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Abstract

A Q-algebra (& *,0) is a generalization of the concepts of BCK, BCI-algebras, introduced
by Neggers et al. [1]. As for BCK, BCI-algebras, the concept ideal is defined for Q-algebras [1].
In this paper, we show that for a given integer n, and for all k € {0, 1, ..., \_logsz — 1}, there
is a Q-algebra £ of cardinality # such that the G-part G(§) = {v € £: 0* v=v}isanideal of £
with | G(¢) | = 2". Moreover, we show that if G(¢) is an ideal of a Q-algebra ¢ and | £|=n, then
|G(&)|=2", forsomek € {0, 1,2, ..., \_log2 nl-1}.
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1. Introduction and Preliminaries

Let & be a non-empty set which contains an element denoted by 0, together
with a binary operation * on ¢ satisfying the following three properties: for all
¢, K,wE€EE
Q1) ¢*x¢=0,

Q) ¢*x0 =g,
(Q3)(g* k) *w = (¢ *w) * k.

The order of the algebra is the cardinality of &. Such algebraic structures

were called Q-algebras by Negger et al. [1]. For convenient reason, we put
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x *y =xy. In [1], the authors studied several properties of Q-algebras. For
example, if & is a set of sets containing the empty set @ and * is the set
operation "\" (set minus) then it is easy to verify that (&;\, @) satisfies the
properties (@;), (Q,), and (Q3). This shows that a Q-algebra is a generalization
of BCK, BCI-algebras. Both BCK-algebras and BCI-algebras are widely study
since they were introduced by Iseki and Imai in 1966 [2]. For more details of
BCK, BCI-algebras we refer to [3], [4], [S] and [6]. So, it is quite natural to study
concepts of BCK, BCI-algebras for Q-algebras too. One of the most important
concept of BCK, BCI-algebras is the ideal. In 2001, Neggers et al. introduced the
concept of an ideal in a Q-algebra [1]. An ideal of a Q-algebra is a non-empty
subset A of a Q-algebra &, satisfying: (I;) 0€ A and (I,) for y,p €€,
xp €A and p € A imply y € A. A proper ideal A of a Q-algebra ¢ is an ideal
A such that A # {0} and A # &. Many kinds of subsets of ¢ were considered
whether they are ideals or not. The authors in [1] showed that the so-called
p-radical B(§) = {ip € &: 0y = 0} is always an ideal of a Q-algebra &. The
G-part G(&) ={n € £&:0n =n} is also discussed in [1]. For |€| = 2, the set
G(§) is always an ideal of . In the case |§| =3, G(§) is an ideal implies
|G(&)| = 1 and vice versa. In 2010, Ahn and So [7] studied the decomposition of
ideals. They showed that for a non-empty subset A ofa Q-algebra & with 0 € A,
the set A is an ideal of ¢ if and only if A = Ugyep A(g, 1), where A(e,n) =
{z € &: (ze)n = 0}. In the same year, Ahn and Kang [8] introduced the concept
ofaset T-part {(0A)4, : 1 € £} of a Q-algebra &. The authors provided that for
a @Q-algebra ¢ with the property: (xy)(xz) = zy, for all x,y,z € &, the set
&-part of € is an ideal. In 2012, Mostafa, Naby, and Elgendy [9] introduced the
notion of a Q-ideal, which is a non-empty subset A of a Q-algebra ¢ such that
0€eA and (xm)veE Ay €A imply xm € A for all x,m,v €. The authors
obtained that any Q-ideal is an ideal of &. In 2020, Abdullah and Tach [10]
proved that every ideal A of a Q-algebra ¢ with |A| = || — 1 is a prime ideal.
Moreover, they showed that for ideals A, A, and a prime ideal A of & such that
A NA, €A, we have Ay €A or A, € A. In 2024, the authors in [11]
considered the connection of G (&) and a set of all atoms of a Q-algebra &. They
showed that & dose not contain any strong atom whenever {0} # G(§) is an
ideal. Some more properties of G (&) are offered in [11] by Anantayasethi and
koppitz in 2025. A a necessary condition of G(§) to be ideal of ¢ is provide.
They also proved that |G(§)] # |€] — 1 if G(&) is an ideal of &. Moreover, they
obtained that if G(§) is an ideal, then G (&) is an abelian group. Das et al. [13]
combined a concept of a pentapartitioned neutrosophic set and Q-algebra to get
the a new notion, so called a pentapartitioned neutrosophic Q-algebra. They
discussed and examined some peoperties of pentapartitioned neutrosophic
Q-ideals on such algebra. The concept of fuzzy set was considered in Q-algebras.
The notion of fuzzy Q-ideal was introduced in 2012 [9]. The authors provided a
relation between fuzzy BCK-ideal and fuzzy Q-ideal. They showed that every
fuzzy Q-ideal is a fuzzy BCK-ideal. Later, in 2020 Abdullah and Tach [14]
discussed fuzzy prime ideals and intuitionistic fuzzy prime ideals in Q-algebras.
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The authors showed a characterization that an intuitionistic fuzzy set p of a
Q-algebra X is an intuitionistic fuzzy ideal if and only if an upper t-level set
U(u,t) and a lower s-level set L(u,s) are either empty or ideal of X for any
t,s € [0,1].

