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Abstract

Consider a commutative ring R. Let 3 (R) denote the set of zero-divisors of R\{0}.
A zero-division graph, denoted by I'(R), is a graph interrelated with the ring R, where the
vertex set consists of the elements in 3'(R). In this graph, two vertices w, and w, are adjacent
if and only if their product satisfies w, w,=w, w, = 0.

In a recent research paper, we explore various degree-based topological indices related
to I'(R). Specifically, we investigate the graph structures for the types of commutative rings
including Z2, Zis, Z x Z, x Z,, Z, , and Z Zpax Z where ¢, ¢, and (, are the primes. This
study sheds light on the algebraic propert1es of these rings and provides insights into their
underlying graph structures.
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1. Introduction

The notion of a zero-divisor graph was initially presented by Istvan Beck in
1988 [1]. Subsequently, Anderson and Livingstone [2] modified the definition of
this graph for a commutative ring R and its set of zero-divisors, denoted as
3(R). They established a connection between the commutative ring R and a
simple graph called T'(R). In this graph, V(3*(R)) = 3(R)\{0}. Specifically,
two vertices w; and w, in I'(R) are adjacent if and only if their product
satisfies wyw, = wow; = 0.
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In [2], it was proved that the graph I'(R) is connected if the ring R is the
commutative ring. Commutative rings have applications in various fields,
including cryptography, algorithm analysis, communication theory, engineering,
and combinatorics. Therefore, much research has been done on these algebraic
structures and their corresponding graphs.

Topological indices are variables associated with a graph and are constant
under graph isomorphism. Studies of topological indices in algebraic graph
theory can be used to describe the properties of a graph through algebraic
structures. Algebraic graph theory has been applied as a helpful tool in fields such
as chemistry, neurological systems, and social networks. Many studies have been
done on topological indices of algebraic graphs. In their research, Rayer and
Jeyaraj [3] calculated several topological indices for the zero-divisor graphs.
These indices include the total and connective eccentricity indices, the augmented
and Ediz eccentric connectivity indices. Additionally, Movahedi and Akhbari [4]
investigated topological indices for zero-divisor graphs. Their investigation
covered Zagreb indices, graph energies, and domination parameters.
Furthermore, in another study [5], researchers determined topological indices
using some polynomials for the zero-divisor graph. In a study by Chokani,
Movahedi, and Taheri, [6], various graph energies were calculated for
zero-divisor graphs from commutative rings. Additionally, [7] computed
topological indices related to two types of graphs including the total graph and the
zero-divisor graph using certain polynomials. Furthermore, in another research
work [8], linear codes were examined for the Hamming metric based on the
zero-divisor graphs.

In this study, we suppose that a simple graph denoted by G = (V,E) of
order |V| =n and size |E| = m. For any vertex w;, its open neighborhood is
defined as the set N(w;) = {w, € V:w,w, € E}. The size of this neighborhood
set is called the degree of vertex w;, denoted as d(w,;). Additionally, we
consider the maximum degree of the graph as A and the minimum degree as &
[9].

Gutman [10] introduced a new class of topological indices based on
Euclidean metric space, incorporating a geometric interpretation related to the
degree radius. These topological indices are called the Sombor index (SO), the
average Sombor index (§0q,4), and the reduced Sombor index (S0,.¢4) such that

50(G) = Zwywyer) VAW1)? +d(w)?,

2|E| 2|E|

S04y (G) = T wyer(6) \/(d(wl) _ W)Z + (d(wZ - W)2,

and

$0yeq(G) = ZwlwzeE(G) \/(d(wl) — 1?2 + (d(wy) — 12
Motivated by the definition of the Sombor indices and well-known
topological indices, several topological indices were defined and studied. In [11]
the modified Sombor index is defined as follows
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In [12], the authors expanded the degree-based topological indices by
introducing multiplicative topological indices. Based on extensive research into
multiplicative indices and related applications, several indices have been defined.
These include the multiplicative version of Sombor index (SOII) introduced by
Lio [13], and the multiplicative modified Sombor index (MSOII), and the
multiplicative reduced Sombor index (RSOII), as proposed in [14] such that

SOH(G) = [w,wyer(e) VAW1)? + d(w2)?,

1
MSOII(G) = [lw,w,eE(6) NTCAZTIONE

and

RSOI(G) = Mwyw,er(e) ¥ (dwy) — 1)? + (d(wz) — D)2
In this study, we compute the Sombor inidices and the multiplicative
Sombor indices for the types of commutative rings including R = Zg2, R = Zgs,
R=Ze XLy XLg, R=Zgz, and R = Zﬁ X L, where ¢, {; and {, are the
primes.

