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Abstract
This study attempts to introduce intuitionistic fuzzy and intuitionistic fuzzy normal of 

B-algebras with illustrations with respect to norms (Tnor and Scon). Cartesian product and intersection 
of them are defined and their properties of them are established. Next we explore the relation between 
them and an upper level and lower level cuts of B-algebras. Finally the image and pre-image of them 
under homomorphisms of B-algebras are analysed.
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1.  Introduction

Zadeh [37] introduced fuzzy set theory and the fuzzy concept. 
Neggers and Kim [10, 11] defined and investigated the notions of d-algebras 
and BCK -algebras. The concept of fuzzy B-algebras was defined and 
analysed by Jun et. al. [8]. The idea of intuitionistic fuzzy sets is one of the 
extensions of fuzzy sets and suggested by Atanassov [3]. Many researchers 
[4, 5, 6] applied intuitionistic fuzzy sets appear in various fields. Hohle [7], 
Alsina et al. [2] applied norms as intersection and union of fuzzy sets. 
Sripeang et al. [36] investigated algebraic structures of Q-fuzzy UP-
subalgebras and Senapati et al. [35] obtained some results about 
intuitionistic fuzzy BG-subalgebras of BG-algebras. As using norms, the 
author obtained many results of fuzzy algebraic structures [12-34]. In the 
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present work, with respect norms ( norT  and ),conS  we define the concepts 
of intuitionistic fuzzy and intuitionistic fuzzy normal of B-algebras and 
study some of their properties. We prove that every intuitionistic fuzzy 
and intuitionistic fuzzy normal of B-algebras can be realized as a 
B-subalgebra. Finally, some basic results which have been mentioned in 
the abstract will be obtained.

2.  Preliminaries

We recall some basic definitions and preliminary results [1, 9, 18, 19].

Definition 2.1: We say that X f≠  with a constant 0 and a binary operation 
is a B-algebra if: 

(a)	 = 0,x x•  
(b)	 0 = ,x x•  
(c)	 ( ) = ( (0 ))x y z x z y• • • • •  

that , , .x y z X∈  We define a partial ordering ≤  on X as x y≤  if and only if 
= 0.x y•  Assume N∅ ≠  be a subset of B-algebra X. If for any ,m n N∈  we 

get that m n N• ∈  then we say N is B-subalgebra of X. Also we define N as 
normal if ( )m p• • ( )n q• ∈ N  which m n N• ∈  and .p q N• ∈  Note that 
any normal subset N of a B-algebra X is a B-subalgebra of X, but the 
converse need not be true. N is called a normal B-subalgebra of X if it is 
both a B-subalgebra and normal. 

Example 2.2: Let =X +  define a binary operation •  on X  by 
( )= .n x y
n yx y −
+

•

Then ( ; ,0)X •  will be a B-algebra. 

Example 2.3: Let ( , )+  be the group which .a∉  Let Y x= ∪  such 
that 0 ,x x+ = x n+ = 1n −  where 0n ≠  in   and ix x .Y+ ∈  Suppose 

: Y Yj →  be a map with ( ) 1,xj = ( )n nj =  where .n∈  Suppose •  on Y 
by •m p = ( ),m pj+  then ( ;•,0)Y  is a non-group derived B-algebra.

Lemma 2.4: As S is a B-algebra, so 0•(0• )s s=  for every .s S∈  

Definition 2.5: The map : ( ;•,0)g M → ( ;• ,0 )N ′ ′  of B-algebras is called 
B-homomorphism which ( • )g m n = ( )g m •′ ( ),g n  for every , .m n M∈
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Definition 2.6: Assume 1 1 1, , [0,1].x y z ∈ =  Then 
(i)	� A triangular norm is a map norT : ×  → ,  by 1( ,1)norT x = 1 ,x