Let us construct a Q-algebra of order four such that the G-part is an ideal
with two elements. We will use that Q-algebra to construct new Q-algebras with
the property that the G-part is an ideal.

Let ¢ ={0,4,b,{} and let * be a binary operation on ¢ defined by the
following table 1:

Table 1
* | 0 v b ¢
0|0 v ¢ b
Yy 0 b ¢
b|b ¢ 0 ¢
(¢ b Y O

It is a routine to check that (&;*,0) in table 1 is a Q-algebra with G (&) =
{0,9}. We will denote the Q-algebra in table 1 by Q,. It is easy to check that
G (&) is anideal of Q4. We also get that G () is the only one proper ideal of that

Qs

In this work, we will examine all possible sizes of the set G-part of a
(-algebra which is an ideal. More precisely, for a given natural number n and a
positive integer h € {0,1, ..., |log,n| — 1}, we show that there is a Q-algebra &
and G (&) is an ideal with |G(§)| = 2", || = n. Now we will recall some
properties that we will use later.

Proposition 1.1: [12] Let 0 # @, (,0 € G(§). Then the following conditions are
obtained:

(1) If @ # ¢ then ©wt € {0, ,}.
(i) If wt = 6, then ©O = and 10 = w.
(iii) vo #v forall 0 #v € €.

Proposition 1.2: [12] Let ¢ be a Q-algebra. If G(§) is an ideal of ¢, then G(§)
is an abelian group.

Corollary 1.3: [12] Let & be a Q-algebra. Then we get G(&) = & if and only if
& is an abelian group.

Proposition 1.4: [12] Let ¢ be a Q-algebra and let |§| = 3. If || is odd, then
GE) #¢.

2. The Cardinality of Ideal G-part

In this section, we will discuss the possible cardinality of the set G-part
which is an ideal. Let Q be a group with an identity element 1. It is well-known
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that if 2 =1, for any 7 € Q, then Q has the cardinality 2* for some
non-negative integer k. If G(§) isanideal ofa Q-algebra &, then by Proposition
1.2, the G-part G(§) is an abelian group with the identity element 0. Moreover,
by (Q;), we have pp = 0 for all p € £. The following proposition is obtained
from these facts:

Later on we will denote the symbol ¢ as a Q-algebra &.

Proposition 2.1: If G(§) is an ideal of &, then |G(§)| =2% for some
non-negative integer k.

From Proposition 2.1, we get immediately Theorem 3.10, Proposition 3.11,
and Theorem 3.12 in [1]. Next, when G (§) is an ideal of &, we will determine all
the possible sizes of G ().

Theorem 2.2: Let G(&) = & If G(§) isanideal of &, |G(&)| < |€E — G(&)].

Proof: Let n be a positive integer and let |£]| = n. Let &£ = {0 = xq, x5, ..., X, }
and & # G(&). Suppose that G(&) is an ideal of ¢ and |G(§)| = h for some
positive integer h # n. Then | —G(§)|=n—h. We may assume that
G(&) ={0 =xq,x,, ..., xp,} . Assume now that |G(&)| > |§—G(§)|. Then
h—1>n—h—1. Note that h < n. Since G(§) is ideal, and x,, x5, ..., x5 €
G(&), xppq € G(&), we can conclude that xjp,1X5, Xp41X3, o) Xpo1Xn € G(E).
Since x,, X3, ..., Xy € G (&), then we get Xxp 11Xy, Xpy1X3, o) Xpa1Xn € {Xn41} DY
Proposition  1.1(iii).  Therefore,  Xj4q1X5, Xpt1X3, -0 s Xn41Xn € {Xni2 Xnas
., Xp}. Since h — 1 >n— h — 1, then there exist t,j € {2,3,...,h} with t # j
such that xp,1X; = Xp11Xj,1.€. Xpy1Xe = Xpyq1Xj = X forsome l € {h +2,h +
3, ...,n}. Then we get
X = 0x; = (41 Xn+1)%e = (Xn1X0)Xnt1 = XiXns1,

and Xj = 0% = (Xps1Xn+1)% = Xn1X)Xne1 = X1 Xp1-

Thus, x, = x;xp41 = X;, a contradiction. Therefore, |G ()| < |§ — G(&)].

