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Abstract

Recently, Mondal et al. introduced several new indices based on neighborhood degree
sum of vertices, which received increasing research attention. In this paper, we consider a
variant of these indices named sixth neighborhood degree index. We give the minimum
value of the sixth neighborhood degree index within the set of trees with v vertices and
maximum degree A and the corresponding minimal trees are introduced.
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1. Introduction

Consider simple connected graph § = (V(S),E(S)). The open
neighborhood of the vertex T of §, Ns(7), is the set of all vertices of § adjacent
to T. The degree of a vertex T in §, degs(7), is the cardinality of Ns(7) and let
A be the maximum degree of §. The distance between 7, ¢ € V(§) is the number
of edges in any shortest 7, ¢-pathin S.

A rooted tree is a tree in which a distinguished vertex is selected as the root
of the tree. A vertex of degree 1 is said to be a leaf. A branching vertex of a tree is
any vertex of degree more than two. A starlike is a tree with exactly one branching
vertex. The vertex with the maximum degree of a starlike is said to be the center of
starlike. A leg of a starlike is a path from its center to a leaf. A star can be
considered as a starlike with all legs of length 1 and a path can be a starlike with
1 or 2 legs.

Zagreb indices are among the first and foremost vertex degree based graph
invariants in mathematical chemistry. These indices were introduced in the 1970s
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[9, 10]. For comprehensive literature on these indices, see the review papers [3, 8]
and the references cited therein. After the introduction of Zagreb indices, various
modification of these indices have been suggested among which include Zagreb
coindices [7, 26], reformulated Zagreb indices [12, 15], multiplicative Zagreb
indices [11, 13, 28], Lanzhou index [5, 29], entire Zagreb indices [2, 14], leap
Zagreb indices [4, 23, 25, 27], connection degree index [6], etc.

Recently, Mondal et al. introduced the neighborhood version of
vertex-degree-based graph invariants [16,17]. These indices based on
neighborhood degree sum of vertices. In this paper, we consider a variant of these
indices named sixth neighborhood degree index. The sixth neighborhood degree
index defined in [18] as:

NDg(S) = Yrger(s) (degs(7)8s(7) + degs(6)d5(6)),
where 85(7) = Yens(r) degs(2). For further results, see [1, 19, 20, 21, 22, 24].
In this paper, we present a new lower bound on the sixth neighborhood

degree index of trees with v vertices and given maximum degree. Also, we obtain
the trees achieve this bound.

2. Trees

We let T be a rooted tree with root 9 where deg(9) = A and N;(9) =
{91,92,...,9,}. Let T, 5, be the collection of all trees with v vertices and
maximum degree A.

Lemma 1: Let T €T, 4 and let 8 be a branching vertex of T with maximum

distance to 9. If 0 is adjacent to at least two leaves, then there exists T' € T, 4
with NDe(T") < NDg(T).

Proof. Assume that deg;(6) = and N (0) = {6,,0,, ...,0,}, where 6, lies
on the 9, 8-path. Therefore, for 1 <i <m — 1, degr(6;) =1 or deg(6;) = 2.
Since 6 adjacent to at least two leaves, we let 6; and 6, be leaves. Let
T'= (T —{66,}) U {6,0,}. Since ™ = 3 and 6;(0) = 4, we have
B = Yiis [degr(8)67(0) + degr(6,)67(6,)]
— Xis [degr, (6)67,(0) + degr, (6,)67,(6,)]
= Xits [167(6) + degr(0,)67(6;) — (m — 1)67(6)
—degr(6;)(67(6;) — 1)]

= Xizs (67(0) + degr(6,)) > 0,
and
NDg(T) = NDg(T") = B + [degr(0)57(0) + degr(61)67(6,)]

+[degr(6)67(0) + degr(62)67(6,)]
—[degr,(0,)67,(01) + degr,(62)67,(62)]
—[degr,(0)d7,(0) + degr,(8,)57,(6,)]
= [+ 2(m+ndr(0)) — (2r + 2)

—((r —1)67(6) + 2m)
> ndr(0)+6:(0)—2r—22=22n+2>0.
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Lemma 2: Let T €T, , and let 8 be a branching vertex of T with maximum
distance to 9. If 0 adjacent to a leaf, then there exists T' €T, with
ND(TH < NDg(T).

