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Abstract
Cyclic codes having length ptq have been studied using the primitive binary idempotent 

generators when ( )
2(2) =

tp
tp

O f  and (2) = 1qO q−  with ( )( )
2 , 1 = 1.

tp qf −  Using the expressions 
of these idempotent generators and the theory of cyclotomy, expressions of idempotent 
generators of ℤ4 – cyclic codes are obtained. In this case, all the self-dual codes and LCD 
codes of length ptq over ℤ4 are defined in terms of the idempotent generators. Clearly, these 
self-dual cyclic codes of length tp q  are Type-I codes. Also, the permutational equivalence of 
these cyclic codes has been discussed.
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1.  Introduction

Hammons et al. presented construction techniques for interesting 
non-linear codes, including Kerdock and Delsarte-Goethals codes, as the 
gray images of linear 4ℤ -codes [9]. The weight enumerators of many non-
linear binary codes were found to satisfy MacWilliam’s identity, which 
posed another significant challenge in coding theory. Hammons et al. also 
addressed this problem in [9]. These findings, along with Nechaeve’s 
related work [20], spark a lot of interest in 4ℤ -linear codes. 

*	E-mail:	kapil.kumar1810@gmail.com (Corresponding Author)
†	 E-mail:	batrasudhir@rediffmail.com

Journal of Discrete Mathematical Sciences & Cryptography
ISSN  0972-0529 (Print), ISSN  2169-0065 (Online)
Vol. 28 (2025), No. 7, pp. 2769–2796
DOI : 10.47974/JDMSC-2116

http://www.tarupublications.com
http://dx.doi.org/10.47974/JDMSC-2116


2770� K. KUMAR AND S. BATRA

Furthermore,using gray map, a number of binary non-linear codes that 
perform better than comparable binary linear codes of the same length 
have been found as the images of ℤ4-linear codes.

Encoding and decoding are accomplished with efficiency via cyclic 
codes. Cyclic codes are a class of linear codes. So, several authors have 
investigated them. In [22] Pless and Qian described the structure of cyclic 
codes and their duals over 4 .ℤ  They also defined ℤ4–quadratic residue 
codes, using their idempotent generators. They demonstrated that these 
codes possess multiple features that are analogous to those of quadratic 
residue codes over fields in various respects.

Self-dual codes over 4ℤ  are classified in [5] up to length 9, whereas in 
[7] these are classified up to length 15. Unlike the situation of self dual 
codes over 2 ,  there exist cyclic self dual codes of odd length over 4 .ℤ  In 
[21], an existence condition for self dual codes of odd length over 4ℤ  is 
given. It is worth noting that, as we can see in [21], in some particular 
cases, it is possible to directly determine the generator polynomial of a 
cyclic self dual code over 4 .ℤ  In this case, we may readily determine if a 
certain code its extended version is categorized as type I or type II with the 
help of the Euclidean weight of the generating polynomial. Nonetheless, 
finding the explicit formulations of the generating polynomials for cyclic 
self-dual codes over 4ℤ  is generally challenging. However, under certain 
general conditions, we can study cyclic self-dual codes over ℤ4 using their 
idempotent generators. Batra and Jain [1] obtained the explicit expressions 
for primitive idempotents in the ring 4 [ ]

1
.np

x

x〈 − 〉

ℤ  They also discussed the 
conditions for ℤ4–cyclic codes to be orthogonal and self-dual Additionally, 
a procedure to develop self and iso dual codes over 4ℤ  of length np  was 
provided. In [11] Jain and Batra obtained explicit expressions of idempotent 
generators of ℤ4–cyclic codes of length pq and hence discussed the self 
dual codes(which are cyclic) of length pq over 4ℤ with the help of these 
idempotent generators.

The family of linear codes known as linearly complementary dual 
codes, or LCD codes, is another fascinating class. An LCD code is defined 
as a linear code   satisfying = {0}.⊥∩   Due to their numerous uses 
LCD codes have recently received a lot of attention[2, 3]. Li et. al. [15], 
created numerous families of LCD cyclic codes, while Jin [12] demonstrated 
that some Reed-Solomon codes are similar to LCD codes. Research is also 
being carried out on LCD codes examined over finite Frobenius rings. Liu 
et. al.[16] examined linearly complementary dual codes over chain rings. 
A necessary and sufficient condition was provided by Liu et al. [17] for a 
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cyclic code over chain ring to be an LCD code. Using idempotent generators, 
we obtain all the LCD code over 4ℤ  of length .tp q