Theorem 2.2 gives us an information of size of G(§) which is an ideal. We

can determine that the order of G (&) is less or equal to half of the cardinality of
& when G(§) is an ideal.

Corollary 2.3: Let & be a Q-algebra of order n for some positive integer n
with G(§) # & If G(§) is an ideal of §, then |G(§)| <%,

We can classify the cardinality of all G (&) which are ideals of &. Let G(§)
be an ideal of &. Then by Proposition 2.1, we know that |G (§)| = 2%, for some
non-negative integer k. If G(§) # € is an ideal, then by using Corollary 2.3, we
can conclude all the possible sizes of G () as the following theorem.

Theorem 2.4: If G(&) is an ideal of &, then |G(&)| = 2" for some integer
h€{01,2,..,|log,n| — 1} and |¢| = n.
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Proof: Assume that G () isanideal of ¢ and G(&) # &. By Proposition 2.1, we
get |G(&)| = 2" for some non-negative integer h. Then we get 2" = |G (§)| < g
by Corollary 2.3. Therefore, 21 < n = 21092 [t follows that h + 1 < log,n.

Since h is a non-negative integer, then h < [log,n] —1 . Hence, h €
{0,1,2, ..., |log,n] — 1}.

Example 2.5: Let & be a Q-algebra of order 6 such that G(§) is an ideal of ¢.
Since G(£) is an ideal and |é| = 6 # 2" for all non-negative integer h, then
G(&) # & . By Theorem 2.4, we get |G(§)| =2" for some integer h €
{0, ..., llog,6] — 1} = {0, ..., |2.5] — 1} = {0,1}. Therefore, |G(£)| € {2°,2'} =
{1,2}. Table 2 presents Q -algebras of order 6 with G(§) are ideals and
6(©)] =1, G| = 2.

Table 2
* 0O 9 b ¢ z «k * 0 9 b 4 z K
0 0 0 o 0 0 0 0 0 9 ¢ b b b
9|9 0 o 0 0 0 9|9 0 b 4 4 4
b b 0 o 0 0 0o ., b b ¢ 0o 9 9 9
4 c 0 o 0 0 0 ¢ ¢ b 9 0 0 0
z z 0 o 0 0 0 z z b 9 0 0 0
K K 0 0 0 0 0 K K b 9 0 0 0
(A): G(§) = {0} B): G($) ={0,9}

This example shows that we can find a Q-algebra ¢ such that G(&) is an
ideal with cardinality h and h € {0,1,2, ..., |log,6] — 1}. In the next section, we
will examine that for any non-negative integer n and for all
h€{0,1,2,...,|log,n] — 1}, there is a Q-algebra ¢ with || = n such that
G (&) is anideal and |G(&)| = 2"

3. Construction of Q-algebras

Let (&;+,0) be a Q-algebra of order n for some positive integer n. We
construct a new Q-algebra from the Q-algebra ¢ as follows:

Let A be a non-empty set such that N A =@. Let a € {. We define a
binary operation *, on {4, = & U A by an extension from * as the following: for
U, €&, let

(0 if v,p€AN

[ v if vEEUAP=0;
UEPRORES 4a<p if veA @ ed\{0};

|va if veEpen;

vp if veE peé\{0}

Lemma 3.1: Let A # @ with ENA =0, and let a € &. Then (§4;%,,0) is a
Q-algebra.
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Proof: 1t is easy to see that (&,;*,,0) satisfies both (Q;) and (Q,). Next, we
will show the condition (Q3). Let 9,¢,p €&,. We want to show that
(B *4 @) *o p = (O x4 p) *, @. It is sufficient to prove only the case that at least
one of 9, ¢, p does not belong to T, i.e. at least one of 9, ¢, p belong to A. We
consider in two cases.

Casel: ¢ =0 or p=0:

If =0, then D, 9) *gp =%, 0)*xgp=9%,p =%, p) %, 0=
O*ap)rap . It p=0, then (O*a@)*ap=O*¢) % 0=, ¢ =
(0% 0)*a @ = (%4 p) *a @

Caes2; ¢ # 0 and z # 0 : Then ¢ € AU &\{0} and p € AU &\{0}.