2. Main Results

In this section, we explore various Sombor indices of I'((R) for specific
commutative rings.

First, we consider the graph I'(Z;z) for the prime number ¢. In this graph,
the set of zero divisors 3*(Z,2) consists of elements like ¢,2¢, ..., ({ —1){.
Notably, for any pair of elements wy and w, in Z*(Z,2), their product is zero.

Consequently, I'(Z;2) is a complete graph with { — 1 vertices and 7((_1)2@_2)

edges. Note that
21E(rze)l _ ‘-2
W(r@g)

Theorem 2.1: Let I'(Z;z2) for prime number { be the zero-divisor graph. Then

i) S0(r(z) =2 - 1@ -2
(i) $0rea(T(Z2)) = 2({ - DE ~ 2)C - 3),

(i) ™SO(N(Z) = 2 - 1),
(iV) SO04yy(T(Z42)) = 0,

¢-1(¢-2)
) Sol(T(Z;2)) = (V2(3-2)) *

_(8-1)(8-2)
(vi) MSOI(T(Z;2)) = (V2(¢—-2)) *

¢-1¢-2)

(vil) RSOI(T(Z;2)) = (V2({ = 3)) 2
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We investigate the structure of the graph I'(Z;s) to compute given
topological indices. Note that that this graph is the complete split graph with
¢? — 1 vertices, having the independent set of cardinality {? —{ and the
induced subgraph K;_; [15].

Theorem 2.2: Let I'(Z;3) for prime number { be the zero-divisor graph. Then
i) SO(T(Z) =€~ Da+2((a- 1)~ € - DB -8)),

(i) S0ea(T(Z2)) = ¢C — DB +2( - DE - ({2 - 3),

(i) mSO(N(Zg)) = S (L2 4+ HED)

4 72-2 Va
. 2(¢3-20%+1) (V2
(V) SOug(N(Ze»)) = SEZ2(Z @ -2 + € - DY +1),
€-1(¢-2) €-1(¢-2) {E-1)?
) SOH(T(Z;))=2 + x((*=2) =z x(a) z ,
. -¢-1(¢-2) —¢-1(¢-2) -{¢-1)?
(vi) MSOI(T(Z;3))=2" + x(*=2)" z x(a) z ,

. €-1(E-2) ) G-1(E-2) 3¢-1)?
(vii) RSOII(T(Z;2)) =2 +  x({*—=3) z x(B) z .

where @ = {* —3{> — 20 +5 and B = {* — 5% — 4 + 13.

Proof: From the graph T'(Z;s) with { 2 — 1 vertices, independence number

- 2 g
¢%? — ¢, and a clique of size { — 1, we have m = E(T(Zes)) = W

The degree of any vertex of the independent set in graph I'(Z;s) is equal to
¢ — 1. The degree of any vertex in the induced subgraph K;_; of I'(Zs) is
{% — 2. Therefore, we divide the edge set as follows

E; = {wyw, € E:d(w;) = % = 2,d(w,) = {* — 2},

and
E, ={wyw, € E:d(wy) = (2 —2,d(wy) = — 1}
Table 1
The size of the edge subsets in I'(Z3).
Edge-partition sets E, E,
Number of edges W {@¢-1)?

Since the size of edge subsets in ['(Z,3) is shown in Table 1, we get
(@)
SO(T(Ze») = |ExlV (@2 = 2% + (2 = 2)? + Bl (T2 = 2)2 + (€ = D)?
=2 0-DE-D@ -+ - D@ -2+ (- D2
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With simplifications of the above relation and putting a = {* — 3% —
2{ + 5, the result follows.

50rea(T(Zg3)) = |E1 |V (§% = 3)2 + (§2 = 3)2 + |E; |/ ($% = 3)2 + (C — 2)°

= 2@ -DE-DE-3)+{E - DT 37+ (-2

With simplifications of the above relation and putting f = {* — 5{% —
4 + 13, the result follows.

