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Graph Edge Hyper-Zagreb index : Applications and thermodynamic 
property predictions for linear acenes molecules
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Abstract
This research explores the Edge Hyper-Zagreb index, a unique method of calculating 

graph indices by replacing vertex degrees with edge degrees. The edge degree is obtained 
by summing the degrees of the end vertices and subtracting 2. We analyze the Edge Hyper-
Zagreb index for the Cartesian product and join of graphs and compute it for linear Acenes 
molecules with the formula (C4n+2 H2n+4). Besides, we highlight the correlation between 
topological indices and the quantity of rings, using the Topological Indices Method (TIM) to 
predict the diverse thermodynamic characteristics of the Acenes family, like electron affinity, 
bond strength, heat of formation, and gap energy.
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1.  Introduction

Molecular descriptors known as topological indices, or connectivity 
indices, are employed within the realms of mathematical chemistry, 
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molecular topology, and chemical graph theory. These numerical 
parameters are derived from a chemical compound’s molecular graph, 
providing insights into the graph’s topological characteristics [18]. 
Topological indices generally remain consistent across graphs and are 
instrumental in quantitative structure-activity relationships ( ),QSARs  
correlating molecules’ biological activities or characteristics with their 
chemical structures, establishing a link between a compound’s structure 
and its function [17].

To compute these indices, hydrogen-depleted molecular graphs are 
utilized, where atoms are depicted as vertices, and bonds as edges. The 
connections between atoms are illustrated using various topological 
matrices, such as distance or adjacency matrices. These matrices are then 
mathematically processed to yield a single numerical value, referred to as 
a graph invariant, graph-theoretical index, or topological index [14, 15]. 
As 2D descriptors, these indices can be conveniently calculated from 
molecular graphs and remain unaffected by the graph’s depiction or 
labeling. An advantage of topological indices is that they do not require 
structural energy minimization of the chemical compound under 
investigation. These indices are valuable tools within the context of 
mathematical chemistry, molecular topology, and chemical graph theory, 
offering a reliable method for characterizing the topological attributes of 
molecular graphs.

Basic topological indices neglect double bonds, atom characteristics, 
and hydrogen atoms, as they only apply to connected undirected molecular 
graphs [23]. In contrast, advanced topological indices consider the 
hybridization status of atoms within the molecule [16]. Common indices 
include Hosoya, Wiener, Randićs molecular connectivity, Balaban’s J index 
[7], and TAU descriptors [10]. Although individual indices may yield 
identical values for distinct molecular graphs, combining multiple indices 
can improve discriminatory capabilities.

ETA indices [24] were developed to enhance TAU descriptors. A 
topological index’s ability to distinguish between graphs is crucial since 
individual indices may not differentiate certain molecular graphs. Creating 
a comprehensive superindex by merging indices can enhance this 
capability [9]. QSARs are statistical models that correlate the biological 
activity of substances, such as drugs and pollutants, with molecular 
structure and property descriptors. QSARs have applications in risk 
assessment, toxicity prediction, regulatory decision-making [28], and 
drug discovery [22].
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Nanotechnology involves manipulating matter at the atomic, 
molecular, and supramolecular levels [29]. Initially focused on atomic and 
molecular manipulation for creating larger products, nanotechnology 
now enables production, manipulation, and utilization of nanomaterials 
[1, 2, 3, 4, 19]. Acenes and line graphs of nanotubes have gained interest 
due to their nanostructure dimensions [3, 7, 10, 15, 25, 27]. Developing 
reliable models for predicting heavier Acenes’ properties is essential, and 
generating a topological index for chemical molecules is a promising 
approach [26].

This paper focuses on connected, finite, undirected graphs. The 
degree of vertex a in graph ,G  denoted as * ( ),d aG  represents the number of 
connected edges. Gutman and Trinajstić [20] pioneered the Zagreb indices 
in 1972, which marked a significant milestone in the study of molecular 
structure’s influence on total j  electron energy. These indices comprise 
the first Zagreb index 1( ),M G  calculating the sum of squared vertex 
degrees, and the second Zagreb index 2( ),M G  summing the products of 
adjacent vertex pairs’ degrees. Widely applied in chemical graph theory, 
the Zagreb indices have significantly enhanced the understanding of 
chemical compounds’ properties and behavior. Their development has 
also laid the groundwork for additional topological indices that researchers 
employ to explore structure-property connections in diverse chemical 
systems.