In the present paper, we present a method for finding all cyclic codes 
over 4ℤ  of length ptq. We gave these expressions in terms of the idempotent 
generators. Also, we describe all the self-dual codes having length tp q  
which are cyclic when ( )

2(2) =
tp

tp
O f  and (2) = ( )qO qf . In the study of cyclic 

codes over finite fields and the modular rings of integers, cyclotomy is an 
important tool. We apply the results on cyclotomy of [14] to obtain the 
expressions of the idempotent-generators of ℤ4–cyclic codes of length tp q  
over when ( )

2(2) =
tp

tp
O f  and (2) = 1.qO q −  This method is more elementary 

to find idempotent generators. Using our construction method,we observe 
that there are 9t  self-dual cyclic codes over the ring of integers modulo 4 
having length ,tp q  when ( )

2(2) =
tp

tp
O f  and 2 is a primitive root modulo q. 

Using the enumeration formula of corollary 3.5 of [4], we can also see that 
there are 9t  total ℤ4–cyclic codes which are self dual for this case. However, 
Chen et. al. just commented on the number of these codes in [4], and we 
have given the explicit expressions of idempotent generators for all of 
these codes for the case = tn p q  over 4 .ℤ  We also observed that out of 
these 9t  self-dual codes, 9 1

2

t+  are permutational non-equivalent. Also, 
since for type-II codes of length n we have = 8n k  for some positive integer 
k, so these self-dual codes and their extensions are Type-I codes. 
Additionally, our results with = 1t  gives the results obtained by Jain and 
Batra in [11] as particular case.

We also gave examples of cyclic codes over the ring of integers modulo 
4 of length 21 and the symmetrized weight enumerator of these codes. In 
fact, the expressions of Idempotent generators obtained by us, enable us to 
compute the weight enumerator of these codes using a program in 
Wolfram Mathematica. It has been observed that the torsion codes of some 
of these codes are constant weight and two-weight codes. Also, examples 
of the extremal Type-I code of length 21 have been given.

In [23], some kind of topological indices of the idempotent graph of 
nℤ  are computed. Topological indices of a graph may be applied in 

studying quantitative structure-activity relationships. For instance, in [6], 
the stability of alkanes and the strain energy of cycloalkanes were studied 
using a topological measure called the atom bond connectivity (ABC) 
index.

It will be interesting to obtain the idempotent graphs of various codes 
studied in our paper, which are themselves subrings of 2 [ ]

1
= tt p q

x
p q x〈 − 〉

  and 
[ ]4

1
' = ,tt p q

x

p q x〈 − 〉

ℤ
  and in general of the rings tp q

  and ' ,tp q
  and explore some 
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kind of applications in the area discussed in previous paragraph, by 
computing various topological indices.

The notations and assumptions of the present paper are identical to 
those in [14]. Supplementary notations and terminologies are provided 
below:
(i)	� p  and q  are distinct primes. Further, 1( 8)p mod≡ −  and 3( 8).q mod≡ ±  
(ii)	 If A  is a finite set then the cardinality of A  is denoted by | |.A  

(iii)	 2 [ ]

1
= tt p q

x
p q x〈 − 〉

  and 4 [ ]

1
' = tt p q

x
p q x〈 − 〉

ℤ  

(iv)	 = {0,1, 2, , 1}.t −  

Unless otherwise stated, all other assumptions and terminologies 
throughout this paper are the same as in [14]. The rest of this paper is 
arranged as follows: 
•	� In section 2, we obtain the expressions of binary idempotent by 

obtaining the Gaussian sums with the help of the forms of cyclotomic 
cosets obtained in [14]. 

•	� In section 3, expressions for primitive idempotents in the ring 
4 [ ]

1
tp q

x

x〈 − 〉

ℤ  have been obtained using the results of [14] and the binary 

idempotents obtained in Section 2. Orthogonal properties and 
permutational equivalence of these codes have also been discussed. 
Also, some examples of cyclic codes of length 21 with their 
symmetrized weight enumerator have been given. 

•	� In Section 4, all the cyclic self-dual codes and cyclic LCD codes 
having length tp q  over 4ℤ  are defined in terms of the idempotent 
generators. These self-dual codes are Type-I codes. We also give the 
examples of a Type-I extremal self-dual codes having length 21. 