. m _ 1 1
(i) SO((2Zg=)) = |E4| (J(52—2)2+(62—2)2) 12| (\/(52—2)2+(z—1)2>
=<-_2(ﬁ<<-1) () )

4 \ ¢%-2  Jgh-302-20+5

2
(iv) Since |V|=¢?—1 and |E| = M, we have

LL T G

vl ¢+
Thus,
_20%2-¢-2 2{%2-¢-2
S0ung (T(Ee2)) = I (62 — 2 = 50 4 g2 - 2 - 20y
20272 2§%2-{-2
HE| (@2 -2 = ey g -1 - Ry

= S (¢ 2y + (- YT FI).
)
so1(r@)) = (V@ — 27+ @ - 27)  x (G274 (- 1>2)

@-1D(-2) Q- )( {-2) 1)2

|E2|

=2 4+ x(*-2) x((4—3(2—2{+5)
(vi)
1 |E1] 1 |E2|
MSOII(F(Z<3)) - (J(52—2)2+(<2—z> ) % <J<<2—2)2+(<—1)2>
-(¢-1)(-2) -¢- )(4’ 2) —z(z 1?2
=27 X ({2 -2) X ({*—37%> -2 +5) )
(vii)
RSOII(T(Z)) = (V((2=3)* + (2 — 3)2)'E1' x(J(@*=32+ (- 2)2)"32|
G-1)(¢-2) (&= )( 2g-1)?
=2 4+  x(¢?-3) x((4—5§2—4§+13) z .

Here we consider the graph I'(Z¢,¢,) where {; and {, are prime numbers.
The vertex set of I'(Z¢,¢,) can divide as
Vl = {k{llk = 1,2, ...,(2 - 1},
and
V2 = {k(zlk = 1,2, ...,(1 - 1}.
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Thus, Z*(Z¢,¢,) = V1 U V. According to the structure of graph I'(Z¢,¢,),
we have for any wy,w, € Z; ¢, wyw, = 0 ifand only if w; € V; and w, €V,
or wy € V, and w, € V. Therefore, the graph I'(Z;,¢,) is the complete bipartite
graph K; _;. 4. In the following theorems, we investigate the Sombor-type
topological indices of graph I'(Z;,;,) for different cases of ¢; and (5.

Theorem 2.3: Let I'(Z;,¢,) be a zero-divisor graph for prime numbers {; and
{, of order n and size m. Then

(i) SO(T'(Z¢,,)) = mn? —2m,

(i) SOrea(T(Zgyg,)) = min? —4m +2,
(i)  ™SO(T(Zgyg,)) = =y

(V) SOaug (N(Zgyg,)) = "2 \nZ =2,
) SOI(N(Zy,g,)) = (n? — 2m)3,

(i) MSOII(T(Zg,q,)) = (n? —2m) 7%,
(vil) RSOII(T(Zg,e,)) = (n? — 4m + 2)2.

Proof: Note that I'(Z¢,¢,) is the complete bipartite graph Kz _;.,_, with
n=7_+¢ —2 vertices and m = ({; —1)({; —1) edges. Therefore, for
u€eV, and v €V,, we have d(u) ={, —1 and d(v) = {; — 1. Following a
similar approach to the proof of Theorem 2.2 and the definition of given Sombor
indices, the results are obtained.

Next, we get these topological indices of F(Z(f X Zg,) which is defined as

follows.
From the graph F(Z{f X Z¢,), the vertices of this graph are characterized as

follows [16].
A = ((0,b):b € TNOD A =&, — 1
B ={(a,b):a =70,20, ..., (6 —1){; and
b € Z;,\{0}}, |B| = (& — D(G — 1), (1
€ ={(a,0):a € Z2\{0,¢1, 24y, .., (G = DG ICT = G (G = 1),
D={(a0)a=70,24,...(G - DGLID| =¢ — 1.