Ashrafi et al. [6] introduced the first and second Zagreb coindices, 
* *

1 ( )( ) = ( ( ) ( ))ab EM d a d bG G GG ∉ +∑

and 
* *

2 ( )( ) = ( ( ). ( )),ab EM d a d bG G GG ∉∑

respectively. These indices were found to be related to the total j -electron 
energy [20] and were developed to assess the level of branching in the 
carbon-atom skeleton [21]. The Zagreb index, or Zagreb group index, was 
later named in a review article [8]. Milicević et al. [5] reformulated the 
Zagreb indices considering edge-degrees rather than vertex-degrees, as 
below 

* 2 * *
( )1 2( ) = ( ( )) ( ) = ( ( )).( ( )),EEM d EM d da a ba a bG G G GG G∈∑ ∑



in which * ( )d aG  signifies the degree of the edge a  in ,G  which can be 
described as * ( )d aG = * ( )d aG + * ( )d bG − 2  with = aba  and a b  indicates 
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that the edges a  and b  are neighboring, i.e., both edges terminate at the 
same vertex in .G

Shirdel et al. [12] introduced a novel topological index, referred to as 
the Hyper-Zagreb index, specifically designed for a connected graph G  as 

* * 2
( )( ) = ( ( ) ( )) .ab EHM d a d bG G GG ∈ +∑

Now, We would like to define the Edge Hyper-Zagreb index as: 

Definition 1.1: The Edge Hyper-Zagreb index of graph G  for every a  
and ( )Eb G∈  is introduced as 

* * 2
( )( ) = ( ( ) ( )) .EEHM d da b a bG G GG ∈ +∑



2.  Cartesian Product and Join of Graphs

In the following section, we explore the behavior of the EHM  index 
under the Cartesian product and join of graphs. We consider only 
connected, finite and simple graphs, denoted by G  and W  with sets of 
vertex ( )V G  and ( )V W  and sets of edge ( )E G  and ( ),E W  respectively. In 
addition, we symbolize | ( )|= ,V nGG  | ( )|=E mGG  and | ( )|= ,V nWW  
| ( )|= .E mWW

The join of G W+  of graphs G  and W  is a graph with ( )V G ∪ ( )V W  
as its vertices and edge set ( )E G ∪ ( )E W ∪ { |ab a ∈ ( )V G  and ( )}.b V W∈  
The degree of a vertex a of G W+  is given by

*
*
( ) *

( ) , ( )( ) =
( ) , ( ).

d a n a Vd a
d a n a V

G W
G W

W G

G
W+

 + ∈


+ ∈

The Cartesian product G W×  of graphs G  and W  contains ( )V G W×
= ( )V G × ( )V W  as its vertices and ( , )a b ( , )a b′ ′  is an edge of G W×  if =a a′  
and ( ),bb E W′∈  or ( )aa E G′∈  and = .b b′

Theorem 2.1: The EHM  index of G W+  is equal to:
2

1 1

2 1 1
2

2 1 1

2 2 2

( ) = 2 ( ) 16 ( ( ) 2 ) 16
2 ( ) 2 ( ) 16 ( ( ) 2 )
16 2 ( ) 2 ( ) 2 ( )
32 8(2 2 4)( )
4 (2 2 4) 8 8 .

EHM EM n M m n m
EM EM n M m

n m EM n M n M
m m n n n m n m

n n n n m m

W G W G

G W

G W W G

G W G W G W W G

G W G W G W

G W G G
G W W

W G W

+ + − +

+ + + −

+ + + +

+ + + − +

+ + − + +
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Proof: Let = aba  and = bcb  be two adjacent edges in ( ).E G W+  Then we 
have

* * 2
( )

* * 2
( )

* * 2
( )

* * 2
{ | ( ), ( )}

2 3

( ) = ( ( ) ( ))
( ( ) ( ))
( ( ) ( ))

( ( ) ( )) .
= 1 .

