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Abstract

Our main results of this paper is to introduce an interval-valued picture fuzzy almost
subsemigroup (IVPFAS) in a semigroup. Some properties of an IVPFAS in a semigroup will be
studied. Moreover, we will investigate some relationships between an almost subsemigroup
and an IVPFAS in a semigroup.
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1. Introduction and Preliminaries

An almost subsemigroup was introduced by lampan, Chinram, and
Petchkaew [5] in 2021. An almost subsemigroup A of a semigroup S is a
nonempty subset of S that satisfies the condition A2 N A # @. A fuzzy subset of
a set X is the map from each element in X into a membership value between 0
and 1. The idea of fuzzy set was first presented by Zadeh [15] in 1965. After that,
the theory of fuzzy subsets have been studied extensively. The concept of a fuzzy
subset was applied to the groupoids and groups by Rosenfeld [10], to that rings by
Liu [8], to that semigroups by Kuroki [6, 7], and to that po-ternary
semihypergroups [11]. Again in 2021, Iampan, Chinram, and Petchkaew [5]
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defined a fuzzy almost subsemigroup in a semigroup. Moreover, they studied
some properties of a fuzzy almost subsemigroup in a semigroup and investigated
some relationship between an almost subsemigroup and a fuzzy almost
subsemigroup in a semigroup. For a decade later, Zadeh [16] presented the basic
concepts of interval-valued membership functions.

Let CI[0,1] be the set of all simple closed subintervals of [0,1], this is,

CI[01] ={[s,s"] |[0<s<s"<1}.
Let [s,s'], [, t'] € CI[0,1].
(1) [s,s'1=[tt'] ®s=tands' >t
2) [ss']=2[tt'les<tand s' <t
3) [s,s']=[tt|es=tands =t
4 [s,s']1>[tt'l e [s,s']=[t,t']and [s,s'] # [t t].
B) [s,s'1<[tt'le s st t'] and [s,s] # [t t'].

The refined minimum of [s, s'] and [¢,t'], denoted by rmin{[s,s'], [t,t']},
is defined by

rmin{[s, s'], [t, t']} = [min{s, t}, min{s’, t'}].

The refined maximum of [s,s’] and [t,t'], denoted by rmax{[s,s'],
[¢,t']}, is defined by

rmax{[s,s'], [t, t']} = [max{s, t}, max{s’, t'}].
Let [s,s'] and [t,t'] be elements of CI[0,1]. Then

(1) If [s,s'] < [t,t'] and [s,s'] # [0,0], then [t,t'] # [0,0].
2) If [s,s'] [t t"] and [¢,t] # [1,1], then [s,s] # [1,1].
(3) If [s,s'] = [t t'] and [¢,t'] # [0,0], then [s,s'] # [0,0].
4) If [s,s'] = [t,t] and [s,s'] # [1,1], then [¢t,t'] # [1,1].

Next, let {[s;,s';]|i € A} be the collection of close subintervals of [0,1].
We define
infica [s;,5{] =infiep i, and  supien [si, 5] =supiea s

rinficy [s,57] = [}2{59 11‘151/{51"], and rsup;ep [s;,5i] = [Su/I\’ Sis S'uzl\) sil-
4SS lE

For the rest of this paper, let X be a nonempty set and S a semigroup.
An interval-valued fuzzy subset (shortly, IVFS) of X is a function from X
into CI[0,1].

Let T and 7 be IVFSs of X.

() TcTreT(x)T(x) VX EX.

2) T=meT(x)=71(x)Vx€EX.

3) (tum)(x) = rmax{z(x),7(x) }Vx € X.
4) (T Nnm)(x)=rmin{t(x),7(x)}Vx € X.



INTERVAL-VALUED PICTURE FUZZY ALMOST SUBSEMIGROUPS 2865

Proposition 1: [16] Let 7, T
(1) T€STUmand TS TUT.
cTm

2) TNTSTandTNT

(3) IfTSTand TS, then TS Y

(4 IfTCST thenTUPSTUY and PUTS Y UT.