If p,p€A and 9€A, then (D*, ) *,p=0*x,p=0a=0%,¢ =
(D %4 P) *q .

If o, p€A and 9€é, then (D*,9)*,p=Da)*, p=(Oa)a =
(9a) *q @ = (0 *4 p) *q .

If peA, peé\{0} and 9€ A, then (D*, @) *,p=0%,p=0p =
(aa)p = (ap)a = (ap) *q @ = (9 *4 p) *4 @.

If p€eA, peé\{0} and 9 €, then (D, )*qp = (Va)*qp =
(Ba)p = @Bp)a = (9p) *a @ = (9 *4 p) *4 @.

If yeé\{0}, p€A and 9€A, then (D, @) *qp = (ay)*ap =
(ap)a = (aa)p =090 = 0%, 0 = (D *4p) %4 ¥

If p€é\{0}, peA and Y€ , then (Vx,9) *qp = (O¢) *,p =
(ap)p = (Bp)a = (Ba)p = (9a) x4 ¢ = (9 *4 p) *q .

If ,p€\{0} and 9 € A, then (9 x, @) *q p = (a@) *q p = (a@)p =
(ap)p = (ap) *a @ = (x4 p) *a @-

Altogether, (&p;*,,0) is satisfied (Q3) . Therefore, (&4;%,,0) is a
Q-algebra.

We denote the Q-algebra (&4;*,,0) by EI(\a) . In the case A = {b}, we write
@) instead of E{(g}).
Proposition 3.2: Let a €& and let A# @ such that {NA=@. Then
@:£Y - & defined by
9 if 9€¢;
0 ={ :
"M =1 i gea

forall a € ¢, © is a homomorphism.

Proof: Let a€¢ and let 9,y €™, If 9,y €A, then w(dy) =9y =
w(P)®(y). If 9 € A and y € X\{0}, then w(Vy) = ©(ay) = ay = aw(y) =
w(O)P(y). If €A and y =0, then ©(y) = ©(00) =@w(®) =a=a0 =
BO)®(0) =o@)®(y). If 9 €& and y € A, then w(dy) = ©(9a) = 9a =
o@w(y). If 9,y€eAN then w©Wy)=®0)=0=aa=o@)o()
Altogether, @ is a homomorphism.
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Let us denote by ml(\a) the homomorphism defined in Proposition 3.2. Now

we consider the kernel of wga):

ker(@(™) ={(®,y) : o® =), 9,y€EUA}L

Proposition 3.3: Let D and M be non-empty sets and let D S M . Let
TND=TNM =@ and let v,t € T. Then we get:

() ker(@) = ker(wl).
(i1) ker(wg/)) c ker(mg,?).

Proof: 1t is easy to verify that ker(mg')) = ker(mg)) ={(§&|§eT}uD? c
{(5,8) : € ETIUM? = ker(w\).

Proposition 3.4: Let @ # A and let @ # I' € ¢ such that An¢& = @. For any

a € &, T isanideal of € with a € T ifand only if ' U A is an ideal of &%

Proof: (=) Assume that ' is anideal of £ and a € . Let " =T U A. We will

prove that I'* is an ideal of EI(\a). Let ¢,y € £ U A. Suppose that ¢y € I'* and
yel* . If¢ceA thengc€eTl". If ¢,y €&, then y,cy€EN(TUA),ie. ¢y €T
and y €T. Since T is an ideal of &, there follows ¢ CT*. If ¢ € ¢ and
y € A, then ¢y = ¢a. Therefore, ca=¢y €T*N& =T. Since ¢ca €T, a €T,

and T is an ideal of &, then ¢ € T € I'*. Hence, I'* is an ideal of EI(\a).

(<) Suppose that I' N A is and ideal of EI(\a). We set TUA =T". Assume

that a € I'. Then a € T'*. Let w € A € T'". Because of I'* is an ideal of Efla) and
agrl”, then aw € T*. But aw = aa =0 €T'*. This gives a contradiction.
Hence, a € I'. Next, we will to show that T is an ideal of . Let y,7 € ¢ and
assume that ut €T and n € T. Then ut € I'* and 7 € I'*. There follows that
u €T since I'* is an ideal. Now, we have py € ¢ and u€r”, ie. p€T.
Therefore, T is an ideal of §.

Let n be a positive integer. Let us now fix a Q-algebra ¢ of order n.