1( ,norT x 1)y ≤ norT 1 1( , )x z  if 1 1 ,y z≤ norT 1 1( , )x y = norT 1 1( , )y x  and 
norT ( , norx T 1 1( , ))y z = (nor norT T 1 1( , ),x y 1).z

(ii)	� A triangular conorm is a function conS : ×  → ,  by 1( ,0)conS x
= 1 ,x 1 1( , )conS x y ≤ 1 1( , )conS x z  if 1 1 ,y z≤ 1 1( , )conS x y = 1 1( , )conS y x  and 

1( ,conS x 1 1( , ))norS y z = conS 1( ( ,norS x 1 1), ).y z

If for all 1x ∈  we get that norT 1 1( , )x x = 1x  and 1( ,conS x 1)x = 1x  then 
norT  and conS  will be idempotent.

Definition 2.7: The functions ,nor
nT con

nS : 1iP = →   are defined by 

1 2 1 1 2 1 1( , , ..., ) ( , ( , , ..., , , ..., ))nor nor nor
n n i n i i nT x x x T x T x x x x x− − +=

and 

1 2 1 1 2 1 1( , , ..., ) ( , ( , , ..., , , ..., ))con con con
n n i n i i nS x x x S x S x x x x x− − +=  

for all 1 ,i n≤ ≤  where 2n ≥  such that 2 ,nor norT T= 2
con conS S=  and 1 ,norT

1
conS id=  (identity).

Lemma 2.8: As ,i ie f ∈  whith 1 i n≤ ≤  and 2n ≥  so 

1 1 2 2

1 2 1 2

( ( , ), ( , ), ..., ( , ))
( ( , , ..., ), ( , , ..., ))

nor nor nor nor
n n n

nor nor nor
n n n n

T T e f T e f T e f
T T e e e T f f f

=

and 

1 1 2 2

1 2 1 2

( ( , ), ( , ), ..., ( , ))
( ( , , ..., ), ( , , ..., )).

con con con con
n n n

con con con
n n n n

S S e f S e f S e f
S S e e e S f f f

=

Lemma 2.9: Assume 1 2, , ..., ,np p p ∈  where 2,n ≥  then

1 2 1 2 3 4

1 2 3 1

( , , ..., ) = (... ( ( ( , ), ), ), )
= ( , ( , ( , ... ( , )...)))

nor nor nor nor nor
n n n

nor nor nor nor
n n

T p p p T T T T p p p p p
T p T p T p T p p−

and

1 2 1 2 3 4

1 2 3 1

( , , ..., ) = (... ( ( ( , ), ), ), )
= ( , ( , ( , ... ( , )...)))

con con con con con
n n n

con con con con
n n

S p p p S S S S p p p p p
S p S p S p S p p−
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Lemma 2.10: Let , , ,q d w z∈  we have that 

( ( , ), ( , )) = ( ( , ), ( , ))nor nor nor nor nor norT T q d T w z T T q w T d z

and 

( ( , ), ( , )) = ( ( , ), ( , )),con con con con con conS S q d S w z S S q w S d z

Definition 2.11: Define : Xn →   is a fuzzy subset of an arbitrary set X. 
Assume ,s t∈  the sets sn = {x X∈ : ( ) }x sn ≥  and tn = {z X∈ : ( ) }z tn ≤  
are called an upper level and lower level of ,n  respectively. 

Definition 2.12: Assume Z ≠ ∅  be a set. We say that a complex mapping 
C = ( , )C Cm n : 2Z →   is an intuitionistic fuzzy set (in short, )IFS  in Z if 

Cm + Cn ≤ 1  that the mappings Cm : X →   and Cn : X → � will be the 
degree of membership (namely ( ))C zm  and the degree of non-membership 
(namely ( ))C zn  for every z Z∈  to ,A  respectively. Also we define X∅  and 

XU  as the intuitionistic fuzzy empty set and intuitionistic fuzzy whole set 
in Z such that ( )Z z∅ = (0,1)  0  and ( )ZU z = (1,0)  1,  respectively. The 
set of all IFSs  in Z will be denoted by ( ).IFS Z  