(5) IfTCSw thenTNYSTNY and YNTESYNT.

For a nonempty subset A of X, we define IVFSs I, and ﬁ:q of X by

— o ([1L1] ifxeA
n/*(")‘{[0,0] ifx A,
= ([0,0] ifxE€E A4,
r'A(")‘{[Lu ifx & A.

Proposition 2: [16] Let A,B € P(X).
(1) ASB &I, cl;.

) T,UTg =T,y

(3) TyNnTg =Ty

Proposition 3: Let 4, B € P(X).

(1) ACBo Iy cll,.

(2) My STy U,

(B) MynT'y CIlypp.

(4) MyUll'y =Tynp

(5) MynT'y =T yyp

Proof:

(1) Let ACB and x € X. If x € 4, then x € B, so Tz(x) = [0,0] = IL,(x).
If x & A, then TIg(x)<[1,1] = I,(x). Therefore, TI'y € IT',.
Conversely, assume that 'y € I'y. Let x € A. Then ﬁ; (x) = ﬁ;(x) =

[0,0], which implies that I’g(x) = [0,0]. Hence x € B. Therefore,
ACB

(2) Since ASAUB and BSAUB, by (1) we have I'yyz €', and
Myyp € .
Hence I’y 5 € 11"y UIT';.

(3) Since ANBCA and ANBCB, by (1) we have I’y € TI'ynp and
'y S M ynp

U T’ S U
Hence I'y NII'p € IT'4np.
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(4) Let x€X. If x€ANB, then (I, UTly)(x) = rmax{Tl,(x), M5 (x)} =
[0,0] = Mynp(x). If x@ANB, then (I, UTly)(x) = rmax{Il,(x),
Ty (x)} = [1,1] = Mynp(x). Therefore, T, UTT'p = W gng.

(5) Let x€X. If x€ AUB, then (ﬁ; n ﬁ;)(x) = rmin{ﬁ:q(x),ﬁ;(x)} =
[0,0] = M,p(x). If x@AUB, then (II, NT)(x) = rmin{Il,(x),
ﬁ;(x)} =[11] = ﬁ;UB(x). Consequently, I’y N 11y = T4y p.

Let T and 7 be two IVFSs of S. Define IVFSs 7o and T* 7 of S by

rsup rmin{T(y),m(z)} ifx € §?,
(Tem(x) = {x=yz
[0,0] ifx ¢ 52,

and
@MK= {2‘;2 rmaxT(). T2} ifx € 57,
[1,1] ifx & S2.

It is well-known that the operations © and * are associative.
The following two propositions are properties of ° and .

7 and 1 be IVFSs of S.
(1) fTSy,thenTosTSToY and ToT SYPoT.
) Ts@UYP) =TT UT3Y).
() Ts@NY)=@@=m)NT3Y).
4 @umsyp=TsP) U @sP).
() @nmasp=TsP)n @)

Proposition 4: [9] Let T,

Similar to Proposition 4, we have the next proposition.
Proposition 5: Let 7,7 and E be IVFSs of S.
(1) fTCSy, then TsTCSTsy and TsT S P sT.
@ TE@UP) =GEEDUETP).
() TEENP) = @TDNETP).
@ @umsyp=TP)u@=P).
(5) @nmP=GsPn @ ).
Proposition 6: [9] Let A, B € P(S). Then T, 5 Tz = Iyp.

Similar to Proposition 6, we have the next proposition.