2.  Idempotents in the ring 2 [ ]

1
= tt p q

x
p q x〈 − 〉



The expressions of the generating idempotent of minimal ideals of 
the ring 2 [ ]

1
= tt p q

x
p q x〈 − 〉

  will be obtained in this section. In order to acquire 

these formulations, we must first recollect the following theorem on 
cyclotomic cosets that was established in [14].
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Theorem 2.1: [14][ Theorem 2.4 ] “The 2-cyclotomic cosets = tmodulo n p q  can 
be represented as follow: 

1.	 If 0( ) ,tq mod p N∈  then 

0 = {0}W

= { | , 1 1}, 0 1;i t
i ip

p qx p y x N y q i tW + ∈ ≤ ≤ − ≤ ≤ −

= { |1 1};t
tp

p x x qW ≤ ≤ −

= { | }, 0 1;i
i

ip q
p qx x R i tW ∈ ≤ ≤ −

= { | , 1 1}, 0 1;i
i t

ip g
p qx p y x R y q i tW + ∈ ≤ ≤ − ≤ ≤ −

= { | }, 0 1;i
i

ip qg
p qx x N i tW ∈ ≤ ≤ −

2.	 If 0( ) ,tq mod p R∈  then 

0 = {0}W

= { | , 1 1}, 0 1;i
i t

ip
p qx p y x R y q i tW + ∈ ≤ ≤ − ≤ ≤ −

= { | 1 1};t
t

p
p x x qW ≤ ≤ −

= { | }, 0 1;i
i

ip q
p qx x R i tW ∈ ≤ ≤ −

= { | , 1 1}, 0 1;i
i t

ip g
p qx p y x N y q i tW + ∈ ≤ ≤ − ≤ ≤ −

= { | }, 0 1;i
i

ip qg
p qx x N i tW ∈ ≤ ≤ − .”

Lemma 2.1: Let p be an odd prime and let id  be an element in some extension of 
2  such that 

= 1 and 1 for any 1 1.
ip k i

i k pd d ≠ ≤ ≤ −

For each {1, 2, 3, , },i t∈   let iR  represent the set of quadratic residues 
modulo ,ip  and let iN  represent the set of non-residues modulo .ip  

1.	 = = 0
j j

s s
i i

s R s N
d d

∈ ∈
∑ ∑  for 2 .i j≤ ≤  

2.	� For = 1i  there always exists 1d  such that 1 = 1
k

s

s R
d

∈
∑  and 1 = 0

k

s

s N
d

∈
∑  for 

every natural number .k  
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Proof: The reader is left to do the proof, which is rather simple. 
Let {0, , , , , : },i t i i ik p p p q p g p qg i∈ ∈  then define ( ) = .

k

s
k

s
X x x

W∈
∑  For the 

sake of convenience, we shall denote ( )kX x  as .kX  Let a  be an element in 
some extension of 2 ,  such that 

= 1 and 1 forany 1 1.
tp q k tk p qa a ≠ ≤ ≤ −

Let =
ip

ia g  and = ,
ip q

ia b  for 0 ,i t≤ ≤  then it is clear that for any i  

= 1 and 1 forany 1 1
t ip q k t i

i i k p qg g
− −≠ ≤ ≤ −

and 

= 1 and 1 for any 1 1.
t ip k t i

i i k pb b
− −≠ ≤ ≤ −

Also, using Lemma 2.1, with no loss of generality, it is permissible to 
presume that 1 = 1s

t
s R

b −
∈
∑  and 1 = 0.s

t
s N

b −
∈
∑  Subsequently, using the forms of 

the cyclotomic cosets as laid out in the Theorem 2.1 and Lemma 2.1, we 
have the subsequent theorems. 

Theorem 2.2: If 0( )tq mod p N∈  and 1 1.i t≤ ≤ −  then 
1

1
1 ; if
0 ; otherwise

1. ( ) = t tj p p gjX a W W − ∈ ∪



11 ; if
0 ; otherwise

2. ( ) = t tj p p
g

jX a W W − ∈ ∪



1 101 ; if
0 ; otherwise

3. ( ) = t t tj p p p qg
q

jX a W W W W− − ∈ ∪ ∪ ∪



1 101 ; if
0 ; otherwise

4. ( ) = t t tj p g p p q
qg

jX a W W W W− − ∈ ∪ ∪ ∪



1
1

=
1 ; if ( )

0 ; otherwise
5. ( ) =

t
k k t i t

k t ii
j p p g p g p

p
jX a W W W W

−
− −

−


∈ ∪ ∪ ∪






1
1

=
1 ; if ( )

0 ; otherwise
6. ( ) =

t
k k t i t

k t ii
j p p g p p

p g
jX a W W W W

−
− −

−


∈ ∪ ∪ ∪






1
1 1

=
01 ; if ( )

0 ; otherwise
7. ( ) =

t
k k k k t i t t i

k t ii
j p p g p q p qg p p p qg

p q
jX a W W W W W W W W

−
− − − −

−


∈ ∪ ∪ ∪ ∪ ∪ ∪ ∪





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1 1
1

0
=

1 ; if ( )

0 ; otherwise
8. ( ) = k k k k t i t t i

i

t
j p p g p q p qg p g p p q

k t ip qg
jX a W W W W W W W W− − − −

−

−


∈ ∪ ∪ ∪ ∪ ∪ ∪ ∪







1

=0
1 ; if ( )

0 ; otherwise
9. ( ) = k k t

t
j p p g p

ktp

jX a W W W
−

∈ ∪ ∪






Proof: We are going to prove only part 1 of the theorem, the remaining 
parts can be proved using similar arguments.