Definition 2.13: Suppose : X Yw →  be a function of sets with M = ( ,Mm
)Mn ∈ ( )IFS X  and Z = ( ,Zm )Zn ∈ ( ).IFS Y  Define ( )Mw ( )y = ( ( )Mw m

( ),y ( )Mw n ( ))y  as 

2 2 2 2 2( )( ) = sup{ ( )| , ( ) = }M My x x X x yw m m w∈

and 

2 2 2 2 2( )( ) = inf{ ( )| , ( ) = }.M My x x X x yw n n w∈

Also 1( )Zw −

 2( )x  =  1( ( )Zw m−

 2( ),x  
1( )Zw n−

 2( ))x  =  2( ( ( )),Z xm w

2( ( )))Z xn w  such that 2 ,x X∈ 2 .y Y∈  

Definition 2.14: Assume = ( , )H HH m n  and = ( , )Q QQ m n  such that ,H Q ∈
( ).IFS X  We define the intersection of H  and Q  as H Q∩ = ( ,H Qm ∩ )H Qn ∩

: X →   which ( )H Q xm ∩ = ( ( ),nor
HT xm ( ))Q xm  and ( )H Q xn ∩ = ( ( ),con

HS xn
( ))Q xn  for each .x X∈  

Definition 2.15: The cartesian product of = ( ,MM m )Mn ∈ ( )IFS X  and 
= ( ,NN m )Nn ∈ ( )IFS Y  is defined with M N× : X Y× →   which 
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2 2 2 2

2 2

2 2 2 2

2 2 2 2

( )( , ) = (( , ) ( , ))( , )
= ( , )( , )
= ( ( , ), ( , ))
= ( ( ( ), ( )), ( ( ), ( )))

M M N N

M N M N

M N M N
nor con

M N M N

M N a b a b
a b

a b a b
T a b S a b

m n m n
m n
m n

m m n n

× ×

× ×

× ×

for every 2 2( , ) .a b X Y∈ ×  

3. Main Results

Definition 3.1: Assume = ( , )Z ZZ m n ∈ ( )IFS E  that E is a B-algebra. We say 
Z as an intuitionistic fuzzy B-algebra of E with respect to norms if it:

(1)	 3 3 3 3( ) ( ( ), ( )),nor
Z Z Za b T a bm m m• ≥  

(2)	 3 3 3 3( ) ( ( ), ( )),con
Z Z Za b S a bn n n• ≤  

	 for each 3 3, .a b E∈  

The set of all intuitionistic fuzzy of B-algebra E with respect norms 
will be denoted with ( , ) ( ),nor conT S IFB E  

Example 3.2: Assume = {0, 1, 2}X − −  be a set as:
0 1 2

0 0 2 1
1 1 0 2
2 2 1 0

• − −
− −

− − −
− − −

so ( , ,0)X •  will be a B-algebra. Suppose :A Xm →   which 

0.35 such = 0,
( ) = 0.25 such = 1,

0.15 such = 2,
A

x
x x

x
m


 −
 −

and :A Xn →   as

0.1 such = 0,
( ) = 0.55 such = 1,

0.75 such = 2.
A

x
x x

x
n


 −
 −

If 4( ,norT e 4 )f = 4( ,nor
pT e 4 )f = 4 4e f  and 4( ,conS e 4 )f = 4( ,con

pS e 4 )f = 4e
+ 4f − 4 4e f  which 4 4,e f ∈  then = ( ,AA m )An ∈ ( ,norT )conS ( ).IFB X  
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The following result is easy to prove. 