Proof: Assume that degy;(6) = m and Ny(0) = {6,,0,,...,0;}, where 6, lies
on the 9, 8-path. Therefore, for 1 < i <m—1, degr(68;) =1 or deg(8;) = 2.
Since 8 is adjacent to a leaf, we let 8, be a leaf and deg;(6;) =2 for 2<i <
m—1. Let 611, ..n; be apathin T with 8, =n; and [ = 2. Let T' = (T —
{66,}) U {6:n,;}. Since m = 3 and §7(8) = 5, we have
B = Xi-s [degr(6)67(6) + degr(6;,)67(6:)]
—Xi=3 [degr,(0)61,(0) + degr, (6:)61,(6)]
= Xits [m67(0) + degr(6:)67(6;) — (m — 1)(67(6) — 1)
— degr(6;)(67(6,) — 1)]
= Y7 (67(0) +degr(8) + 1 —1) > 0.
If [ = 2, then
NDe(T) = NDg(T") = B + [degr(8)57(8) + degr(8,)57(01)]
+[degr(6)67(6) + degr ()87 (1M1)]
+[degr (1)1 (1) + degr (12)67(12)]
—[degr,(61)67,(61) + degr, (2)7,(12)]
—[degr, (n2)7,(n2) + degr (11)67,(11)]
—[degr, (11)67, (1) + degr,(6)67,(0)]
= [+ @+ ndr(0))+ 2+ 1)+ w6 (0))
+Q2r+1)+2) —2+6)—(2(@+1)+6)
—((r =1 (67(0) = 1) +2(m + 1))
> 16 (0) +6:(0)+2n—13 =71 — 8> 0.
If I = 3, then

ND(T) = NDo(T') = B + [degr(0)57(0) + degr(61)61(6,)]
+[deg(0)67(0) + degr ()67 (n1)]
+[degr (11)67 (1) + degr (12)67(n2)]
+[degr (n2)87(n2) + degr ()67 (ns)]
—[degr,(11)67,(n1) + degr,(6)61,(0)]
—[degr,(61)87,(6,) + degr,(n3)67,(n3)]
—[degr, (13)67/(n3) + degr, (12)67/(M2)]
—[degr, (n2)67.(n2) + degr, (11)67,(11)]

= L+ (m+ndr(0)) + (2(m+ 2) + 16:(0))
+Q2rT+2)+6)+(2+6)
-2+6)—(6+8)—-2(m+1)+8)
—((r - 1)(67(0) = 1) + 2(w + 1))

> nér(0)+6:(0)+2n—13=>71—-8> 0.
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Now if | > 3, then

NDg(T) = NDe(T") = f + [degr(8)57(0) + degr(6,)57(61)]
+[degr ()67 () + degr (11-1) 67 (M-1)]

+[degr (1m1-1)87(M-1) + degr (11-2)67(M-2)]
[degr,(61)87,(61) + degr, (M) 7, (1,)]

[degr, ()67, (1) + degr, (11-1) 87, (M-1)]

[degr (M—1)87,(M1-1) + degr, (M-2) 67/ (Mi-2)]
=B+ m+ndr(0)+(2+6)+(6+8)

-2+6)—-(6+8)—(8+8))
> nép(0)+m—16 =5 —13 > 0.

Lemma 3: Let T €T, , and let 6 be a branching vertex of T with maximum
distance to 9. Then there exists T' € T, 4 with N'Dg(T") < N'Dg(T).

Proof: Assume that degr(0) = m and N;(6) = {64,0,, ...,0,;}, where 6, lies
on the 9,0-path. By Lemmas 1 and 2, deg,;(0;) =2 for 1 <i<m—1. Let
0nmy..m and 6 2,2, ...z, |,s =2, be two paths in T with 6; =7, and
0, =2z, Let T' = (T —{66,}) U {6,2,}. Since w = 3 and §;(6) = 6, we have

