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Abstract  
Purity is one of the important concepts in Algebra, which was studied by 

many others in Acts, modules, and groups. An   - -subact B of   -act is SP-
sub-act, if every a  A and a  B, there is a pure  -subact P of A that contains B 
and a  P. Now we describe that an SP-sub-act L in K-act A, if and only if, Lj are 
pure K-subacts of A, for each j J, and L=     Lj. SP-subact as a generalization 
of purity. We discuss many Algebraic properties. We found the relationship 
between SP-sub-act idempotent subact, and multiplication. 
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1. Introduction  
The set   is said to be a monoid if there is a   ×       written by         

       satisfies the conditions (1)                       for all             
 . (2)   1                 for all      , [1]. Let   be a monoid. A set 
    is said to be a right   -Act  , if           written          is the 
satisfied to condition a (               , for all          and a    , [1]. A 
monoid   is said to be commutative (in short, C-M), if           , for all 
     in   , [1]. A right K-ideal [    ] = {      | a     L for all a     }, [2] 
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and [3]. A  -sub-act L be said to be pure of   -act A if AL = L IM,   I ideal of 
 . An ideal I of   is pure if it is pure  –sub–act of  -act [4].  

Many authors studied these sub-acts,see [5], [6]. 

2. SP-Sub-Acts. 
Definition 2.1: An 𝐾𝐾-sub-act B of 𝐾𝐾 -act is SP-sub-act, if for every a  A and a 
 B, there is a pure 𝐾𝐾-subact P of A that contains B and a  P. 

Remarks 2.2: 
1.  Every pure 𝐾𝐾 -𝐾𝐾-subact is SP-sub-act. 
2.  The intersection of any two SP- 𝐾𝐾 -subacts is SP. 

Proof: Let a A and a  B1   B2, then either a  B1, since B1 is an SP -𝐾𝐾-subact 
in A, then P as pure contains B1 and a P. Or a   B2   P. 
 
3.  If B is an SP- 𝐾𝐾 -subact of pure K-subact B' in A, then B is an SP in A. 

Proof: Let a A and a B. If a B', there is a pure 𝐾𝐾-subact P that contains B and 
a P. Since purity holds the transitive property, then P is pure in A. Hence, B is 
an SP in A. 
 
4.  If  B1 and B2  are SP-sub-acts, then B1   B2 is SP. 

Proof: Let a  A and a  B1   B2, then a  B1 and a  B2, there are two pure S-
subacts P1 and P2 that contain B1 and B2, respectively a  P1 and a  P2. We have 
pure P1   P2 contains B1   B2, and a  P1   P2. Hence, B1   B2 is pure K-subact. 
 
5.  If B is a SP- K-sub-act of A and B is an 𝐾𝐾-sub-act of B' & B' is a K-sub-act 

in A, then B is a SP in B'. 

Proof: It follows from pure property. 
 
6.  If B be an SP-sub-act in A, then    be an SP-sub-act in  

    
 

where   is a congruence on B, IA is an equivalent relation on A, and 
      . 

Proof: Let [a]        and [a]     . We have a A, a B, by SP of B, we have P as a 
pure K-subact that contains B, and a P. 
 
7.  Let L be an SP-sub-act in K-act A, if and only if, Lj are pure K-subacts of 

A, for each j J, and L=     Lj.  
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Proof: Suppose L isn't an SP-sub-act in K-subact. By hypothesis, there are Lj 
pure K-subacts in A, for each j is an element in J and L      Lj.Suppose  
       Lj, then   Lj and assume   L. Since L is an SP, that implies that    
Lj, Contradiction. Now suppose L=     Lj where pure K-subacts Lj in  A. 
Suppose e   A and e L. Since L=     Lj,  j in J L subset or equals Lj and e is an 
such that e   Lj. Thus L  Lj and e   Lj. L is an SP-sub-act. 
 
8. Let K={1, 2, 3 } and A=K. Define a binary operation in the table 1: 

 
Table 1 

Binary operation defined on the set          . 
0 1 2 3 
1 1 1 1 
2 1 1 1 
3 1 2 3 

 
Then, A is an  -act with A   K written by (a, b) = ab for all a,b   M. 