Therefore, |V(I'(Z;z X Zg,))| = ¢f + {18, — ¢ — 1. Based on the above
vertex-partitions, the degree of vertices is shown in Table 2 [16].
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Table 2
The degree of vertex-partition sets (1) of I‘(Zﬁ X Zg,)-
wE A B c D
d(w) -1 -1 -1 (14, — 2

Theorem 2.4: Let F(Zif X Z(Z) be the zero-divisor graph for {i,{, primes.
Then

() 50(r(2 x2,)) = 7= 126G + D2 + @ = P

+2(¢ — Dya? + 2 +2Ja?({ + 1)2 + B> + \/—(61 VG-

-1

(i) SOreq (N2 x 2,)) = £126/ @ = 27 + @, — 27
206 = DY@ =27 477 + 2@ — 277 + 77 + Y

1
m _a(iz-1) 28y 2(¢1-1)
(iif) S0 (F(qu X Ziz)) == egaongoot T Jenp

’

+ 2 ﬁ((l_z)]
Va2 +D2+p% - 2(8-1)B”

(i) SOung (1(Zez X 22,)) = £126/ @+ A7 + @, + 22
+2(8 = DY (G + D2 + (GG + A= 1)2

+2@F+ D)2+ (G +A-1)2 + w]

a(282+41—-4) S
(v) solI (F(Z(z x Zgz)) (-1 e @G A1+ (G- DY
x (a® + .32) = x (a?(3 + 1)* + B2 )z X (Z)Z((gzi f; x (I[g)gég f;]
a(492+¢1-6)

(vi) MSOII (F(Z@ X Zgz)) =(—1) 26D

(@G +1)* + (- 1)
a(¢1-2) a1-2)
X (a?(¢y + 1)* + B2 ) 2 X (V2)2(-%2) x (3)2(1 ],
(vii) RSOII <F(Z(2 x zgz» (@ =2+ G- DD % (¢ - 2

a1-1)
2 YY) 2 a(f1— 2) a($1-2)
+23)7 2 x(((F—-2)*+2 )z X (2)—F—= - x (4 )2(4_2 o

where a=((;—1)((;—1), B=(0dH—2)(— 1), y=0¢0¢ -3 and
1=—1— (§1—-1)(4¢182-3¢1—-2)
02+4010,-31-1

Proof: Let G be the graph F(Z(% X Z¢,). Thus, G contains G+46-4-1
vertices. The partition of edge set in this graph is as follows [16].
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E, ={w,w, EE:w; € A,w, € C}E, ={wyw, € E:w; € B,w, € D},
E3 = {W].WZ € E:Wl € c/q,Wz ED},E4 = {W1W2 € E:Wl ED,WZ ED}.

Therefore, [E(N(Zgz X Zg,))| = S=2H122078 rable 3 is shown the
cardinality of edge-partition sets of F(Zq X Lg,).

Table 3
The size of the edge subsets in I‘(Zﬁ X Zg,)-
Edge-partition
B E; E, Es E,
Number of (-1 —-2)
edges | G- |G- D G- DG - DG -1 gt

By referring to Table 3, we get

(i) S0(G) = (2 = )G — MVEE - D? + (G — 1)?
+((G = D26 = DI (G — D2+ (GG — 2)?
+((G1 = DG = DIV (G = D? + (18 — 2)?
+ 26 - DG - DG~ D),

We put a=(-1)(¢—1) and B = (60 —2)(;—1) . With
simplifications of the above relation and since {; —1 = —— and ({? —

{2-1
1)2 — (51 _ 1)2(Z1 + 1)2 _ a2(51+12)2’ we have
(¢2-1)
S0(6) = 57— 20/ + D2+ (& - DF

+2(5 — DyaZ + B2 +2,/a?(, + D2+ B2 + —ﬁ(;:__f)ﬁ].

(i) SOrea(G) = (G — 4 — DI — 27 + (¢ — 2)?
+((G — D, - 1))\/({1 —2)2 + (414, — 3)?
+((G = DG — DIV = 2)2 + ({182 — 3)?
+ 26 - DG - D66 - )

With simplifications of the above relation and putting a = ({; — 1)({; —
1) and y = {3, — 3, the result follows.