Proposition 3.3: Suppose = ( , ) ( , ) ( )nor con
R RR T S IFB Xm n ∈  and ,nor conT S  be 

idempotent. Then 
(1)	 5(0) ( ),R R x⊇  
(2)	 5 5(0 ) = ( ),R x R x•  
(3)	 5 5 5 5 5 5( (0 )) ( ( ( ), ( )), ( ( ), ( ))),nor con

R R R RR x y T x y S x ym m n n• • ⊇  
	 for every 5 5, .x y X∈  

Proposition 3.4: If = ( , ) ( )A AA IFS Xm n ∈  satisfies (2) and (3) in Proposition 
3.3, so = ( , ) ( , ) ( ).nor con

A AA T S IFB Xm n ∈  

Proof: Suppose 6 6, .x y X∈  Thus

6 6 6 6 6 6

6 6

6 6

( ) = ( (0 (0 ))) ( ( ), (0 (0 )))
= ( ( ), (0 ))
= ( ( ), ( ))

nor
A A A A

nor
A A

nor
A A

x y x y T x y
T x y
T x y

m m m m
m m
m m

• • • • ≥ • •

•

so 6 6 6 6( ) ( ( ), ( )).nor
A A Ax y T x ym m m• ≥  Also 

6 6 6 6 6 6

6 6 6 6

( ) = ( (0 (0 ))) ( ( ), (0 (0 )))
= ( ( ), (0 )) = ( ( ), ( ))

con
A A A A

con con
A A A A

x y x y S x y
S x y S x y

n n n n
n n n n

• • • • ≤ • •

•

then 6 6( )A x yn • ≤ 6( ( ),con
AS xn 6( )).A yn  Therefore = ( ,AA m )An ∈ ( ,norT

)conS ( ).IFB X  

Proposition 3.5: Assume W = ( , )W Wm n ∈ ( )IFS X  which ,nor conT S  be 
idempotent. If W = ( , )W Wm n ∈ ( , )nor conT S ( ),IFB X  then 

(1)	�  , = { : ( ) ( , )}p qA x X W x p q∈ ⊇ ≠∅  will be a subalgebra of B-algebra X 
for each , [0,1].p q∈  

(2)	 = { : ( ) = (0)}K x X A x A∈  will be a subalgebra of X. 

Example 3.6: Let = {0,10, 20, 30, 40, 50}Y  be a set which: 
0 10 20 30 40 50

0 0 20 10 30 40 50
10 10 0 20 40 50 30
20 20 10 0 50 30 40
30 30 40 50 0 20 10
40 40 50 30 10 0 20
50 50 30 40 20 10 0

•
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Then ( , ,0)Y •  is a B-algebra. Define 

:A Ym → 

as 

0.45 by = 0,
0.4 by = 10,
0.35 by = 20,

( ) =
0.45 by = 30,
0.25 by = 40,
0.2 by = 50,

A

y
y
y

x
y
y
y

m











and 

:A Yn → 

as 

0.15 as = 0,
0.2 as = 10,
0.25 as = 20,

( ) =
0.45 as = 30,
0.35 as = 40,
0.4 as = 50.

A

y
y
y

x
y
y
y

n











Let 6( ,norT g 6 )h = 6( ,nor
pT g 6 )h = 6 6g h  and 6( ,conS g 6 )h = 6( ,con

pS g 6 )h =

6 6g h+ − 6 6g h  with 6 ,g 6h ∈  then = ( ,AA m )An ∈ ( ,norT )conS ( ).IFB Y  
Let , = 0.4s t  then 

0.4,0.4 = { : ( ) (0.4,0.4)} = {0,10, 20}A y Y A y∈ ⊇

as

0 10 20
0 0 20 10

10 10 0 20
20 20 10 0

•

thus 0.4,0.4A  is subalgebra Y. 
There is no need to prove the following proposition. 
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Proposition 3.7: 
(1)	� Let = ( ,MM m )Mn ∈ ( ,norT )conS ( )IFB F  and N = ( , )N Nm n ∈ ( ,norT