B = Xi—; [degr(0)57(0) + degr(0,)67(0,)]
—Xi=3 [degr,(0)67,(0) + degr,(6:)67,(6)]
= Yi=3 [167(0) + degr(6:)67(6,) — (r — 1)(67(0) — 2)
—degr(8;)(67(6;) — 1)]
= )5 (67(0) +degr(6;) +2mr—2) > 0.
If l =s =2, then
NDg(T) = NDe(T") =  + [degr(8)67(0) + degr(m1)Sr(n1)]
+[degr (1)1 (1) + degr (2)87(n2)]
+[degr(6)67(0) + degr(21)67(21)]
+[degr(z1)67(z1) + degr(22)67(2,)]
—[degr, (n2)87.(n2) + degr (1)1, (M1)]
—[degr,(11)87.(n1) + degr,(22)67.(22)]
—[degr,(22)81,(22) + degr(21)67.(21)]
—[degr,(21)67/(21) + degr,(0)67,(0)]
= B+2Q2(m+1)+n6:(0)) +22(r+1)+2)
-2+6)—(6+8)—-(2(@+1)+8)
—((r—1)(6r(6) —2) + 2(m + 1))
> nér(0) +8r(0) + 6m— 24 > 12m — 18 > 0.
If l =2 and s = 3, then
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ND(T) — NDy(T') =

>

B + [deg7(8)57(0) + degr(11)67(n1)]
+[degr(11)87 (1) + degr (n2)87(n2)]
+[degr(0)67(0) + degr(21)67(21)]
+[degr(2z1)67(21) + degr(22)67(22)]
+[degr(z2)87(2;) + degr(z3)67(23)]
—[degr/(n2)87/(n2) + degr, (11)87:(11)]
—[degr/ (m1)87,(n1) + degr,(23)61,(23)]
—[degr,(23)67,(23) + degr,(22)67/(22)]
—[degr/(22)67/(22) + degri(21)67.(21)]
—[degr/(21)67/(21) + degr,(6)67,(0)]

B+ 2m+1)+nsp(0)+2(m+1)+2)
+Q2(m+2)+n6:(0)) +Q2(r+2)+6)+(2+6)
—-(24+6)—(6+8)—(8+8) —2(r+1)+8)
—((m—=1)(67(0) —2) + 2(m + 1))

mér(60) +67(0) + 6m—24 > 12— 18 > 0.

If Ll =2 and s > 3, then

NDg(T) — NDy(T') =

>
If l =s = 3, then
ND(T) — NDg(T) =

B + [degr(6)57(0) + degr(n1)6r(m1)]

+[degr (1)1 (1) + degr (12)67(12)]
+[degr(2z5)07(zs) + degr(25-1)07(25-1)]
+[degr(zs-1)67(2s-1) + degr(z5-2)67(2s-2)]
—[degr, (12)67/(n2) + degr, (11)67,(11)]
—[degr,(n1)87. (1) + degr,(25)67,(25)]
_[deng (Zs)(sTr(Zs) + degT! (Zs—l)(STl(Zs—l)]
—[degr,(z5-1)61,(2s-1) + degr,(zs_2)07/(25-2)]
B+Q2m+1)+nér(0)+2(r+1)+2)
+(24+6)+(6+8)—-(2+6)—(6+8)—2(8+8)
ndr(0) +4mr —28 = 10w — 28 > 0.

B + [degr(0)67(0) + degr ()87 (m1)]
+[degr (1)1 (1) + degr (2)87(n2)]
+[degr(2)87(n2) + degr(m3)67(13)]
+[degr(0)67(0) + degr(21)67(21)]
+[degr(2z1)67(21) + degr(22)67(2;)]
+[degr(22)67(22) + degr(z3)67(23)]
—[degr (m3)67/(n3) + degr, (n2) 67, (M2)]
—[degr, (12)67/(n2) + degr, (11)67,(11)]
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—[degr, (1)1, (1) + degr,(23)07.(23)]
—[degr,(23)61,(23) + degr,(22)67/(22)]
—[degr,(22)67,(22) + degr(21)67.(21)]
—[degr/(21)67/(21) + degr,(0)67,(6)]

= B+ 2Q2(7 + 2) + 16,(0)) + 2(2(n + 1) + 6)
+2(2+6)—(2+6) — (6 +8) — 2(8 + 8)
—Q2m+1)+8)—((m—1)(6r(0) —2)
+2(7 + 1))

> 76:(6) + 6,(8) + 2 — 28 > 81 — 18 > 0.