E

E

E

E E

EHM d d
d d
d d

d d
A A A

a b

a b

a b

a b a b a b

a b

a b

a b

a b

G W G W G W

G G W G W

W G W G W

G W G W G W

G W ∈ + + +

∈ + +

∈ + +

∈ ∈ ∈ + +

+ +∑

= +∑

+ +∑

+ +∑
+ +







 

We consider
* * 2

( )1
* * * * 2

( )
* * * * 2

( )
* * * * 2

( )
*

( )

= ( ( ) ( ))
( ( ) ( ) 2 ( ) ( ) 2)
( ( ) ( ) 2 2 ( ) ( ) 2 2)
( ( ) ( ) 2 ( ) ( ) 2 4 )
(( (

E

E

E

E

E

A d d
d a d b d b d c
d a d b n d b d c n
d a d b d b d c n
d

a b

a b

a b

a b

a b

a bG G W G W

G G W G W G W G W

G G G W G G W

G G G G G W

G G

∈ + +

∈ + + + +

∈

∈

∈

+∑

= + − + + −∑

= + + − + + + −∑

= + − + + − +∑

= ∑











* 2 * * 2

2 * * * *

* * * *

* * 2
( )

* *
( )

2
( ) ( )

) ( ) 2) ( ( ) ( ) 2)
16 2( ( ) ( ) 2)( ( ) ( ) 2)
8 ( ( ) ( ) 2) 8 ( ( ) ( ) 2))

= ( ( ) ( ) 2)
8 ( ( ) ( ) 2)
16

E

E

E E

a d b d b d c
n d a d b d b d c

n d a d b n d b d c
d a d b

n d a d b
n

a b

a b

a b a b

G G G

W G G G G

W G G W G G

G G G

GW G G

G GW

∈

∈

∈ ∈

+ − + + −

+ + + − + −

+ + − + + −

+ −∑

+ + −∑

+ +∑ ∑





 

* * 2

* *
( )

* * * *
( )

2
1 1

1 1 2
2

1 1 2

( ( ) ( ) 2)
8 ( ( ) ( ) 2)
2 ( ( ) ( ) 2)( ( ) ( ) 2)

= ( ) 8 ( ( ) 2 ) 16
( ) 8 ( ( ) 2 ) 2 ( )

= 2 ( ) 16 ( ( ) 2 ) 16 2 ( ).

E

E

d b d c
n d b d c

d a d b d b d c
EM n M m n m
EM n M m EM
EM n M m n m EM

a b

a b

G G

GW G G

G G G G G

W G W G

W G

W G W G

G G
G G G
G G G

∈

∈

+ −

+ + −∑

+ + − + −∑

+ − +

+ + − +

+ − + +





Similarly,
* * 2

( )2
* * * * 2

( )
* * * * 2

( )
* * * * 2

( )
*

( )

= ( ( ) ( ))
= ( ( ) ( ) 2 ( ) ( ) 2)
= ( ( ) ( ) 2 2 ( ) ( ) 2 2)
= ( ( ) ( ) 2 ( ) ( ) 2 4 )
= (( (

E

E

E

E

E

A d d
d a d b d b d c
d a d b n d b d c n
d a d b d b d c n
d

a b

a b

a b

a b

a b

a bW G W G W

W G W G W G W G W

W W W G W W G

W W W W W G

W W

∈ + +

∈ + + + +

∈

∈

∈

+∑

+ − + + −∑

+ + − + + + −∑

+ − + + − +∑

∑











* 2 * * 2 2

* * * *

* * * *

* * 2
( )

* *
( )

2
( ) ( )

) ( ) 2) ( ( ) ( ) 2) 16
2( ( ) ( ) 2)( ( ) ( ) 2)
8 ( ( ) ( ) 2) 8 ( ( ) ( ) 2))

= ( ( ) ( ) 2)
8 ( ( ) ( ) 2)
16

E

E

E E

a d b d b d c n
d a d b d b d c

n d a d b n d b d c
d a d b

n d a d b
n

a b

a b

a b a b

W W W G

W W W W

G W W G W W

W W W

WG W W

W WG

∈

∈

∈ ∈

+ − + + − +

+ + − + −

+ + − + + −

+ −∑

+ + −∑

+ +∑ ∑





 

* * 2

* *
( )

* * * *
( )

2
1 1

1 1 2
2

1 1 2

( ( ) ( ) 2)
8 ( ( ) ( ) 2)
2 ( ( ) ( ) 2)( ( ) ( ) 2)

= ( ) 8 ( ( ) 2 ) 16
( ) 8 ( ( ) 2 ) 2 ( )

= 2 ( ) 16 ( ( ) 2 ) 16 2 ( ).