(iif) mS0(G) = @F-¢E2-1 + G1-1*(2-1)
\I({%_l)2+(<2_1)2 \/({1_1)2({1(2_2)2
(1-1D(2-1) V2($2-1)(§2-1)

+
J@-v2r@g-22 VGG
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(iv) Since |V| =+ —¢ —1 and |E| =

™)

(vi) MSoII(6) = (

With simplifications of the above relation and putting « = ({; — 1)({; —
1) and B = (¢1{, — 2)({; — 1), we have
m _a({>-1) 20y 2(¢1-1)
50(6) = [Ja2(<1—1)2+(cz—1)4 + Jaz+p?
n 2 V2(§1-2)
Va?(@+1)2+8%  2(52-DB

(§1—-1)(4¢1¢2—-301-2)
2

, we have

2lE| _ (La-1)(4%182-301-2) . Thus,
vl (346182011

SO0avg(G) =

2 2
E 2_1_ (§1-1)(4¢192-3¢1-2) + —1- (61-1)(4¢192-391-2)
| 1|\[ ((1 $340102-31-1 ) (52 {3+0182-31-1 )

_ —37,—=2)\ 2 _ _a7._9\2
+|E2|\[((1 —1- (61-1)(4¢182-3%1 2)) + ((1(2 —2_ (61-1)(4¢192-3%1 2))

{2+40102-¢1-1 48182411

2 4 (G1—1)(*12-331-2)\? o (GmD@48-30-2))2
HE| (g7 -1 - Gy (¢, )

Z4818,-31-1

{24818-31-1 024310-01-1

With simplifications of the above relation and putting a = ({; — 1)({, —
Dand A=—1- (61—1)(45162—351—2)
{1+¢102-01-1

SOavg(6) = 5 126/ 7 + D? + (G, + D)2
+2(6 = DY (G + D + (GG + 4 - 1)2

2P+ )2+ (G +A—-1)2 + w].
w

(1-1)(E8-30-2))\ 2 (G1-D(4818-30:-2)\?
+IE4I\/(5162 -2- #) + (Zliz -2- #)

, we have

SOI(G) = ((GF —1D*+ (& —D?)
¢1-12%¢2-D
X (G =1+ (44— 2)H) 2
)({2 @1-1D(¢1-2)

X ((GF = 1D? + (618 — 2)? )  x (V2(618 — 2))
With simplifications of the above relation and putting a = ({; — 1)({; —
1) and B = (¢3¢, — 2)({; — 1), we have

a(283+81-4)

SOII(6) = G~ 1) ST (@G 1)+ (G- DY
x (@2 + BT x (@G + 12+ B

a(g1-2) ay-2)
X (2)*@21 x (B)2E21].

(G3-2DE2-1)
1 2

@GF-1)2+({2-1)?
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(G1-1%¢2-1 @1-D(E2-1
2

1 1 2
*(emraar *(emmaa
(§1-1)%+({182-2)? (GF-1)2+({102-2)?
((1—1)((1—2))

(
x (2((12—2)) ’

With simplifications of the above relation and putting @ = ({; — 1)({; —
1) and B = (¢1{, — 2)({; — 1), we have
a(482+41-6)

SON(G) = (& ~1) @ [(@ G+ 1)’ + &
X (a? +ﬂ> s (@2 + 12+ T

@(¢1-2) ($1-2)

x (v/2)2(-%) x (§)20-%2)].

(vi)) RSOII(G) = ((§f —2)* + ({2 — 2)%)
(z1—1>2<<z—1)

X (¢ —2)* + (614, — 3)? )
X ((¢f = 2)* + (414, — 3)? )

€1-1(¢1-2)
X (\/E(QZZ - 3))
With simplifications of the above relation and putting a = ({; — 1)({, —
1) and y = {3, — 3, the result follows.

(Z2-21)(2-1)
2

)((2 1)

Finally, we compute the Sombor-type topological indices of I'(Z; X Z; X
Z¢) [17]. The vertices of graph I'(Z; X Z; X Z;) are characterized as follows.

Vi = ((a,0,0):a € Z\O}, Vsl = { — 1,
V, = {(0,b,0):b € Z\{O}, Vo] = ¢ — 1,

Vs = {(0,0,¢): ¢ € LW, Va] = ¢ — 1,

Vi = {(0,b,¢): b, c € Z\OW, V4l = (§ — 1), @
Vs = {(@,0,¢):a, ¢ € Z\{O}}, IVs| = (¢ — 1),

Vs = {(a,b,0):a,b € Z\{O}}, V| = ({ — 1)

Therefore, |V(I'(Z; X Zg X Zg))| = Xo-4 |Vi| = 3{({ — 1). Based on the
above vertex-partitions, the degree of vertices is shown in Table 4.