Proposition 3.5: If ¢ contains a proper ideal G (&), then for any positive integer
k > n, there is a Q-algebra W of order k such that G(W) = G(§) is a proper
ideal of W.

Proof: Assume G (&) is a proper ideal of &. Then there is an element a € ¢ and
agG(é). Let @ #=A, An& =0 and let|A U &| = k for some positive integer
k.

Let x € G(£\”)). Then Ox = x. Assume that x € A. Then x = 0x = Oa €
&, a contradiction. Hence, x € £, i.e. x € G(§). This gives G ( /(\a)) C G(&). The

converse inclusion is clear since & € & U A. Hence, G( ,(\a)) = G(&). Next, we
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want to show that G(f/(\a)) is an ideal of f/(\a). Let x,y € £ U A. Suppose that
Xy € G(E/(\a)) and y € G(El(\a)) =G().If y=0,then x =x0 =xy € G(fl(\a)).
Suppose now y # 0. Assume that x € &, i.e. x € A. Then we get xy = ay,
where ay € G(§) since y € G(E) but a€ G(§). Hence, xy €G(§), a

contradiction. Therefore, x € £. It follows that x € G( 1(\‘1)) since G(fl(\a)) =
G(€) and G(€) is an ideal of £. Thus, G(£.”) = G(€) is an ideal of £\, Take
wW=¢ (a), the proofis finished.

Corollary 3.6: Let { = {0 = @y, @y, ..., w,} and let A be a non-empty set with
ANE=0. If G(&) ={0 =@y, @y, ..., Ty} for some k € {1,2,...,.n—1} is a
proper ideal of &, then G(&) = G(g‘/(lwi)) and G (&) is a proper ideal of fl(lxi) for
allie{k+1,..,n}

Since E/(\a) is an extension of the Q-algebra ¢, we obtain immediately:

Proposition 3.7: Let A be a set with AN& =0, let a € &\{0} and let
@ # T C &I T is an ideal of £, then T is an ideal of £.

The converse of Proposition 3.7 is not true as seen in the following
counterexample.

Example 3.8: Let consider a Q-algebras ¢ = {0,a,b,c,d, f} in Table 3(A) and a
Q-algebra fl(\c) in Table 3(B), where A = {w} as the followings:

Table 3

* 0 a b c d f * |0 a b ¢ d f w
0 0 a a 0 a 0 010 a a 0 a 0 O
a a 0 0 a 0 a a a 0 O a 0 a a
b | Db c 0 a 0 a b|b ¢ 0 a 0 a a
c c d a 0 a 0 c c d a 0 a 0 O
d d f 0 a 0 a d | d f 0 a 0 a a
f f b a 0 a 0 f| f b a 0 a 0 0

w|lw d a 0 a 0 O

(A) (B)

It is a routine to check that T' = {0, c, f} is an ideal of . We get that T is
not an ideal of EI(\C) since wc =0 €T and ¢ €T but w € I'. Now, it appears the
question for which a € &, the ideals of ¢ are also ideals of fl(\a).

Proposition 3.9: Let A be a non-empty set with AN¢& =@, let a € £\{0} and
let @#T €& If T is an ideal of &, then I is an ideal of fl(\a) if and only if
a € &\l

Proof: Suppose that I' is an ideal of &. Suppose that a € T. Then there is w € A
with wa =aa =0 €T. Since a €T and w &€ I', we conclude that T' is not an

ideal of EI(\a). Let a € §\I'. We want to show that I' is an ideal of fl(\a). Let
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x,yefl(xa) such that xy e and yeTT'c &, If y =0, then x =x0 =xy €T.
So, we suppose y # 0. Since x € f,(\a) =& UA, then x € £ or x € A. Assume
that x € A. Since y € &, then xy =ay €Tl'. Since a €, ay €T,y el,and T
is an ideal of &, we get a € I'. This gives a contradiction. Hence, x € £.
Therefore, x,y € (a), xy €I,y €T imply x € £. There follows that x € T
since I' is an ideal of . Thus, T is an ideal of f,(\a)-

Propositions 3.7 and 3.9 give the following theorem:

Theorem 3.10: Let A be a non-empty set with ANE =@ and let @ # ' C¢.
Then I is an ideal of & if and only if T is an ideal of X/(la) forall a € é\I.

Now we construct a @ -algebra of order 2" for a given
he{01,...,|log,n| — 1}.

Let h € {0,1,..,|log,n] —1}. If h =0, then let Y = {0,1, ...,n — 1} and
let * be the binary operation on Y defined by:
for @,y € Y, we put

m*y={0 if y#0;
w if y=0.