If Il =3 and s > 3, then
NDg(T) = NDg(T") = B + [degr(8)67(0) + degr(1)Sr(11)]

+[degr (1)1 (1) + degr (12)07(12)]
+[degr(2)67r(n2) + degr(m3)67r(n3)]
+[degr(z5)0r(zs) + degr(zs-1)67(25-1)]
+[degr(z5-1)67(25-1) + degr(zs—2)07(2s-2)]
—[degr,(13)67,(n3) + degr, (12)67,(12)]
—[degr, (12)67,(n2) + degr, (11)67,(11)]
—[degr/ (m1) 87, (n1) + degr (25)67:(25)]
_[deng (Zs)6Tr(Zs) + degTr(Zs—l)(STr(Zs—l)]
—[degr/(2s-1)67/(25-1) + degr,(Zs-2) 87/ (25-2)]

= B+ (201 +2) + 16,(8))
+Q@T+2) +6) +2(2+6) + (6 +8)
—~(2+6)—(6+8)—3(8+8)

> 76,:(0) + 47 — 26 > 10m — 26 > 0.

If [,s > 3, then
NDg(T) = NDg(T") = B + [degr(8)67(0) + degr(1)6r(11)]

+[degr(n1)67(11) + degr ()87 (n2)]
+[degr(z5)87(zs) + degr(z5-1)67(25-1)]
+[degr(zs-1)67(2s-1) + degr(zs-2)7(25-2)]
—[degr(12)87/(n2) + degr, (1), (n1)]
—[degr/ (m1)87,(n1) + degr(25)67:(25)]
_[deng (Zs)6Tr(Zs) + degTr(Zs—l)STl(Zs—l)]
—[degr/(25-1)67/(25-1) + degr,(25-2)67/(25-2)]

=B+ Q2Mm+2)+n6:(0))+2(m+2)+8)
+(2+6)+(6+8)—4(8+8)

> nér(0) +4mr — 26 = 10mr — 26 > 0.
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Proposition 4: If T € T, 4 is a starlike with 4 = 3 such that T has two legs of
length greater than 1, then there is a starlike T' €T, with NDy(T") <

ND(T).

Proof: Assume that 9 be the center of T and 96,0, ...6;, 9y,y, ... Vs be two

legs with [,s = 2. Let T’

= (T = {6:0,}) U {6,7s}. Then

B = Xi_; [degr(9)87(9) + degr(9,)87(9,)]
—Xis [degr, (9)87,(9) + degr, (967, (9:)]
= Nits [487(9) + degr(8:)87(8;) — A(87(8) — 1) — degr(9,)87(9))]
= YA, A=A(4-2)>0.

If | =s =2, then
NDg(T) — NDg(T') =

B + [degr (9)67(9) + degr(6,)67(6,)]
+[degr(61)67(01) + degr(62)67(62)]
+[degr(9)67(9) + degr (¥1)67(v1)]

+[degr (y1)67r(r1) + degr(¥2)dr(v2)]
—[degr, (9)67,(9) + degr,(61)67,(61)]
—[degr,(62)67,(62) + degr, (¥2) 61, (¥2)]
—[degr, (¥2)r.(v2) + degr, (y1) 7. (y1)]
—[degr,(y1)61,(y1) + degr, (9)87,(9)]
B+2Q2UA+1)+46:(9)+2(24+1)+2)
—-2+6)—2UA+2)+6)—(A06+(6)—1) +4)
L +54—-10>0.