)conS ( ).IFB F  Then M N∩ = ( ,M Nm ∩ )M Nn ∩ ∈ ( ,norT )conS ( ).IFB F  
(2)	� Let M = ( , )M Mm n ∈ ( ,norT )conS ( )IFB F  and N = ( , )N Nm n ∈ ( ,norT

)conS ( ).IFB E  Then M N× ∈ ( ,norT )conS ( ).IFB F E×  

Example 3.8: Suppose = {0,11,12,13}Y  with: 

0 11 12 13
0 0 0 0 0
11 11 0 0 0
12 12 0 0 11
13 13 0 0 0

•

Then ( , ,0)Y ∗  is a B-algebra. Define 
:A Xm → 

as 

0.55 as = 0,
0.45 as = 11,

( ) =
0.35 as = 12,
0.25 as = 13,

A

y
y

y
y
y

m








and 
:A Xn → 

as 

0.15 with = 0,
0.25 with = 11,

( ) =
0.35 with = 12,
0.45 with = 13,

A

y
y

y
y
y

n








Let norT 7 7( , )a b = nor
mT 7 7( , )a b = min 7 7{ , }a b  and conS 7 7( , )a b = con

mS
7 7( , )a b = max 7 7{ , }a b  for all 7 ,a 7 .b ∈  Then A = ( , )A Am n ∈ ( , )nor conT S

( ).IFB Y  Also Define 
:B Ym → 

as 
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0.65 which = 0,
0.55 which = 11,

( ) =
0.45 which = 12,
0.35 which = 13,

B

m
m

m
m
m

m








and 

:B Yn → 

as 

0.25 as = 0,
0.35 as  = 11,

( ) =
0.45 as = 12,
0.55 as = 13.

B

m
m

m
m
m

n








Let norT ( , )a b = nor
mT ( , )a b = min { , }a b  and conS ( , )a b = con

mS ( , )a b =
max { , }a b  for all , .a b∈  Then B = ( , )B Bm n ∈ ( ,norT )conS ( ).IFB Y  Now we 
define 

:A B Ym ∩ → 

as 

( )( ) = ( ( ), ( )) = ( ( ), ( ))
0.55 by = 0,
0.45 by = 11,

= min{ ( ), ( )} =
0.35 by = 12,
0.35 by = 13,

nor nor
A B A B m A B

A B

d T d d T d d
d
d

d d
d
d

m m m m m

m m

∩








and

( )( ) = ( ( ), ( )) = ( ( ), ( ))
0.15 as = 0,
0.25 as = 11,

= max{ ( ), ( )} =
0.35 as = 12,
0.45 as = 13.

con con
A B A B m A B

A B

d S d d S d d
d
d

d d
d
d

n n n n n

n n

∩








Thus ( , ) ( ).nor conA B T S IFB Y∩ ∈  
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Corollary 3.9: Let iA = ( , )
i iA Am n ⊆ ( , )nor conT S ( )IFB X  which = 1,i 2, 3, 4,

..., .n  Therefore =1,2,3,...,i n∩ iA ∈ ( , )nor conT S ( ).IFB X  

Definition 3.10: Suppose M X∅ ≠ ⊆  and A = ( , )A Am n ∈ ( ).IFS X  Define 
the characteristic function of M  with MA = ( ,

MAm )
MAn : X →   as

(1,0), if
( ) = ( ( ), ( )) =

(0,1), if .M MM A A

x M
A x x x

x M
m n

 ∈


∉

Proposition 3.11: Assume ,nor conT S  be idempotent. Therefore M  will be a 
B -subalgebra of X  if and only if MA = ( ,