Here, N1={1, 2} and N2={1,3} are subacts in A. N1 is a SP-sub-act, but N2 isn't a 
SP-sub-act in A. 

  is called a multiplication K-act, if there is an ideal   of  ,   ' =   , 
for each K-subact    of  . L is an idempotent sub-act in  K-act A if L=[L:A] L, 
[7]. 

Proposition 2.3: 
1. Pure K-subacts of multiplication K-act are multiplication and idempotent. 

Proof: Suppose A  is a multiplication   L is a pure K-sub-act in A and    N is a 
K-sub-act in L. Then N=IA,    I ideal in K . By purity of L, then  N=N  L= IA 
  L= IL. We have L is a multiplication. Since L=[L: A] A and L is pure, then 
[L: A] L= L  [L: A] A = L. Then,  L is idempotent in A. 
 
2. Every SP- K-subact of multiplication K-act, there is idemptent K- subact 

contains SP. 

Proof: It follows from pro(2.3),(1). 

Lemma 1.4: Let L be a multiplication K-sub-act in K-act A, iff  F L =[F: L] L 
for F sub-act in A. 

Proof: Suppose w    F L. Then     L, by multiplication of L,   ideal I in K, 
such that K =IL. So, IL  F We have  I  [F:L] and IL  [F:L] L. Therefore, w 
  [F: L] L. Suppose     [F:L] L. Then      for some s    [F: L]&    L. So, 
sL 
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  F thus          F.Since [F:L] L   KL  L then     . We get c 
 F L. That is F L = [F: L] L. 

Lemma 2.5: If F is a faithful multiplication K-act,then_I=[IF: F], for the ideal I 
in K. 

Proof: Suppose i   I.Then, iF  IF. Hence, i   [IF: F]. Conversely, let s   [IF:F] 
then sF  IF and hence      F,   i   I, &      F such that          that is, 
          ,for all      F. In particular          . By the faithfulness of M, we 
have      . So, s   I. Therefore, I=[IF:F]. 

Theorem 2.6: Suppose K is a C-M & A a faithful K-act. Then, A is a 
multiplication if and only if 1-          = (     Lj)A for a nonempty collection 
of ideals Lj,      in K and 2- any K-subact B in A & ideal L in K such that B 
 LA,   N an ideal with N   L & L NA. 

Proof: Let 1 & 2 be verified. Suppose B is a K-subact in A&   = {L: L is an 
ideal in K & B  LA}. K   . Let   Lj (   ) be any set of ideals in  . 
Having (1)      Lj    .Zorn's lemma,   has a minimal element C (say). Then B 
  CA. Suppose that B  CA. By statement (2), there exists an ideal D of K with 
D C and B  DA. In this case, D    contradicts the choice of C. Thus, B = 
CA. It follows that A is a multiplication K-act. 

Theorem 2.7: Suppose Lj are a K-subacts of faithful multiplication K-act A. The 
next conditions are equal:  
1. L is an SP-subact in K-act A 
2. Lj are pure K-subacts of A, for each j J and L=     Lj. 
3. Lj is multiplication and idempotent in A.  
4. I [Lj: M] = I  [Lj: M] for ideal I in K. 

Proof: (1)   (2) Remark 2.2(6).  
          
⇒   Pro (2.3). 

          
⇒   (Suppose D is a K-subact 

of A. Then [D: Lj] Lj =[D: Lj] ([Lj: A] Lj) =([D: Lj] [Lj:A]) Lj   [D: A] Lj. Also, 
[D:A] Lj   [D: Lj] Lj. So, [D: Lj] Lj = [D:A] Lj .Since Lj is multiplication, then 
by Lemma(2.4) and (2.5), for every ideal I of K, IA  Lj = [IA: Lj] Lj = [IA: A] 
Lj =I Lj. Thus, I Lj =IA  Lj. So, (I [Lj:A]) A=I Lj =IA  Lj =IA  [Lj:A] A. 
Therefore, IA  [Lj: A] A=(I [Lj: A]) A, and by Theorem(2.6), (I  [Lj: A]) A = 
(I [Lj: A]) A. By faithfulness in A, I [Lj: A] =I  [Lj: A]. (4) 

          
⇒   (2) Suppose I is 

ideal in K. Theom (2.6), and (3) Lj IA=[ Lj: A] A   IA=([ Lj: A]  I) A=([ Lj: 
A] I) A = (I [Lj: A]) A=I ([Lj: A] A)= ILj. Therefore, Lj is a pure K-subact of A. 