If ] =2 and s = 3, then

NDg(T) — NDg(T") >

B + [degr ()67 (9) + degr(6,)67(61)]
+[degr(61)67(61) + degr(62)57(62)]
+[degr (9)67(9) + degr(y1)6r(v1)]
+[degr (y1)67 (1) + degr(¥2)dr(y2)]
+[degr (¥2)7(v2) + degr(¥3)dr(¥s)]
—[degr, (9)8r,(9) + degr, (61)67,(61)]
—[degr(62)67:(62) + degr (¥3)67:(¥3)]
—[degr,(¥3)dr.(vs) + degr, (¥2) 7. (v2)]
—[degr, (v2)07.(v2) + degr, (Y1), (v1)]
—[degr,(y1)67,(v1) + degr, (9)67,(9)]
B+R2UAU+1D)+455:(0)+2U+1)+2)
+(2(4+2)+ 467:(9))
+2UA+2)+2)+2+6)+ (24 +2)+6)
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-2+6)—(6+8)—(2A+2)+8)
—(2(4+2) +4(6r(9) — 1)) — (4(67(6) —1) + 4)
= B+54—-10>0.
If Ll =2 and s > 3, then
NDe(T) = NDg(T') = B + [degr(9)67(9) + degr(01)57(61)]
+[degr(61)67(61) + degr(62)57(6,)]
+[degr (V)67 (¥s) + degr (Vs-1)67(Vs-1)]
+[degr (¥s-1)87 (¥s-1) + degr (Vs—2)67(Vs-2)]
degr, (8)67,(9) + degr,(61)67,(61)]
degr,(02)87,(62) + degr, (¥s) 67 (¥s)]
degr (¥s)07.(vs) + degr, (Vs-1) 87/ (¥s-1)]
degr, (Vs-1)07:(Vs-1) + degr, (Vs—2) 67, (Vs-2)]
=L+ 2MUA+1)+46:(9))
+Q2UA+D+2)+(2+6)+(6+8)
-4 -1+ -2+6)—(6+8)
—(8+8)
= f+44-10>0.
If l =s = 3, then
NDg(T) = NDe(T') = f + [degr(9)57(9) + degr(6,)67(61)]
+[degr(61)57(61) + degr(62)51(6,)]
+[degr(62)7(62) + degr(65)67(65)]
degr (9)67(9) + degr(y1)6r(v1)]
degr(¥1)67r(v1) + degr(¥2)dr(v2)]
degr(¥2)6r(v2) + degr(¥3)dr(¥s)]
degr, (9)67,(9) + degr,(61)67,(61)]
degr,(03)07,(63) + degr, (82)67,(62)]
degr,(62)67,(62) + degr, (¥3)67/(¥3)]
degr,(¥3)d7,(ys) + degr, (¥2) 7. (v2)]
degr, (¥2)07.(v2) + degr, (y1)dr.(v1)]
degr, (y1)67,(y1) + degr, ()7, (9)]
= B+2Q2UA+2)+46;(9)+2(12(4+2)+6)
+2(2+6)—-(2+6)—(6+8)—(8+18)
—2UA+2)+8) —2UA+2)+4(6:(0) —-1))
—(4(6:(6) = 1) + 4)
= [+54-10>0.
If l =3 and s > 3, then
NDg(T) — NDe(T') = f + [degr(9)57(9) + degr(6,)67(61)]

=l
=[
=l
=[

[
[
[
[
[
[
[
[
[
[
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+[degr(61)67(01) + degr(62)57(62)]
+[degr(02)67(62) + degr(85)7(03)]

+[degr (¥s)67(¥s) + degr(¥s-1)0r(¥s-1)]
+[degr (¥s-1)07(¥s-1) + degr(¥s—2)87(¥s-2)]
—[degr,(9)67,(9) + degr,(6,)67,(61)]
—[degr,(05)67/(03) + degr, (62)67:(62)]
—[degr,(62)67,(82) + degr, (¥s) S, (¥s)]
—[degr, (¥s) 7. (¥s) + degr, (Vs-1) 07 (Vs-1)]
—[degr(Vs-1)07:/(Vs-1) + degr (Vs-2) 071 (Vs-2)]

=B+ (2(4+2)+46:(9))

+(2(A+2)+6)+2(2+6)+ (6+8)
—(A(6:(0) — 1)+ 4) — (2+6) — (6 + 8)
—2(8+8)

= B+44—10>0.

If I,s > 3, then

NDg(T) = NDe(T') = B + [degr(9)67(9) + degr(61)67(6,)]

+[degr(61)87(61) + degr(62)67(62)]

+[degr (¥s)07(¥s) + degr (Vs-1)67(¥s-1)]
+[degr (¥s-1)07(Vs-1) + degr(¥s—2)87(¥s-2)]
—[degr,(9)67,(9) + degr,(61)67,(61)]
—[degr,(62)67,(82) + degr, (¥s) S, (¥s)]
—[degr, (vs) 7. (¥s) + degr, (Vs-1) 07 (Vs-1)]
—[degr(Vs-1)07:(Vs-1) + degr, (Vs-2) 07/ (Vs-2)]

= B+ (2(4+2)+46:(9))

+2A+2)+8)+(2+6)+(6+8)
—(A6r(0)—1)+4)—-3(8+8)

= [ +44-10>0.
This completes the proof.