MAm )
MAn ∈ ( ,norT )conS ( ).IFB X  

Corollary 3.12: Let = ( , ) ( , ) ( )
i i

nor con
i A A iA T S IFB Zm n ∈  where 1 ,i n≤ ≤  then 

=1 =1
= ( , ) = ( , ) ( = )

n nnor con
A A i i

i i
A A T S IFB Z Zm n ∈∏ ∏

such that 

1 21 2 1 2
=1

( ) = ( ( , , ..., ) = ( ( , ( , ..., ( ))
i n

n nor
A A n n A A A n

i
z z z z T z z zm m m m m∏

and 

1 21 2 1 2
=1

( ) = ( ( , , ..., ) = ( ( , ( , ..., ( ))
i n

n con
A A n n A A A n

i
z z z z S z z zn n n n n∏

for each 1 2= ( , , ..., ) .nz z z z Z∈  

Proposition 3.13: Assume : ( ; ,0)Dr • → ( ; ,0 )E ′ ′•  be a B-homomorphism 
of  -algebras and A = ( , )A Am n ∈ ( ,norT )conS ( ).IFB D  Then ( )Ar ∈
( , )nor conT S ( ).IFB E  

Proof: Let id D∈  and ie E∈  with ( ) =i id er  and = 1, 2.i  Then

1 2 1 2 1 2 1 2 1 2

1 2

1 1 1 1 2 2 2 2

1 2

( )( ) = sup{ ( )| , ( ) = }
sup{ ( ( ), ( ))| , ( ) = }

= (sup{ ( )| , ( ) = },sup{ ( )| , ( ) = })
= ( ( )( ), ( )( ))

A A
nor

A A i i i
nor

A A
nor

A A

e e d d d d D d d e e
T d d d D d e

T d d D d e d d D d e
T e e

r m m r
m m r
m r m r

r m r m

′ ′• • • ∈ • •

≥ ∈

∈ ∈

thus 

1 2 1 2( )( ) ( ( )( ), ( )( )).nor
A A Ae e T e er m r m r m′• ≥

Also 
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1 2 1 2 1 2 1 2 1 2

1 2

1 1 1 1 2 2 2 2

1 2

( )( ) = inf{ ( )| , ( ) = }
inf{ ( ( ), ( ))| , ( ) = }

= (inf{ ( )| , ( ) = }, inf{ ( )| , ( ) = })
= ( ( )( ), ( )( ))

A A
con

A A i i i
con

A A
con

A A

e e d d d d D d d e e
S d d d D d e

S d d D d e d d D d e
S e e

r n n r
n n r
n r n r

r n r n

′ ′• • • ∈ • •

≤ ∈

∈ ∈

so 

1 2 1 2( )( ) ( ( )( ), ( )( )).con
A A Ae e S e er n r n r n′• ≤

Therefore ( ) ( , ) ( ).nor conA T S IFB Er ∈  

Proposition 3.14: If L = ( , )L Lm n ∈ ( , )nor conT S ( )IFB P  and j : ( ; ,0)Q • →
( ; ,0 )P ′ ′•  be a  -homomorphism of  -algebras, then 1( )Lj − ∈ ( , )nor conT S

( ).IFB Q  

Proof: Let 1 2, .q q Q∈  
1

1 2 1 2

1 2

1 2
1 1

1 2

( )( )) = ( ( ))
= ( ( ) ( ))

( ( ( ), ( ( ))
= ( ( )( )), ( )( ))

L L

L
nor

L L
nor

L L

q q q q
q q

T q q
T q q

j m m j
m j j

m j m j
j m j m

−

− −

• •

•

≥

then 
1 1 1

1 2 1 2( )( )) ( ( )( )), ( )( )).nor
L L Lq q T q qj m j m j m− − −• ≥

As 
1

1 2 1 2

1 2

1 2
1 1

1 2

( )( )) = ( ( ))
= ( ( ) ( ))

( ( ( ), ( ( ))
= ( ( )( )), ( )( ))