E

E

d b d c
n d b d c

d a d b d b d c
EM n M m n m
EM n M m EM
EM n M m n m EM

a b

a b

W W

WG W W

W W W W W

G W G W

G W

G W G W

W W
W W W
W W W

∈

∈

+ −

+ + −∑

+ + − + −∑

+ − +

+ + − +

+ − + +




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* * 2
( )2

* * * * 2
( )

* * * * 2
( )

* * * * 2
( )

*
( )

= ( ( ) ( ))
= ( ( ) ( ) 2 ( ) ( ) 2)
= ( ( ) ( ) 2 2 ( ) ( ) 2 2)
= ( ( ) ( ) 2 ( ) ( ) 2 4 )
= (( (

E

E

E

E

E

A d d
d a d b d b d c
d a d b n d b d c n
d a d b d b d c n
d

a b

a b

a b

a b

a b

a bW G W G W

W G W G W G W G W

W W W G W W G

W W W W W G

W W

∈ + +

∈ + + + +

∈

∈

∈

+∑

+ − + + −∑

+ + − + + + −∑

+ − + + − +∑

∑











* 2 * * 2 2

* * * *

* * * *

* * 2
( )

* *
( )

2
( ) ( )

) ( ) 2) ( ( ) ( ) 2) 16
2( ( ) ( ) 2)( ( ) ( ) 2)
8 ( ( ) ( ) 2) 8 ( ( ) ( ) 2))

= ( ( ) ( ) 2)
8 ( ( ) ( ) 2)
16

E

E

E E

a d b d b d c n
d a d b d b d c

n d a d b n d b d c
d a d b

n d a d b
n

a b

a b

a b a b

W W W G

W W W W

G W W G W W

W W W

WG W W

W WG

∈

∈

∈ ∈

+ − + + − +

+ + − + −

+ + − + + −

+ −∑

+ + −∑

+ +∑ ∑





 

* * 2

* *
( )

* * * *
( )

2
1 1

1 1 2
2

1 1 2

( ( ) ( ) 2)
8 ( ( ) ( ) 2)
2 ( ( ) ( ) 2)( ( ) ( ) 2)

= ( ) 8 ( ( ) 2 ) 16
( ) 8 ( ( ) 2 ) 2 ( )

= 2 ( ) 16 ( ( ) 2 ) 16 2 ( ).

E

E

d b d c
n d b d c

d a d b d b d c
EM n M m n m
EM n M m EM
EM n M m n m EM

a b

a b

W W

WG W W

W W W W W

G W G W

G W

G W G W

W W
W W W
W W W

∈

∈

+ −

+ + −∑

+ + − + −∑

+ − +

+ + − +

+ − + +





Finally,
* * 2

{ | ( ), ( )}3
* * * * 2

{ | ( ), ( )}
* * * * 2

, ( ), , ( )

, ( ), , ( )

= ( ( ) ( ))
= ( ( ) ( ) 2 ( ) ( ) 2)
= ( ( ) ( ) 2 ( ) ( ) 2)
= ((

E E

E E

a b V b c V

a b V b c V

A d d
d a d b d b d c

d a n d b n d b n d c n

a b a b a b

a b a b a b

a bG W G W G W

G W G W G W G W G W

G W G W W G G W W G

G W

∈ ∈ ∈ + +

∈ ∈ ∈ + + + +

∈ ∈

∈ ∈

+∑

+ − + + −∑

+ + + − + + + + −∑

∑

 

 

* * * * 2

* 2 * 2 * * * 2 * 2
, ( ), , ( )
* * 2 * * * *

* *

( ) ( )) ( ( ) ( )) (2 2 4)
= (( ( ) ( ) 2 ( ) ( )) ( ( ) ( )

2 ( ) ( )) (2 2 4) 2( ( ) ( ))( ( ) ( ))
2( ( ) ( ))(2 2 4)

a b V b c V

d a d b d b d c n n
d a d b d a d b d b d c

d b d b n n d a d b d b d c
d a d b n n

G W G W W G

G W G W G W G W

G W W G G W G W

G W W G

∈ ∈

+ + + + + −

+ + + +∑

+ + + − + + +

+ + + − + * *

1 1 1 1
2

2 2

1 1

2( ( ) ( ))(2 2 4)
= ( ) ( ) 8 ( ) ( ) 8

4 (2 2 4) 4(2 2 4)( ) 4(2
2 4)( ) 8 8 8 8

= 2 ( ) 2 ( ) 32
8(2 2 4)(

d b d a n n
n M n M m m n M n M m m

n n n n n n n m n m n
n n m n m m m m m m m
n M n M m m

n n n

G W W G

W G G W W G G W

G W G W G W G W W G G

W G W W G G W G W G W

W G G W

G W G

G W G W

G W

+ + −

+ + + + +

+ + − + + − + +

+ − + + + + +

+ +

+ + −
2 2 2

)
4 (2 2 4) 8 8 .

m n m
n n n n m m

W W G

G W G W G W

+

+ + − + +

Theorem 2.2: Adding 1 2,A A  and 3 ,A  we obtain the desired result. 
The EHM  index of G W×  is given by

1 1 1

1 1 1

( ) = 2( ( ) 8 ( ) 4 ( )
( ) 8 ( ) 4 ( ) 32 ).