Theorem 5: I[f T €T, 4,

NDe(T) = |

then

A3 + A2, faA=v—-1
A3 4+ 247 +34 + 6, ifA=v—-2
A3 +24% + 34+ 22, ifA=v-—3

16v + 4% + 24% — 134 — 26, ifA<v-—3.

43
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The equality holds if and only if T is a starlike with at most one leg of length
greater than 1.

Proof: Suppose that T' € T, , such that NDg(T") < ND3(T) when T €T, ,.
Rooted T' at 9 such that degy,(9) = 4. First let 4 = 2. Hence T’ is a path and
the result is immediate. Now let 4 > 3. By the selection of T’ and Lemmas 1, 2
and 3, we conclude that T' is a starlike centered at 9. By Proposition 4, we
deduce that T’ has at most one leg of length more than one. If T" is a star, then
A=v—1 and NDg(T)=A4(4*+4) =243 +4?. Now let A<v—1. If
A =v — 2, then
NDg(TH= A4-DUAUA+ 1)+ 4)
+AUA+D)+240+1D)+2UA+1D)+2)
= A3 +24%°+34+6,
now if 4 = v — 3, then
ND(TH= (A-—1DAA+ 1)+ 4)
+AA+1D)+2(4+2)+2A+2)+2)+8
= A%+ 247+ 34 + 22,
and if A <v — 3, then
ND(TH= A-—1D)(AA+ 1)+ 4)
+(A(A+ 1) +2(4 + 2))
+2A+2)+8)+22+16(v—4—-4)

= 16v + 4% + 24% — 134 — 26.
Then the proof is complete.

The following observation is immediately achieved from the definition of
NDg index.

Observation 6: If S be a graph and € € E(S), then N Dg(S + €) > N Dg(S).
Application of Theorem 5 and Observation 6, we yield the next theorem.

Theorem 7: If S be a graph with v vertices and maximum degree A, then

(43 + A2, ifA=v—-1

A3 +24% +34 +6, ifA=v-2
NDg(S) =

A3+ 24% + 34 + 22, ifA=v-3

16v + 43 + 242 — 134 - 26, ifA<v—3.

The equality holds if and only if § is a starlike with at most one leg of length
more than one.



NEIGHBORHOOD VERSION OF INDICES 45

References

(1]

(2]

(3]

[4]

[5]

(6]

[7]

(8]

9]

(10]

(11]

(12]

S. Alikhani, S. Soltani, and I. Rajasingh, “the k-neighborhood color-
ing of the corona and join products of graphs,” |. Inform. Optim. Sci.,
vol. 40, pp. 805-811 (2019).

A. Alwardi, A. Algesmah, R. Rangarajan, and I. Naci Cangul, “Entire
Zagreb indices of graphs,” Discrete Math. Algorithm. Appl., vol. 10,
1850037 (16 pages) (2018).

B. Borovianin, K. C. Das, B. Furtula, and I. Gutman, “Bounds for Za-
greb indices,” MATCH Commun. Math. Comput. Chem., vol. 78, pp.
17-100 (2017).

N. Dehgardi and H. Aram, “Bounds on the first leap Zagreb index of
trees,” Carpathian Math. Publ., vol. 13, pp. 377-385 (2021).

N. Dehgardi and J-B. Liu, “Lanzhou index of trees with fixed maxi-
mum degree,” MATCH Commun. Math. Comput. Chem., vol. 86, pp.
3-10 (2021).

P. Dundar and M. U. Gursoy, “The connection degree index of
graphs,” |. Inform. Optim. Sci., vol. 40, pp. 171-183 (2019).

I. Gutman, B. Furtula, K. Vukievi, and G. Popivoda, “On Zagreb indi-
ces and coindices,” MATCH Commun. Math. Comput. Chem., vol. 74,
pp. 5-16 (2015).

I. Gutman, E. Milovanovi, and I. Milovanovi, “Beyond the Zagreb,”
AKCE Int. ]. Graphs Comb., vol. 17, pp. 74-85 (2020).

I. Gutman, B. Rusi, N. Trinajsti, and C. F. Wilcox, “Graph theory and
molecular orbitals. XIIL acyclic polyenes,” J. Chem. Phys., vol. 62, pp.
3399-3405 (1975).