L L

L
con

L L
con

L L

q q q q
q q

S q q
S q q

j n n j
n j j

n j n j
j n j n

−

− −

• •

•

≤

so 
1 1 1

1 2 1 2( )( )) ( ( )( )), ( )( )).con
L L Lq q S q qj j n j n− − −• ≤

Then 1( ) ( , ) ( ).nor conL T S IFB Qj − ∈  

Definition 3.15: Let = ( , ) ( )K KK IFS Fm n ∈  and F  be a B -algebra. Define 
K  as an intuitionistic fuzzy normal B -algebra of F  with respect norms if 

(( ) ( )) ( ( ), ( ))nor
K K Kh a y b T h y a bm m m• • • ≥ • •
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and 

(( ) ( )) ( ( ), ( ))con
K K Kh a y b S h y a bn n n• • • ≤ • •

for all , , , .h y a b F∈  
Denote by ( , ) ( ),nor conT S IFNB F  the set of all intuitionistic fuzzy normal 

B -algebra of F  under norms (t-norm norT  and s-norm ).conS  

0 100 200 300
0 0 300 200 100

100 100 0 300 200
200 200 100 0 300
300 300 200 100 0

•

Example 3.16: Let = {0,100, 200, 300}W  be a set which:
Then ( , ,0)W •  is a B-algebra. Define :Z Wm →   as 

0.25 by = 0,100,
( ) =

0.45 by = 200, 300.Z

w
w

w
m





Also define :Z Wn →   as 

0.15 by = 0,
0.2 by = 100,

( ) =
0.3 by = 200,
0.4 by = 300.

Z

w
w

w
w
w

n








Assume 

10 10 10 10 10 10( , ) = ( , ) = max{0, 1}nor nor
bT a b T a b a b+ −

and 

10 10 10 10 10 10( , ) = ( , ) = min{1, }con con
bS a b S a b a b+

for each 10 10,a b ∈  so 

= ( , ) ( , ) ( ).nor con
Z ZZ T S IFNB Wm n ∈

There is no need to prove the following proposition that proves that 
every ( , )nor conT S ( )IFNB W  will be fuzzy ( , )nor conT S ( ).IFB W

Proposition 3.17: As = ( ,PP m )Pn ∈ ( ,norT )conS ( )IFNB Q  so P = ( , )P Pm n ∈
( ,norT )conS ( ).IFB Q  
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Remark 3.18: We prove that the converse of Proposition 3.17 is not true. 
Assume = {0,11, 22, 33, 44, 55}L  be a set such that: 

 •  0  11  22  33  44  55

 0  0  22  11  33  44  55
11  11  0  22  44  55  33 
22  22  11  0  55  33  44 
33  33  44  55  0  22  11 
44  44  55  33  11  0  22 
55  55  33  44  22  11  0 

Then ( , ,0)L •  is a B-algebra. Define :A Lm →   as 

0.7 if = 0, 33
( ) =

0.1 if = 11, 22, 44, 55A

l
l

l
m





and :A Ln →   as 

0.1 if = 0, 33
( ) =

0.7 if = 11, 22, 44, 55.A

l
l

l
n





Suppose norT 11 11( , )a b = nor
mT 11 11( , )a b = min 11 11{ , }a b  and conS 11 11( , )a b

= con
mS 11 11( , )a b = max 11 11{ , }a b  for every 11 ,a 11b ∈� then A = ( , )A Am n ∈

( ,norT )conS ( ).IFB L  But since ((22Am • 55) • (44 • 11)) = (22)Am = 0.1 
(nor

AT m (22 44),• Am (55 11))• = norT ( (33),Am (33))Am = (0.7,norT 0.7) =
0.7  and ((22An • 55) • (44 • 11)) = (22)An = 0.7  (con

AS n (22 44),• An
(55 11))• = conS ( (33),An (33))An = (0.1,conS 0.1) = 0.1  thus = ( ,AA m )An ∉
( ,norT )conS ( ).IFNB L  

Proposition 3.19: Let = ( ,RR m )Rn ∈ ( ,norT )conS ( )IFNB X  and ,norT conS  be 
idempotent. Hence 