Proposition 7: [9] Let A, B € P(S). Thus I, s 'y = IT'5.
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Narayanan and Manikantan [9] applied theory of IVFSs in semigroups in
2006. In 1983, Atanassov [1] extended a fuzzy subset to an intuitionistic fuzzy set
(shortly, IFS). In IFSs, an element is expressed by a degree of membership and a
degree of non-membership, where the sum of these two degrees of membership is
always less than or equal to one. Later, Atanassov and Gargov [2] proposed an
interval-valued IFS based on IFS and IVFSs. Many years later, in 2013, a picture
fuzzy set (shortly, PFS) was first introduced by Cuong and Kreinovich [3, 4],
which are extensions of the fuzzy subsets and IFSs. In general, PFSs are useful in
situations where humans make four decisions: yes, abstain, no, and refuse.
Additionally, a definition and properties of an interval-valued picture fuzzy set
was simultaneously created. After a while, PFSs have been redefined by Yang et.
al. [12] without mentioned the Cuong defining of PFSs as follows:

A PFS of X is the set

{(xv(x), p(x),e(x)) | x € X},
where v, p, € are fuzzy subsets of X which satisfy the following condition:
0<v(x)+elx)<land 0 <v(x)+ p(x)+e(x) <2for all x € X.

A PFS of X is briefly denoted by (v, p, €).
Recently, Yiarayong [13, 14] applied the concept of PFSs to semigroups.
An interval-valued picture fuzzy set (shortly, IVPFS)) of X is the set

{(x, (), p(x), () |x € X},
where v, p, € are IVFSs of X which satisfy the following condition

0 < supv(x) +supe(x) <1landO0 < supv(x)+ sup p(x) + sup €(x)
< 2forallx € X.

The IVPFS of X is briefly denoted by (v, p, €).

Let (vy,p,,€) and (vy,p,, €;) be two IVPFSs of X. Then
(1) (V1,p,,€) € (V2,p, &) ifand only if
v1(x) 20, (x), p,(x) = p,(x), and & (x) = &, (x) forall x € X.
(2)  (V1,p,, &) = (Vz,p, &) ifand only if
v1(x) = v,(%), p, (x) = p, (%), and & (x) = &,(x) forall x € X.
(3) The union of (vy,p,,&) and (vy, p,, &) is defined by
(1,1, €1) U (U2, 0, €2) = {(x, (1 VU 02) (%), (p; N p,)(x),
(&1 N&)(x))|x € X}
(4)  The intersection of (vq,p,, &) and (v, p,, €;) is defined by
V1, P, €1) N (V2. P, €2) = {(x, (01 NU)(x), (p; U p,)(x),
(&1 VU &)(x))|x € X}.
The next results are following from Proposition 1.
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Proposition 8: Let A, A,, and A5 be IVPFSs of S. Then

(1) A S A UA, and A, S A U A,.

2) A NA; S Ay and Ay N A, S A,.

(3) If Ay € A, and A, S A3, then A; € A;.

4) If Ay S A, then A UA; S A, UA; and Az U A S Az U A,.
(5) If Ay S A, then Ay NA; S A, NA; and Az N Ay S Az NA,.

The characteristic IVPFS of a nonempty subset A in X is defined by
(@), @), @) [x X .
We denote the characteristic IVPFS of 4 in X by (ﬁA,ﬁ;,ﬁ;).

Remark 9: Let A; and A, be IVPFSs of S.
(1) If A, € A, and A; # (s, 11, T15), then A, # (', I, II5).
(2) If A, € A, and A, # (I, ', '), then A; # (TIg, ', IT'y).
(3) If A, € A, and A, # (s, g, 1), then A, # (', I, I5).
(4) If A, € A, and A; # (5, s, '), then A, # (Mg, ', ).

The next proposition follows from Proposition 2 and 3.
Proposition 10: Let (ﬁA,ﬁ;,ﬁ;) and (ﬁB,ﬁ;,ﬁ;) be two characteristic
IVPFSs ofaset A and B in X.
(1) ACB ifand onlyif (TI,, 'y, Ty) € (Tz, s, Tp).
(2) (ﬁAlﬁ,AlﬁA) U (ﬁB’ﬁ,B’ﬁB) = (ﬁAUB!ﬁ’AUB!ﬁAUB)'
(3) (Ty, 'y, ) N (Mg, ', M) = (Mg, M4ng, Mang)-

The product of IVPFSs Ay = (vy,p,,€) and A, = (vy,p,,&) of §,
written Ay 3, A,, is defined by

Ay o Ay = {(x, (U1 2 V) (%), (p, * p) (%), (61 &) (X)) | x € X}
The Proposition 4 and 5 lead to the next proposition.