EHM n EM m M m M
n EM m M m M m m

G G W

W W G G W

G W W W G
G G W

× + +

+ + + −

Proof: Let ( , )a b ( , )a b′ ′  and ( , )a b′ ′ ( , )a b′′ ′′  be two adjacent edges in 
( ).EHM G W×  Then we have:

* * 2
( , )( , ) ( , )( , ) ( )

* *
( , )( , ) ( , )( , ) ( )

* * 2

( , )( , ),

( ) = ( ( , )( , ) ( , )( , ))
= ( ( , ) ( , ) 2

( , ) ( , ) 2)
=

a b a b a b a b E

a b a b a b a b E

a b a b bb

EHM d a b a b d a b a b
d a b d a b

d a b d a b

G W G W G W

G W G W G W

G W G W

G W ′ ′ ′ ′ ′′ ′′ ∈ × × ×

′ ′ ′ ′ ′′ ′′ ∈ × × ×

× ×

′ ′

′ ′ ′ ′ ′′ ′′× +∑
′ ′+ −∑

′ ′ ′′ ′′+ + −





* * 2
( )

* * 2
( , )( , ), ( )

* * 2
( , )( , ), ( )

* * 2
( , )( , ), ( )

( ( , ) ( , ) 2)
( ( , ) ( , ) 2)

( ( , ) ( , ) 2)
( ( , ) ( , ) 2)

E

a b a b aa E

a b a b b b E

a b a b a a E

d a b d a b
d a b d a b

d a b d a b
d a b d a b

W G W G W

G G W G W

W G W G W

G G W G W

∈ × ×

′ ′∈ × ×

′ ′ ′ ′′ ′ ′′∈ × ×

′ ′ ′′ ′ ′ ′′∈ × ×

′+ −∑
′+ + −∑

′ ′ ′ ′′+ + −∑
′ ′ ′′ ′+ + −∑

1 2 3 4 .A A A A= + + +
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* * 2

( , )( , ) ( , )( , ) ( )
* *

( , )( , ) ( , )( , ) ( )
* * 2

( , )( , ),

( ) = ( ( , )( , ) ( , )( , ))
= ( ( , ) ( , ) 2

( , ) ( , ) 2)
=

a b a b a b a b E

a b a b a b a b E

a b a b bb

EHM d a b a b d a b a b
d a b d a b

d a b d a b

G W G W G W

G W G W G W

G W G W

G W ′ ′ ′ ′ ′′ ′′ ∈ × × ×

′ ′ ′ ′ ′′ ′′ ∈ × × ×

× ×

′ ′

′ ′ ′ ′ ′′ ′′× +∑
′ ′+ −∑

′ ′ ′′ ′′+ + −





* * 2
( )

* * 2
( , )( , ), ( )

* * 2
( , )( , ), ( )

* * 2
( , )( , ), ( )

( ( , ) ( , ) 2)
( ( , ) ( , ) 2)

( ( , ) ( , ) 2)
( ( , ) ( , ) 2)

E

a b a b aa E

a b a b b b E

a b a b a a E

d a b d a b
d a b d a b

d a b d a b
d a b d a b

W G W G W

G G W G W

W G W G W

G G W G W

∈ × ×

′ ′∈ × ×

′ ′ ′ ′′ ′ ′′∈ × ×

′ ′ ′′ ′ ′ ′′∈ × ×

′+ −∑
′+ + −∑

′ ′ ′ ′′+ + −∑
′ ′ ′′ ′+ + −∑

1 2 3 4 .A A A A= + + +

We consider
* * 2

( , )( , ), ( )1
* * * 2

( ) ( )
* 2

( ) ( )
* * 2

( ) ( )
* * *

( ) ( )

= ( ( , ) ( , ) 2)
(2 ( ) ( ) ( ) 2)

= 4 ( ( ) )
( ( ) ( ) 2)