(1)	 11 11= { : ( ) = (0)}K x X R x A∈  will be a normal subalgebra of X. 
(2)	 11 11 11 11( ) = ( )R x y R y x• •  for all 11 11, .x y X∈  

Proposition 3.20: Assume ,norT conS  be idempotent and = ( ,MM m )mn
∈ ( )IFS U  such that M = ( , )M Mm n ∈ ( ,norT )conS ( ).IFNB U  Then ,i jM =
{x U∈ : ( )M u ⊇ ( , )}i j  is either empty or a normal subalgebra of B-algebra 
X for every , [0,1].i j∈  
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Proof: Assume M = ( , )M Mm n ∈ ( ,norT )conS ( )IFNB U  and , .i jM ≠ ∅  If 

11 11u v• ∈ , ,i jM  then 11(M um • 11)v i≥  and 11(M un • 11) ,v j≤  and if 11 11a b•
∈ , ,i jM  then 11(M am • 11)b i≥  and (M an • ) .b j≤  Now 

11 11(( ) ( )) ( ( ), ( )) ( , ) =nor nor
M M Mu a v b T u v a b T i i im m m• • • ≥ • • ≥

and 

11 11 11 11 11 11 11 11(( ) ( )) ( ( ), ( )) ( , ) =con con
M M Mu a v b S u v a b S j j jn n n• • • ≤ • • ≤

thus 

11 11 11 11 11 11 11 11 11 11 11 11(( ) ( )) = ( (( ) ( )), (( ) ( )) ( , )M MM u a v b u a v b u a v b i jm n• • • • • • • • • ⊇

and then 11 11 11 11 ,( ) ( ) i ju a v b M• • • ∈  and so the set ,i jM  will be normal 
subalgebra of B-algebra U for every , [0,1].i j∈  

Proposition 3.21: 

(1)	� Let = ( ,JJ m )Jn ∈ ( ,norT )conS ( )IFNB X  and = ( ,HH m )Hn ∈ ( ,norT
)conS ( ).IFNB X  Thus J H∩ = ( ,J Hm ∩ )J Hn ∩ ∈ ( ,norT )conS ( ).IFNB X

(2)	� Let = ( ,JJ m )Jn ∈ ( ,norT )conS ( )IFNB X  and H = ( , )H Hm n ∈ ( ,norT
)conS ( ).IFNB Y  Then J H× = ( ,J Hm × )J Hn × ∈ ( ,norT )conS IFNB ( ).X Y×  

Corollary 3.22: Let = ( , ) ( , ) ( )
i i

nor con
i A A iA T S IFNB Qm n ∈  where 1 ,i n≤ ≤  then 

=1 =1
= ( , ) = ( , ) ( = )

n nnor
A A i i

i i
A A T C IFNB Q Qm n ∈∏ ∏

which 

1 21 2 1 2
=1

( ) = ( ( , , ..., ) = ( ( , ( , ..., ( ))
i

n nor
A A n n A A A nni

q q q q T q q qm m m m m∏

and 

1 21 2 1 2
=1

( ) = ( ( , , ..., ) = ( ( , ( , ..., ( ))
i n

n con
A A n n A A A n

i
q q q q S q q qn n n n n∏

for all 1 2= ( , , ..., ) .nq q q q Q∈  

Proposition 3.23: If U = ( , )U Um n ∈ ( ,norT )conS ( )IFNB E  that c : ( ; ,0)E •
→ ( ; ,0 )F ′ ′•  be a B -homomorphism of B -algebras, then ( )Uc ∈ ( , )nor conT S

( ).IFNB F  
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Proposition 3.24: As Z = ( , )Z Zm n ∈ ( ,norT )conS ( )IFNB Q  and w : ( ; ,0)W •
→ ( ; ,0 )Q ′ ′•  be a B-homomorphism of B-algebras, so 1( )Zw − ∈ ( ,norT )conS

( ).IFNB W  
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