It is easy to verify that (Y;+,0) is a Q-algebra with G(Y) = {0} and
|G(Y)| =1 =2°. Suppose now that h > 1. We see that the G-part of the
Q-algebra Q, is an ideal with the cardinality 2. We will construct a Q-algebra Y
of order 2"*1 from the Q-algebra & = Q,, where G(Y) is an ideal of Y with
|G(Y)| = 2", as follows:

Let Y= GE)XG(E) X -XG(&)xE.

h—1 copy

We define a binary operation on Y by componentwise multiplication. For

Wy, Wy, o, Bp_1,

Y1, Y2, Yn-1 € G(§) and @p, yp € § let:
(@1, @y, e, Wh) * V1, V2 s V) = (B1Y1, ®2Y2) o WYp)-
It is easy to see that with 0 = (0, ...,0) € Y both conditions (Q,), (@) are
satisfied. Moreover, for any ®;,y;,z; €Y and i € {1, ..., h}, we get
(@1, @2, o, ®R) V1, Vo s Yr)) (21, 22, o1 Z1)
= (@11, ®2Y2, -, BpYn) (21, Z2, -, Zn)
= (@1y1)21, (@2¥2) 23, .., (BpYn)Zn)
= (®121)y1, (@222) Y2, -, (G1Zp) Y1)
= ((@y, ..., wh) (21, -+, 21)) Y1) o) Y1)

Therefore, (Q3) is satisfied. Hence, (Y;*, (0, ...,0)) is a Q-algebra.
Next, we want to show that G(Y) = G(&) X G(&) X -+ X G(¢).
h copy
Let (@, ®y, ...,®y) €G(Y) . Then (@, @y, ..., @) = (0,0,..,0)(®,
Wy, ..., D) = (0@, 0®,, ...,0w;). Therefore, w; = 0wy, @, = 0@y, ..., ©, =
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0®},. Thus, we get @4, @y, ..., ©y € G(§). Hence, we get that (@4, @5, ..., ®y) €
G(¢)x..xG(&). Now let @y, @y, ..., o € G(). Then 0o, = ©wy, 0®, =
Wy, ...,0w, = @wy,. Then, we get (0, ...,0)(®;, ®; ..., ®,) = (O, By, ..., Dp) -
Therefore, (@, @5, ..., @) € G(Y). Altogether, we get G(Y) = G(§) X G(§) X
-+ G(§). Next, we want to show that G(Y) is anideal of Y. Let (w;, @y, ..., ®y),
V1, Y2, -, ¥n) €Y. Assume that (@, @y, ..., ©p)YV1,V2 -, Yn) € G(Y) and
V1, Y2, - Yn) EGY) . Then we get (@Y1, @Y, -, ®pYy) €EG(Y) and
Y1, Vo, -, Yn € G(&). Since 1Yy, @2V, -.., WY, € G(&)and G(§) is an ideal
of &, then ®, @y, ..., ®, € G(§). Therefore, (w1, @y, ..., ®x) € G(§) X G(§) X
X G(E)=GY). Thus, G(Y) is an ideal of Y. So, we have proved the
following proposition.

Proposition 3.11: Let h € {0,1,2, ..., [log,n| — 1}. Then there is a Q-algebra Y
of order 2"*1 such that G(Y) is an ideal of Y with |G(Y)| = 2".

Now, we can prove the main results of this section.

Theorem 3.12: Let h € {0,1,2, ..., |log,n] — 1}. Then thereis a Q-algebra Y of
order n such that G(Y) is an ideal of Y with |G(Y)| = 2".

Proof: By Proposition 3.11, there is a Q-algebra Yof order 2"** such that G(Y)
is an ideal of Y with |G(Y)| = 2". If n = 2"*1, then all is done. Suppose now
that n > 2"*1. Then let a € Y\{0} and let A be a set with ANY =@ and

[A] = n — 2" Then Y,fa) isa Q-algebra of order n such that G (V) is an ideal
of Y/Ea) of the cardinality 2" by Theorem 3.10.

4. Conclusion

The present paper gives us information about the G-part G (&) which is an
ideal of a Q-algebra . The size of an ideal G (&) is even and not greater than a
half of a size of &. For more precisely, |G(§)]=2" for some hE€
{0,1,2, ...,|log,|é|] — 1}. The construction of Q-algebras from a fixed Q-algebra
& and some of their properties are provided. The further study, one can examine
the connections between these constructed algebras.
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