pure for M, so B + U; = M. Thus, M be H- Pu-
supplemented modules.

2. If M is F-regular R-modules implies M be H- Pu-supplemented modules
coincide. The Z-module Z,, is F-regular which is H- supplemented [5].
Thus, Z,, as a Z -modules be H- Pu-supplemented.

3. Z-module Z not H- Pu-supplemented. Since only direct summand of Z are
(0) and Z. For the sub module 2Z, if the direct summand is Z, when
Z+4Z =17 but 2Z+ 4Z = 27 and if the direct summand is (0), 2Z +
3Z =Zbut(0) + 3Z = 3Z.

4. Modules with H- Pu -supplemented are closed under isomorphism.

5. The Z-module Z;, is H-Pu -supplemented since the proper pure sub-
modules of Z;, are (0), (3),(4) and Z,, and the direct summand of Z,,
(0),(3),(4) and Z;,.

6. Every semi simple module is an H- Pu-supplemented module. The Z¢ as
Z-module and Zg as Zg-modules are H- Pu -supplemented modules.

7. The weakly Pu-supplemented not H- Pu-supplemented. For example, Z,,
as Z-module. See examples and remarks ((3.2),1) ,[9].

8. The H- Pu-supplemented must not be amply Pu - supplemented module.
For example: Z,, as a Z-module. See examples and remarks ((3.2),4) ,[9].

9.  The H- Pu-supplemented need not be Pu-hollow. For example, Zg as a Zg-
module.
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The following shows the basic properties of H- Pu-supplemented modules.
Recall that, if the sum of any of two pure sub-modules is again pure, it is
said R-modules have pure sum property (PSP) [10].

Proposition 2.3 if M is H- Pu-supplemented modules using (PSP) property. so
for every pure sub-module G for M, exist direct summand R for M, with

G+R G+R M

= «<py Ralso < KLpu rE

Proof: Suppose G pure sub-module for M. Thus R directsummand for M, with
X+G=M iffeachX <p M,R+X=M. assume£<p %,With% = % + g
& R+T, since M have (PSP) property & G <p Mthen G+ T <pMandG<T
implies that G + T=T,so M =R + G +T=G+T=T,hence£=%. GG+
R implies G + R = G. Thus, % «Lp, % .Similarly for GLRR Lp, %,

Recall that If a frame of sub modules in the module M is distributive, then
amodule named distributive, means, N N (K+ S) = (NN K) + (NN S)
for submodule N, K & C for M. See [11].

The submodule A for N named fully invariant sub modules, where
f(A) € Aforeach f € S, when S = EndR(N). the R-modules N named duo, if
each submodule for N be fully invariant. [12].

The following suggestion gives an instance where the submodules for H-
Pu -supplemented is H- Pu - supplemented.

Proposition 2.4 if M is the duo (distributive) modules with (PSP) property. If M
is H- Pu-supplemented implies that all direct summands are H-Pu-
supplemented.

Proof: If M be H- Pu —supplemented & let direct summand A for M, hence
M= A®A,, A; <M and B < A. Then B sub module for M. There is a direct
summand D for M, M=D & D,, D; < M, with B+X= M iff D+ X=M, for each X
<p M. So direct summand for A. If B+ Y = A for the proper pure sub module Y
of A. Since M =A®A,, for each sub-module A,for M, so M=B+ Y+A;. Since
Y <p A <p M;soY<pM [13, Remark (3.1.5)] and since M has (PSP)
property and Y, A are pure submodules hence Y+ A <p M by [10]. Hence
M=D+Y+A;andA=AND+Y. Againif A= AND + T for a proper pure
submodule T for A, hence M= AND+T+ A, =D+T+A;, soM=B+
T+ A;. so,A = B+ T. Therefore, A is H- Pu -supplemented.

Lemma 2.5 [14, Lemma 5.4] if M is modules. where M = M; @ M, , so

A+AM1 D % . if each fully invariant sub-module A for M.

M
A
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Proposition 2.6 if M be H- Pu-supplemented modules using (PSP) Property
also a proper submodule A is any pure for M. so M be H- Pu-supplemented if

each directsummand D for M " be a direct summand for %.

Proof: Suppose % is sub modules for % . Hence X < M 3 direct summand D
for M, with X+ L =Miff D+ L =M for all L <p M From the hypotheses,

. . D+A K .
there exists the direct summand. % for — If = + X _X wherever n is the

proper pure submodules for %, because A pure in M implies the sub module K
be proper pure for M by [ 13, remark (3.1.5)] also X+ K= M, hence D+ K=M
also M + —= % . M + —= % where % is the proper pure sub module of % ,
and A pure m M, so T be proper pure sub-module of M by[13, remark (3.1.5)]
and D+ T=M , hence X+T=M & % +§ = % therefore, % is H-Pu-

supplemented.

Corollary 2.7 if M is distributive and H- Pu-supplemented modules with (PSP)
property and K be every pure sub module for M. Now % is H- Pu-
supplemented [15, 16].

Proof: Assume P is directsummand for M,M =P @ P, whenP;, < M.
M_POR _PHK_ Pt ond sine M 1s d1str1but1ve P+ K) n P+ K)

_ P+K
— 1s H-
K

P n P, + K=K. Thu
Pu -supplemented.

Corollary 2.8 if M is H- Pu-supplemented modules with (PSP) property & A is
any pure and M's fully invariant sub module implies that % is H- Pu-
supplemented.

Proof: Assume that D is directsummand for M M =D @ D; when D; < M.

Since A is fully invariant, by Lemma (2.5), — 2 is the directsumand for o

g

thus, from (2.6) X be H- Pu -supplemented.

Proposition 2.9 if N = U; @ U, be duo (distributive) modules, with U; & U,
is H- Pu —supplemented modules implies that N be H-Pu - supplemented
modules.

Proof: 1f K be submodules for N. Because N a duo (distributive) module, K=
Kn (U & Uy)=KnU;) @ (KNUy). K N U is the pure sub module of U,
by [13, Remark(3.1.5)] and Kn U, is a pure submodule for U, s.t KN U; +
X; = Ujifand onlyif D; + X; = U;, forall X; <p Ujand i = 1,2. As a result,
N has a direct summand D; @ D, .Now if X+K=N, for the sub module X a
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proper pure of N. Then (KN U;) & (KN U,) & Xn U)) & Xn U) =
U, @ U,. XN U, is a proper pure submodule for U; & X N U, be proper pure
submodule for U, . (KNU; +XnU)@® KNU,+XNnU,)=U,P U, =
U; @ Uz,and KN U, +XN U, =U,.Hence D; + XN U; = Ujand D, + XN
U,=U,,thus D, @&D,+X=U; @ U, =N. Also,if D; @D, +Y =N for
Y <p N, then K+ Y = N. Therefore, N is H- Pu - supplemented.

3. Conclusions

In this work, purely-supplement sub modules and weak supplement sub
modules, ample supplement sub modules, are facts of H -supplemented, H-Pu-
supplemented. We also show some of the following results:

. If M is H- Pu-supplemented module using (PSP) property. Then for each
pure submodule B for M, there is the direct summand D for M.

. If M is H- Pu-supplemented module with (PSP) Property, also the proper
sub-module A is any pure for M. hence % be H- Pu-supplemented.

. If M be a distributive and H- Pu-supplemented module with (PSP)
property and A be every pure submodule for M. so % be H- Pu-
supplemented.

= A (distributive module N=U; @ U,, with U; &U, be H-Pu-
supplemented module, so N be H- Pu - supplemented modules.
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