Proposition 11: Let A, A,, and A3 be IVPFSs of S.

(1) If A; & Az, then A; 5, A, S Ay oy Az and A; °) Ay © Aj 3, A,
2 A 3p (A, NA3) = (A4 3p Aj) N (A Ep As).

(3) (A1NA,) 3p Az = (A, 3p A3) N (A, Ep Aj3).

4) Ay (A3 UA3) = (A0, Ay) U (Ay oy Aj3).

(5) (AL UA) 3, Az = (A0, Az) U (A0, As).
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Proposition 6 and Proposition 7 yield the following result.

Proposition 12: For 4, B € P(S), we get
(T, 'y, T, ) 3p (g, g, [p) = (Typ, 45, Iyp)-

In this paper, we use the concepts of an almost subsemigroup and an [IVPFS
in a semigroup to define an interval-valued picture fuzzy almost subsemigroup in
a semigroup. Basic properties of an interval-valued picture fuzzy almost
subsemigroup in a semigroup will be studied. Furthermore, we will study some

relationships between an almost subsemigroup and its interval-valued picture
fuzzification.

2. Main Results

We begin this section by introducing an interval-valued picture fuzzy almost
subsemigroup in a semigroup.

Definition 1: Let (U, p,€) be an IVPFS of S such that (v,p,8) # (I’s, I, I15).
We call (v,p,€) an interval-valued picture fuzzy almost subsemigroup (shortly,
IVPFAS) of §, if

((©,0,8)3, @,p,8) N @©p8) # ([M's, s, T;).
Theorem 13: Let (v,p,€) be an IVPFS of S such that (v,p,%) # (I's, I, II).
Then (v,p,€) is an IVPFAS of S if and only if there is x € S that satisfies
[(vev) nv](x) # [0,0], or [(p *p) Up](x) # [1,1], or [(e =€) U €](x) # [L,1].

Proof: We see that
(@)% @R N @D =@ L,p DE D) NUAE)
=(@Wsv)nu,(psp)Up (e*e)Ve).
Assume that (v, p,€) is an IVPFAS of S. Then
((9,9,8) 3, ©,0,8) N ([@,p,%) # (I's, I, IIy).
Then (Ws0)ND,(p*pP)Up, (E*E) UE) = (I, I, My).
Thus there exists x € S such that [(Usv) N](x) # I's(x) = [0,0], or

[(P*P) UPI(x) # Ms(x) = [L,1], 0r[(E3 &) UE](x) # Ms(x) = [L,1].
Conversely, assume that there exists x € S such that

[(ev) Nnv](x) # [0,0], or [(p*p) Up](x) # [1,1], or
[(eee) Ue](x) # [1L,1].
Then _[(1735) NT](x) # M's(x),or [(p*p) Upl(x) # Ms(x), or [(EsE)
U €](x) # g(x). Thus
((6’ 5’ E) Ep (ﬁ' 5' E)) n (ﬁ' .[_)' E) * (ﬁ’S!ﬁS!ﬁS)'
Hence, (v, p, €) is an IVPFAS of S.



2870 W. YONTHANTHUM, A. SIMUEN AND R. CHINRAM

Theorem 14: Let A, and A, be IVPFSs of S such that A, S A,. If A, is
an IVPFAS of S, then A, is an IVPFAS of S.