Now by definition, it is clear that, 

1 0

1
( )

1
=1

( ) = = (1)
tq

j js j qx p y

s x N y
X a a a

W

−
+

∈ ∈
∑ ∑ ∑

Now if 0 ,j W∈  then = 0.j  So, by (1), 1( )jX a = ( 1)q − 0| |N = 0.  Now if 
,kp

j W∈  then 0= kj p qx + 0
tp y for some 0 kx N∈ and 01 1.y q≤ ≤ −  So, by 

(1), 

0 0

0

2 2
0 0

0

1 ( )( )
1

=1

1( ) ( ) 0

0 =1

( ) =

= = = 0

k t t

k t

q p qx p y qx p yj

x N y

q qxxp q xx p yy
k

x N y x N

X a a

a a b

−
+ +

∈

−

∈ ∈

∑ ∑

∑ ∑ ∑

Similarlly, if ,kp g
j W∈  then 0= kj p qx + 0

tp y for some 0 kx R∈ and
01 1.y q≤ ≤ −  So, by (1) and Lemma 2.1 

	 0

0
1

1 if = 1
0 otherwise

( ) = =qxxj
k

x N

k tX a b
∈

 −



∑

Now if ,tp
j W∈  then 0 0= for some 1 1.tj p y y q≤ ≤ −  So, again by (1) 

we have 

0

0 0

1 ( )( )0
1 0

=1
( ) = = =| |= 1

t tqqxx p y qx p yj
k

x N x N y
X Na b a

−
+

∈ ∈
∑ ∑ ∑

Similarly, we can show that for any withk 0 1,k t≤ ≤ − 1( ) = 0jX a  if 

kp q
j W∈  or kp qg

j W∈
 
so we can say that 1

1
1 ; if
0 ; otherwise

( ) = t tj p p gjX a W W − ∈ ∪



 

Similar arguments can be used to prove all remaining parts of the 
theorem. 

Theorem 2.3: If 0( )tq mod p R∈  and 1 1.i t≤ ≤ −  then 
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1

1
1 ; if
0 ; otherwise

1. ( ) = t tj p pjX a W W − ∈ ∪



11 ; if
0 ; otherwise

2. ( ) = t gtj p p
g

jX a W W − ∈ ∪



1 101 ; if
0 ; otherwise

3. ( ) = t t tj p p p q
q

jX a W W W W− − ∈ ∪ ∪ ∪



1 101 ; if
0 ; otherwise

4. ( ) = t t tj p g p p qg
qg

jX a W W W W− − ∈ ∪ ∪ ∪



1
1

=
1 ; if ( )

0 ; otherwise
5. ( ) = k k t i t

t
j p p g p p

k t iip

jX a W W W W− −
−

−


∈ ∪ ∪ ∪







1
1

=
1 ; if ( )

0 ; otherwise
6. ( ) = k k t i t

i

t
j p p g p g p

k t ip g
jX a W W W W− −

−

−


∈ ∪ ∪ ∪







1
1

10
=

1 ; if ( )

0 ; otherwise
7. ( ) = k k k k t i t

i

t
t ij p p g p q p qg p p p q

k t ip q
jX a W W W W W W W W− −

−
− −

−


∈ ∪ ∪ ∪ ∪ ∪ ∪ ∪







1 1
1

0
=

1 ; if ( )

0 ; otherwise
8. ( ) = k k k k t i t t i

i

t
j p p g p q p qg p g p p qg

k t ip qg
jX a W W W W W W W W− − − −

−

−


∈ ∪ ∪ ∪ ∪ ∪ ∪ ∪







 

1

=0
1 ; if ( )

0 ; otherwise
9. ( ) = k k t

t
j p p g p

ktp

jX a W W W
−

∈ ∪ ∪






Proof: The proof for this theorem is identical to that of Theorem 2.2. 
Prior to determining the primitive idempotent expressions in the ring 

,tp q
  we must first establish the subsequent Lemma. 