Theorem 2.8:  
1. If L is an SP sub K-act in faithful multiplication in A, then [L: A] is an SP-

ideal in K. 
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Proof: Let s isn't in [L: A], we have sA isn't in L, then sA isn't in L, for some, by 
1, there is pure N in A such that L N and sa isn't in N, then s isn't in [N: A], 
then it is a pure ideal of K. Hence [L: A] is SP- ideal of K. 
 
2. If L is a sub K-act in faithful multiplication in A & [L: A] is SP-ideal in K, 

then L is an SP sub K-act in A 

Proof: Let ka   , then k [L: A] is SP-ideal, thus there is a pure ideal   [P: A] 
such that k [P: A] with [L: A]  [P: A]. We have ka   where P is a pure sub-
act that contains L. Hence, L is an SP sub K-act. 

Many  authors studied these acts [2], 

3. Fully SP-Acts 
Definition 3.1: A K-act A is named fully SP-acts if each K-subact B of A is K-
isomorphic to  SP.  

Remarks 3.2: The Z as Z-act is Fully SP-act. 

Proposition 3.3: Every K-sub-act B of Fully SP-act D is Fully SP. 

Proof: Suppose D is fully SP-act, & K-inclusion i: B D and  L is K-subact of 
B. By inclusion, there is SP-K-sub act H in D such that H   is K-sub act of D 
since D is fully SP. We have SP-K-sub act H in B, by Remarks 2.2(5). Thus, B 
is Fully SP-act. 

Proposition 3.4: The Intersection of two fully SP-acts is a fully SP-act. 

Proof: Suppose L is a sub-K-act of F G. Then L is a sub-K-act of F. By full SP 
of F, we have L is SP in F. By Remak (2.2):5, L is SP in F G. 

Proposition 3.5: Any disjoint union of two fully SP-acts is fully SP. 

Proof: Suppose L is a sub-K-act of F ̇G. Then either L is a sub-K-act of F or L 
is a sub-K-act of G. By full SP of F or G, we have L is SP in F or G. By Remak 
(2.2):3, L is SP in F ̇G. 

4. Conclusion 
  We introduced fully SP-Acts that are very important in the Act theory. 

We have the field to study more notions, SP-stability, and SP-injectivity. 
 
 
References 
[1] Mark K. Alexander and Ulrich Knauer, Monoids, Acts and Categories 

with Applications to Wreath Products and Graphs. New York, NY, USA: 
Walter de Gruyter, 2000. 

References

	 [1]	 Mark K. Alexander and Ulrich Knauer, Monoids, Acts and Catego-
ries with Applications to Wreath Products and Graphs. New York, 
NY, USA: Walter de Gruyter (2000).



160� S. M. SAIED AND I. A. OMER

	 [2]	 Mohammed S. Abbas and Sabah M. Saied, “Fully stable on Gamma 
acts,” IOP Conference Series: Materials Science and Engineering, vol. 
871, no. 1, Art. no. 012041 (2020).

	 [3]	 Sabah M. Saied and Samer M. Khalil, “Gamma ideal extension in 
gamma systems,” Journal of Discrete Mathematical Sciences and Cryp-
tography, vol. 24, no. 6, pp. 1675–1681 (2021).

	 [4]	 Sabah M. Saied and Hussein K. Zghair, “T(A)-prime gamma sub-
acts,” Journal of Statistics and Management Systems, vol. 25, no. 8, pp. 
2019–2023 (2022).

	 [5]	 Israa S. Ahmed, Ahmed Al-Fayadh, Hassan H. Ebrahim, and Luma 
S. Abdalbaqi, “Implementation of the neutrosophic sets in measur-
able space with respect to neutrosophic ring,” International Journal of 
Neutrosophic Science, vol. 25, no. 3, pp. 187–193 (2025), doi: 10.54216/
IJNS.250317.

	 [6]	 Noor S. Al-Mothafar, “Quasi J-regular modules,” Iraqi Journal of Sci-
ence, vol. 61, pp. 1473–1478 (2020).

	 [7]	 Ali Akbar Estaji and Mohammad Shabani, “A note on multiplication 
S-acts,” Far East Journal of Mathematical Sciences, vol. 36, no. 2, pp. 133–
150 (2010).

		  Received March, 2025