Proof: Let A; be an IVPFAS of S and A, be an IVPFS of S such that

Ay € Ajy. Then (A; oy A) N Ay # (', Mg, Ig). Since A; S A, it follows

from Proposition 11 and 8 that (Ay 0, Ay) N Ay S (A °p Az) N Ay We

obtain that (A, 5, A,) N A, # (', s, Tlg). Hence, A, is an IVPFAS of S.

Corollary 15: 4 union of two IVPFASs of S is also an IVPFAS of S.

Example 16: Consider the semigroup Zs under usual addition. IVPFSs

(V1,p,,€1) and (U, p,, &) of Zs are defined by

(V1. P, &) = {(0,[0.3,0.4],{0.2,0.5],[0.1,0.1]), (1, [0.0,0.0], [1.0,1.0], [1.0,1.0]),
(2,10.0,0.0],[1.0,1.0], [1.0,1.0]), (3, [0.5,0.8], [0.2,0.2], [0.0,0.0]),
(4,0.0,0.0],[1.0,1.0],[1.0,1.0])},and

V2,0, &) ={ (0,[0.0,0.0],[1.0,1.0], [1.0,1.0]), (1, [0.0,0.3], [0.1,0.4],[0.1,0.1]),
(2,10.1,0.1],[0.4,0.6],[0.1,0.1]), (3, [0.0,0.0], [1.0,1.0], [1.0,1.0]),

[

(4,10.2,0.2],[0.0,0.0], [0.0,0.0])}.
We have that,

[@1°9,) n;](0) = [0.3,0.4], [(2, * p,) UP,](0) =
[0.2,0.5],[(g; * &) U £](0) = [0.1,0.1],

[@:°9,) n;](1) = [0.0,0.0],[(, * p,) Up,](D) =
[1.0,1.0],[(¢; * &) U & ](1) = [1.0,1.0],

[@1501) N11](2) = [0.0,0.0], [(B, *p,) UP,1(2) =
[1.0,1.0], [(£; * &) U £](2) = [1.0,1.0],

[@1501) N1,](3) = [0.3,04], [(B, *p,) UP,1(3) =
[0.2,0.5],[(€; * &) U &](3) = [0.1,0.1],

[@,5v,) N;](4) = [0.0,0.0],[(p, *p,) UP,](4) =
[1.0,1.0], [(E, * &) UE](#) = [1.0,1.0].
Then (vy,p,,&) is an IVPFAS of Zs. Similarly, (v,,p,, &) is an

IVPFAS of Zs.

We obtain that (vy,p,,&) VU (U5,p,,€) is an IVPFAS of Zs but
(V1,0,,€) N (V2,P,,&) is not an IVPFAS of Zs because (vy,p,,€) N

(2, P, &) = (T's, Ts, M)

Theorem 17: Let A be a nonempty subset of S. Then A is an almost
subsemigroup of S if and only if (I1;,1T',11,) is an IVPFAS of S.
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Proof: Let A be an almost subsemigroup of S. Then AN A # @. Thus
x € A2n A for some x € S. Then
[(Ma 3 T) N TT,](x) = [Tz NTLL](x) = Tg20,(x) = [1,1] # [0,0].
By Theorem 13, we have that (I1,, 1T, ﬁ;) is an [IVPFAS of S.
Conversely, let (TT,, 11’4, T,) be an IVPFAS of S. Thus there exists x € S

such that M2, ,(x) # [0,0] or T',2,,(x) # [1,1]. Hence, x € A% N 4, this is,
A% N A # @. Therefore, A is an almost subsemigroup of S.

Definition 2: Let (v, p, €) be an IVPFS of X. Define
supp(,p,€) = {x € X|u(x) # [0,0] or p(x) # [1,1] or €(x) # [1,1]}.
We called supp(v,p,€) asupportof (v,p, ).

Theorem 18: If (v,p,€) is an IVPFAS of S, then supp(v,p,€) is an almost
subsemigroup of S.