4 ( ) ( ( ) ( ) 2)

a b a b bb E

a V bb E

bb E a V

a V bb E

a V bb E

A d a b d a b
d a d b d b
d a

d b d b
d a d b d b

W G W G W

G W G W W

W G G

G W W W

G WG W W

′ ′∈ × ×

′∈ ∈

′∈ ∈

′∈ ∈

′∈ ∈

′+ −∑
′= + + −∑ ∑

∑ ∑
′+ + −∑ ∑

′+ + −∑ ∑

1 1 1= ( ) 8 ( ) 4 ( ) 16 .n EM m M m M m mG G W G WW W G+ + −

Similarly,
* * 2

( , )( , ), ( )2
* * * 2

( ) ( )
* 2

( ) ( )
* * 2

( ) ( )
* * *

( ) ( )

= ( ( , ) ( , ) 2)
(2 ( ) ( ) ( ) 2)

= 4 ( ( ) )
( ( ) ( ) 2)

4 ( ) ( ( ) ( ) 2)

a b a b aa E

b V aa E

aa E b V

b V aa E

b V aa E

A d a b d a b
d b d a d a
d b

d a d a
d b d a d a

G G W G W

W G W G G

G W W

W G G G

W GW G G

′ ′∈ × ×

′∈ ∈

′∈ ∈

′∈ ∈

′∈ ∈

′+ −∑
′= + + −∑ ∑

∑ ∑
′+ + −∑ ∑

′+ + −∑ ∑

1 1 1= ( ) 8 ( ) 4 ( ) 16 .n EM m M m M m mW W G G WG G W+ + −

Similarly again,
* * 2

( , )( , ), ( )3
* * * 2

( ) ( )
* 2

( ) ( )
* * 2

( ) ( )
*

( )

= ( ( , ) ( , ) 2)
(2 ( ) ( ) ( ) 2)

= 4 ( ( ) )
( ( ) ( ) 2)

4 ( )

a b a b b b E

a V b b E

b b E a V

a V b b E

a V

A d a b d a b
d a d b d b
d a

d b d b
d a

W G W G W

G W G W W

W G G

G W W W

G G

′ ′ ′ ′′ ′ ′′∈ × ×

′ ′ ′′∈ ∈

′ ′′ ′∈ ∈

′ ′ ′′∈ ∈

′∈

′ ′ ′ ′′+ −∑
′ ′ ′′= + + −∑ ∑
′∑ ∑
′ ′′+ + −∑ ∑

′+ ∑ * *
( )

1 1 1

( ( ) ( ) 2)
= ( ) 8 ( ) 4 ( ) 16 .

b b E d b d b
n EM m M m M m m

W W W

G G W G WW W G
′ ′′∈ ′ ′′+ −∑

+ + −

Finally,
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* * 2
( , )( , ), ( )4

* * * 2
( ) ( )

* 2
( ) ( )

* * 2
( ) ( )

*
( )

= ( ( , ) ( , ) 2)
(2 ( ) ( ) ( ) 2)

= 4 ( ( ) )
( ( ) ( ) 2)

4 ( )

a b a b a a E

b V a a E

a a E b V

b V a a E

b V

A d a b d a b
d b d a d a
d b

d a d a
d b

G G W G W

W G W G G

G W W

W G G G

W W

′ ′ ′′ ′ ′ ′′∈ × ×

′ ′ ′′∈ ∈

′ ′′ ′∈ ∈

′ ′ ′′∈ ∈

′∈

′ ′ ′′ ′+ −∑
′ ′ ′′= + + −∑ ∑
′∑ ∑

′ ′′+ + −∑ ∑
′+ ∑ * *

( )

1 1 1

( ( ) ( ) 2)
= ( ) 8 ( ) 4 ( ) 16 .

a a E d a d a
n EM m M m M m m

G G G

W W G G WG G W
′ ′′∈ ′ ′′+ −∑

+ + −

By adding 1 2 3, ,A A A  and 4 ,A+  the desired result follows. 

3.  Methods and Theory

In this section, we are going to compute the EHM  index for the 
family of linear Acenes 4 2 2 4( )n nC H+ +  molecule, (FIGURE 1).