I. Gutman and N. Trinajsti, “Graph theory and molecular orbitals.
total -electron energy of alternant hydrocarbons,” Chem. Phys. Lett.,
vol. 17, pp. 535-538 (1972).

F. Hayat, “Extremal multiplicative Zagreb indices among trees with
given distance -domination number,” Asian-Eur. |. Math., vol. 14,

2150087 (2021).

A.Ili and B. Zhou, “On reformulated Zagreb indices,” Discrete Appl.
Math., vol. 160, pp. 204-209 (2012).



46 N. DEHGARDI

[13] R.Ismail, M. Azeem, Y. Shang, M. Imran, and A. Ahmad, “A unified
approach for extremal general exponential multiplicative Zagreb in-
dices,” Axioms, vol. 12, 675 (2023).

[14] L. Luo, N. Dehgardi, and A. Fahad, “Lower bounds on the entire
Zagreb indices of trees,” Discrete Dyn. Nat. Soc., vol. 2020, 8616725
(2020).

[15] A.Milievi, S. Nikoli, and N. Trinajsti, “On reformulated Zagreb indi-
ces,” Mol. Divers., vol. 8, pp. 393-399 (2004).

[16] S. Mondal, N. De, and A. Pal, “On neighborhood Zagreb index of
product graphs,” |. Mol. Struct., vol. 1223, 129210 (2021).

[17] S. Mondal, N. De, and A. Pal, “On some new neighborhood degree
based indices”, Acta Chemica lasi., vol. 27, pp. 31-46 (2019).

[18] S. Mondal, A. Dey, N. De, and A. Pal, “QSPR analysis of some novel
neighbourhood degree-based topological descriptors,” Complex In-
tell. Syst., vol. 7, pp. 977-996 (2021).

[19] S.Mondal, N. De, and A. Pal, “Neighborhood degree sum-based mo-
lecular descriptors of fractal and cayley tree dendrimers,” Eur. Phys.
J. Plus, vol. 136, pp. 1-37 (2021).

[20] S.Mondal, N. De, A. Pal, and W. Gao, “Molecular descriptors of some
chemicals that prevent covid-19,” Curr. Org. Synth., vol. 18, pp. 729-
741 (2021).

[21] S. Mondal, M. Imran, N. De, and A. Pal, “Neighborhood m-polyno-
mial of titanium compounds,” Arab. |. Chem., vol. 14, 103244 (2021).

[22] S.Mondal, B. Some, A. Pal, and K.C. Das, “On neighborhood inverse
sum indeg energy of molecular graphs,” Symmetry, vol. 14, 2147
(2022).

[23] AM. Naji, N.D. Soner, and I. Gutman, “On leap Zagreb indices of
graphs,” Commun. Comb. Optim., vol. 2, pp. 99-117 (2017).

[24] H.S. Ramane, K.S. Pisea, R.B. Jummannaverb, and D.D. Patila, “Ap-
plications of neighbors degree sum of a vertex on zagreb indices,”
MATCH Commun. Math. Comput. Chem., vol. 85, pp. 329-348 (2021).

[25] Z. Raza, S. Akhter, and Y. Shang, “Expected value of first Zagreb
connection index in random cyclooctatetraene chain, random poly-



NEIGHBORHOOD VERSION OF INDICES 47

(26]

(27]

(28]

[29]

phenyls chain, and random chain network,” Front. Chem., vol. 10,
1067874 (2023).

R. Rasi, S. M. Sheikholeslami, and A. Behmaram, “An upper bound
on the first Zagreb index and coindex in trees,” Iranian |. Math. Chem.,
vol. 8, pp. 71-82 (2017).

Z. Shao, I. Gutman, Z. Li, S. Wang, and P. Wu, “Leap Zagreb indices
of trees and unicyclic graphs,” Commun. Comb. Optim., vol. 3, pp.
179-194 (2018).

K. Xu and H. Hua, “A unified approach to extremal multiplicative
Zagreb indices for trees, unicyclic and bicyclic graphs,” MATCH
Commun. Math. Comput. Chem., vol. 68, pp. 241-256 (2012).

D. Vukievi, Q. Li, J. Sedlar, and T. Dogli, “Lanzhou Index,” MATCH
Commun. Math. Comput. Chem., vol. 80, pp. 863-876 (2018).

Received November, 2023