Proof: Let (v, p,€) be an IVPFAS of S. Then there exists x € S such that
[(eov) nv](x) # [0,0], or [(p*p) U p](x) # [11], or
[(e* &) Ue]l(x) # [L1].

Case 1: [(v°ov) Nv](x) # [0,0]. Then (v°ov)(x) # [0,0] and v(x) # [0,0].
Choose a,b € S such that x = ab, v(a) = rsup v(u), and v(b) = rsup v(v).

X=Uv X=Uv
Thus

rmin{v(a),v(b)} = rmin{rs_up v(u), rsup v(v)} = rsup rmin{v(u),v(v)}

= (e v)(x) # [0,0].
Hence, x,a,b € supp(v,p,€). So that x = ab € (supp(v,p,€))? N
supp (v, p, €).
That is (supp(v,p,€))? N supp(V,p,€) # @. Therefore, supp(v,p, ) is
an almost subsemigroup of S.

Case 2: [(p*p)Up](x) # [L,1]. Then (p*p)(x) # [1,1] and p(x) # [1,1].
Choose a,b € S such that x = ab, p(a) = rinf p(u), and p(b) = rinf p(v).
xX=uv X=uv
Thus
rmax{p(a), p(b)} = rmax{rinf p(uw), rinf p(v)} = rinf rmax{p(u), p(w)}
X=Uv X=uv X=uv
=(*px) # [11].
Hence, x,a,b € supp(v,p,€). So that x = ab € (supp(v,p,€))? N
supp (v, p, €).

That is (supp(v,p,€))? N supp(,p,€) # @. Therefore, supp(v,p,€) is
an almost subsemigroup of S.
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Case 3: [(e%¢) U€g](x) # [1,1]. The proof of this case is similar to the proof of
Case 2.

Example 19: Consider the semigroup S = {a, b, ¢, d} with multiplication Table
1 as follows:

Table 1
The multiplications of two elements of .§
| a b c d
a a a a a
b a a a a
cl|la a b a
d a a b b

AnIVPFS (v,p,€) of S is defined by
@ p, &) = {(a,0,0], [1,1], [1,1]), (b, [0,0],[0,0], [1,1]), (¢, [0,0], [1,1], [1,1]),
(d,[0,0],[1,1],{0,0])}.

Then supp(v,p,€) = {b,d}. Since (supp(v,p,€))? N supp(v,p,s) =
{a,b}n{b,d} ={b}+ @, we get supp(v,p,e)=1{b,d} is an almost
subsemigroup of S. However,

[(Wov) nv](a) =[0,0],[(p*p) Upl(a) = [11],[(e* &) Ue](a) = [1,1],

[(ev) nv](b) = [0,0],[(p*p) Up](b) = [L1],[(e*€) Ue](b) = [11],

[(ev) nv](c) =[0,0],[(p=p) Upl(c) = [L1],[(e* &) Ve](c) = [1,1],

[(Wev) nv](d) =[0,0],[(p*p) Upl(d) = [11],[(e* ) U e](d) = [L1].
Hence, (v, p,€) is not an IVPFAS of S.

Conclusion

An IVPFAS in a semigroup was defined by using the concepts of an almost
subsemigroup in a semigroup and an IVPFS. Its some properties were
investigated. If (vy,p,,€;) is an IVPFAS in a semigroup S and (vq,p,,&;) S
(v2,p,,€2), then so is (vy,p,, €;). Hence, we obtain that a union of two
IVPFASs of S isanIVPFAS of S but an intersection of two IVPFASs of S need
not be an IVPFAS of S. A nonempty subset A in a semigroup S is an almost
subsemigroup of S if and only if (Tl 1’4, 1’,) is an IVPFAS of S.
Furthermore, if (v, p,€) is an IVPFAS of S, then the support of (v, p,€) is an
almost subsemigroup of S. However, the converse is not true. These are some
relationships between almost subsemigroups in a semigroup and their
interval-valued picture fuzzifications.
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