Figure 1
Linear Acenes Molecular Graph

Theorem 3.1: We presume that G  represents a linear Acenes 4 2 2 4( )n nC H+ +  
molecule. The EHM  index can be calculated as follow: 

( ) = 4(85 62).EHM nG −  

Proof: Let’s assume G  represents a simple graph within the Acenes family. 
The rings set divide into two partitions according to outer (pendant) rings 
and inner rings. Now, we divide rings again according to the degree of 
edges as follow (see FIGURE 2 and FIGURE 3):

(i)	 degree of edges in outer rings. So, we have 

* *
1 = { ( )| = = 2},E E d da ba b G′ ∈  

* *
2 = { ( )| = 2, = 3} andE E d da ba b G′ ∈  

* *
3 = { ( )| = 3, = 4}.E E d da ba b G′ ∈  



GRAPH EDGE HYPER-ZAGREB INDEX� 57

(ii)	 degree of edges in inner rings. So, we obtain 
* *

4 = { ( )| = = 3} andE E d da ba b G′ ∈

 
* *

5 = { ( )| = 3, = 4}.E E d da ba b G′ ∈

 

(iii)	degree of edges between outer and inner rings. Then, we attain 
* *

6 = { ( )| = = 3}.E E d da ba b G′ ∈

 
Now, we investigate the statement by induction on the number of 

rings that it is indicated by n. According to FIGURE 1 and FIGURE 2, we 
can compute 1 6| |,...,| |E E′ ′  for = 3n  and = 4.n

If = 3,n  then 

1 2 3 4 5 6| ( )|= 4,| ( )|= 4,| ( )|= 4,| ( )|= 2,| ( )|= 4 and| ( )|= 4.E E E E E EG G G G G G′ ′ ′ ′ ′ ′

So, we can conclude ( )EHM G  as follow: 
* * 2

( )( ) = ( ) , for 1 6
iEEHM d d ia b a bGG ′∈ + ⇒∑



 

* * 2 * * 2 * * 2
1 3 4

* * 2 * * 2
5 6

2 2 2 2 2 2

( ) = ( ) ( ) ( )( ) ( ) ( )
( ) ( )( ) ( )

= 4(2 2) 4(2 3) 4(3 4) 2(3 3) 4(3 4) 4(3 3)
= 772.

E E E

E E

EHM d d d d d d

d d d d
a b a b a ba b a b a b

a b a ba b a b

G G G G

G G

′ ′ ′∈ ∈ ∈

′ ′∈ ∈

+ + + + +∑ ∑ ∑

+ + + +∑ ∑

+ + + + + + + + + + +

  

 

If = 4,n  then 

1 2 3 4 5 6| ( )|= 4,| ( )|= 4,| ( )|= 4,| ( )|= 4,| ( )|= 8 and| ( )|= 6.E E E E E EG G G G G G′ ′ ′ ′ ′ ′

Furthermore, same as previous calculations ( )EHM G  for = 3,n  we 
can verify ( )EHM G  for = 4.n  Hence, ( ) = 1112.EHM G

We proceed under the assumption that the claim is valid for any 
number of rings fewer than n, where n is greater than 4.

Figure 2
Phenantherene Molecular Graph

Figure 3
Chrysene Molecular Graph
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We saw that 1 2 3| ( )|=| ( )|=| ( )|= 4E E EG G G′ ′ ′  are constant for all edges 
in outer rings. So, 

* * 2
( )( ) = ( ) = 360 for 1 3

iEEHM d d ia b a bGG ′∈ +∑


 
and 

4 5 6| ( )|= 2( 2),| ( )|= 4( 2) and | ( )|= 2( 1),E n E n E nG G G′ ′ ′− − −

in which n is the number of rings. Hence, the EHM  index of Acenes 
4 2 2 4( )n nC H+ +  is equal to 

* * 2
( )( ) = ( ) , for 1 6

iEEHM d d ia b a bGG ′∈ + ⇒∑


  

* * 2 * * 2
( ) ( )4 5

* * 2
( )6

2 2 2

( ) = 360 ( ) ( )

( )

= 360 2( 2)(6) 4( 2)(7) 2( 1)(6)
= 4(85 62).

E E

E

EHM d d d d

d d

n n n
n

a b a ba b a b

a b a b

G G

G

G ′ ′∈ ∈

′∈

+ + + +∑ ∑

+ +∑

+ − + − + −
−

 



 
Finally, the proof is completed. 

4.  Results

Equation ( ) = 4(85 62)EHM A n −  was used to calculate the EHM  
index for 8 elements of the Acenes family, which are then displayed in 
TABLE 1.

Table 1
The EHM index for the initial eight linear Acenes molecules 

Chemical Formula  IUPAC Name  ( )EHM G

 10 8C H   Benzene 432

 14 10C H   Naphthalene 772

 18 12C H   Anthracene 1112

 22 14C H   Tetracene 1452

 26 16C H   Pentacene 1792

 30 18C H   Hexacene 2132

 34 20C H   Heptacene 2472

 36 22C H   Optacene 2812
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We conducted calculations for Gibbs Energy ( ),GE  Heat of formation 
( . ),H oF  as well as Electro-optical characteristics like gap energy ( )gE  and 
electron affinity energy ( )eaE  in the Acenes family using empirical data to 
examine the thermodynamic properties. These results were then compared 
against established sources, as detailed in TABLE 2 [11, 13].