Table 4
The degree of vertex-partition sets (2) of ['(Z; X Z; X Z¢).

we V v, Vs v, Vs Ve
d(w) -1 ?-1 ?-1 (-1 (-1 (-1

According to the structure of T'(Z; X Z; X Z¢), the partition of edge set is
as follows.
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E1 = {W1W2 EE: Wy € Vl’ %) € Vz}, Ez = {W1W2 EE: Wy € Vl’ Wy € V3},
E3 = {W1W2 EE: Wy € Vz, %) € Vg}, E4_ = {W1W2 EE: Wy S Vl’ Wy € V4},
Es ={wyw, € E:w; €V,,w, €V}, Eg ={wyw, € E:w; € V3,w, € i}

Therefore,
|E(N(Z; X Zg X Z))| = By |Eil =30 — )
The size of edge subsets of I'(Z; X Z; X Z;) is shown in Table 5.

Table 5
The size of the edge subsets in T'(Z; X Z; X Zg).
Edge-partition E;y E, E3 E, Es Eg
sets

Number of C-1? |G- |G- | G- | C-D° | C-1)°
edges

Theorem 2.5: Let F(Zg X Ly X Z() be the zero-divisor graph for { prime.
Then

() 50 ((2 x % x 7)) = 3@ — 1)[V2@ + 1) + (€ - YT+ D2 + 1],
(i) SOrea (T(Z X % X 7)) =

30 - D*[V2(¢* - 2) + (¢ — DY{* — 332 — 47 + 8],
3(( 1)

[((2 1 W]
(iV) SOavg (F(Z( X Lg% Zc’)) =300 - D*V2+ @+ D2 +1]

—1)2
21) x (¢ — 1)3(((—1)2 X (¢ + 1)3(5—1)2 %

i) ™50 (T(2Ze x Zp x ) ) =

) So1 (T(Z x g x %)) =
(@ +1)? +1)°C7,

(vi) MSOII (F(ZZ X Zg % Zq)) = (2)_3“{1)2 X (¢ —1)~3¢-D*
X+ D)X (@ + 1P+ DTV

(vii) RSOI (T (Z¢ X Ty x %)) =

2 s X (3% = 2)3(5—1)2 X (\/Zzt —302 -4 + 8)3(5—1)3.

Proof: Consider G is the zero-divisor graph F(Z; X ZLg X ZE)- Thus, G contains
3¢( — 1) vertices and 3{(¢ — 1)? edges. From Table 5, we get

() SO(G) =3 — DA 2({>—2)2+3( —1)*/({ —2)% + (% — 2)?
=30 - D3}V2((+ 1)+ (- 1)/ + 1D? +1].
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(i) SO.ea(G) =3 - 1?22 =12 +3(( - 3/ — D? + ({2 - 1)?
=3¢ - 1?[V2({> - 2) + ({ - 1)J7* =372 — 4{ + 8].

m _ 3G-1% 36-1)3
(111) SO(G) - \/2({2_1)2 + \/9({_1)2+({2_1)2

_3((—1)[ NG n 6 ]
T 2 @ JEEnz+)

(iv) Since |V| =3{(¢{ —1) and |E| = 3{(¢ — 1)?, we have % =2((—-1).

Thus,
S0avg(6) =3(( = DA/2(¢ = D*+3(( - 1D}/ (( - D2+ ({ - D*
=3¢ - D*V2+/C+1D2+1]

(v) SOII(G) = (2)3(621)2 X (2 = 136D 5 (S =12+ = 1)2)3(5—1)3
= (2)3@;1)2 X (7 — 1)¥ED? x (¢ + 1)36-D x (({ + 1)? + 1)3¢-D°,
(vi) MSOII(G) = (2)-3«;1)2 X (2= 1) x (J@@ =12+ ({ - 1)2)‘3“‘”3
= (2)_3(2_1 “x (( — 1)"¥G=-D? x (7 + 1)73¢-D?
X (¢ + 12+ D7D,
(vil) RSOIIG) = (25 x (¢ = %0 x (J@ =274 C=27)
3¢-1)2

= (2) 2 : X ({2 — 2)3(5_1)2 X (\/(4 _ 3(2 — 4( T 8)3({_1)3.
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