Table 2
(GE), (H.oF), (Eg) and (Eea) energy 

Chemical Formula  . ( / )H of Kj mol   ( / )GE Kj mol   gE
  eaE

 10 8C H   80.83   121.68   0.32−   4.09

 14 10C H   177.87   252.38   0.05−   4.19

 18 12C H   274.91   383.08   0.29−   3.73

 22 14C H   371.95   513.78   0.4   3.7

 26 16C H   468.99   644.48   0.57   3.47

 30 18C H   566.03   775.18   0.64   3.5

 34 20C H   633.07   905.88   0.73   3.44

 36 22C H   760.11   1036.58   0.84   3.36
 

FIGURES 4, 5, 6 and 7 illustrate the values of ,eaE  ,gE  . ,H oF  and GE  
for linear Acenes in relation to the EHM  index, reflecting the findings of 
this study.

FIGURES 4 and 5 demonstrate the precise calculation of gE  and eaE  
using the ( )EHM A  index variations within the Acenes family.

Figure 4
Electron affinity energy

Figure 5 
Gap energy
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Figure 6
Gipps energy

Figure 7
Heat of formation energy

 
These forecasts can be made using a pair of equations: 

= 0.00046359 ( ) 0.36444 (4 1),eaE EHM G − −

= 0.00032528 ( ) 4.2039 (4 2).gE EHM G− + −
 

FIGURES (6) and (7) demonstrate the effectiveness of the ( )EHM G  
index in predicting GE  and .H oF  within the linear Acenes family, with an 

2R  value of 1. The corresponding equation is provided below 
= 0.38441 ( ) 44.386 (4 3),GE EHM G − −

= 0.00032528 ( ) 4.2039 (4 4).gE EHM G− + −

5.  Conclusion

In TABLE 3, we state the values of ,GE  ,eaE  ,GE  and .H oF  for the 
Acenes family using the TIM  method. This table highlights the reliability 
of the TIM  method by comparing the results with the reference values 
from TABLE 2. The TIM  method, along with the EHM  index, allows for 
accurate prediction of various physical and chemical properties within the 
Acenes family, saving time and resources compared to traditional 
theoretical and experimental approaches that often yield only approximate 
results. Moving forward, several heavier members of the Acenes family 
will undergo analysis using the TIM  method. Equations (4 1),− (4 2),−  
and (4 4)−  have been employed to forecast the energies of ,GE  ,eaE  ,GE  
and .H oF  with the outcomes detailed in TABLE 4.
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Table 3
Calculation (GE), (H.oF), (Eg), and (Eea) energy of first eight Acenes family by 

TIM method 

Chemical 
Formula  .H of   GE   gE

  eaE

 10 8C H   80.82912   121.67912   0.16412912−   4.06337904

 14 10C H   177.86852   252.37852   0.00650852−   3.95278384

 18 12C H   274.90792   383.07792   0.15111208   3.84218864

 22 14C H   371.94732   513.77732   0.30873268   3.73159344

 26 16C H   468.98672   644.47672   0.46635328   3.62099824

 30 18C H   566.02612   775.17612   0.62397388   3.51040304

 34 20C H   633.06552   905.87552   0.78159448   3.39980784

 36 22C H   760.10492   1036.57492   0.93921508   3.28921264
 

Table 4
Prediction (GE), (H.oF), (Eg) and (Eea) energy for Acenes family 

Chemical 
Formula  n   ( )EHM G   .H oF   GE   eaE   gE

42 24C H 10 3152 80.82912 121.67912 0.16412912− 4.06337904

46 26C H 11 3492 177.86852 252.37852 0.00650852− 3.95278384

50 28C H 12 3832 274.90792 383.07792 0.15111208 3.84218864

54 30C H 13 4172 371.94732 513.77732 0.30873268 3.73159344

58 32C H 14 4512 468.98672 644.47672 0.46635328 3.62099824

62 34C H 15 4852 566.02612 775.17612 0.62397388 3.51040304

66 36C H 16 5192 663.06552 905.87552 0.78159448 3.39980784

70 38C H 17 5532 760.10492 1036.57492 0.93921508 3.28921264
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