Lemma 2.2: Let i∈  and 0j ≠ , then we have 
1. .

2. .

3. .

i i

i i

t t

p p g

p q p qg

p p

j if and only if j

j if and only if j

j if and only if j

W W

W W

W W

∈ − ∈

∈ − ∈

∈ − ∈
 



IDEMPOTENT GENERATORS OF LENGTH ptq OVER ℤ4� 2777

Proof: As 1 (mod8)p ≡ −  is a prime. So, 1 ,N− ∈  indicating that 1−  is 
a non-residue modulo .tp  Therefore, Theorem 2.1 makes it simple to 
establish the results. 

We know that the primitive idempotents of the ring [ ]

1
= q

m

x
m x〈 − 〉


  are 

the idempotent generators of the minimal cyclic codes of over q  having 
block length m (or minimal ideals of ),m  where ( , ) = 1.q m  Now we can 
easily derive the primitive idempotent expressions in the ring ,tp q

  2 [ ]

1
= .t

x
t p qp xq 〈 − 〉

  

Theorem 2.4: “[18][Theorem 6, p.220] The primitive idempotent sq  in 
[ ]

1
= ,q

m

x
m x〈 − 〉


  corresponding to q − cyclotomic coset sC  is given by 

1 ( ) ( )

=0

1( ) = , where = ,
s

m ijs i s
s i i

i j Cmx xq e e l
− −

∈
∑ ∑

where l  is a primitive thm  root of unity in some extension of .q ” 

For the sake of convenience, for 0 1,i t≤ ≤ −  let us define following: 

• = i i i ii p p g p q p qg
X X X X+ + +  

• = i ii p p g
X X+  

• = i ii p q p qg
X X+  

Let kq  denote the primitive idempotent in the ring tp q
  corresponding 

to the 2− cyclotomic coset ,kW  where {0,k∈ , ,i tp p , ,i ip q p g ip qg |
0 1},i t≤ ≤ −  Then using Theorem 2.2, Theorem 2.3, Theorem 2.4, Lemma 

2.2, and the classical approach to obtain primitive idempotents in m  as 
used by Mathur and Batra in [19], we can obtain the expressions of 
primitive idempotents in the ring ,tp q

  which are given below in Theorem 
2.5 and Theorem 2.6 

Theorem 2.5: If 0( ) ,tq mod p N∈  then for any ,i∈  we have 
1

0
=0

1. = 1 t

t

kp k
Xq

−
+ + ∑

112. = t tp p
X Xq − +

13. = t tg p g p
X Xq − +
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1 14. = 1 t t tq p g p q p
X X Xq − −+ + +

1 15. = 1 t t tqg p p qg p
X X Xq − −+ + +

1

1

=
6. =i t t i

t

kp p p k t i
X Xq − −

−

−
+ + ∑ 

1

1

=
7. =i t t i

t

kp g p p g k t i
X Xq − −

−

−
+ + ∑ 

1 1

1

=
8. = 1i t t i t i

t

kp q p p g p q k t i
X X Xq − − − −

−

−
+ + + + ∑ 

1 1

1

=
9. = 1i t t i t i

t

kp qg p p p qg k t i
X X Xq − − − −

−

−
+ + + + ∑ 

1

=0
10. =t t

t

kp p k
Xq

−
+ ∑

Theorem 2.6: If 0( ) ,tq mod p R∈  then for any ,i∈  we have 
1

0
=0

1. = 1 t

t

kp k
Xq

−
+ + ∑

112. = t tp g p
X Xq − +

13. = t tg p p
X Xq − +

1 14. = 1 t t tq p g p qg p
X X Xq − −+ + +

1 15. = 1 t t tqg p p q p
X X Xq − −+ + +

1

1

=
6. =i t t i

t

kp p p g k t i
X Xq − −

−

−
+ + ∑ 

1

1

=
7. =i t t i

t

kp g p p k t i
X Xq − −

−

−
+ + ∑ 

1 1

1

=
8. = 1i t t i t i

t

kp q p p g p qg k t i
X X Xq − − − −

−

−
+ + + + ∑ 
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1 1

1

=
9. = 1i t t i t i

t

kp qg p p p q k t i
X X Xq − − − −

−

−
+ + + + ∑ 

1

=0
10. =t t

t

kp p k
Xq

−
+ ∑

3. Idempotent Generators of Z4–cyclic codes of length tp q  

Now following the notations of [14], for 0 1i t≤ ≤ −  let us define the 
following 

• = and =i ii ip p g
X Xc c ∗  

• 
; if ( )

=
; if ( )

i

i

p q
i

p qg

X q mod p N

X q mod p R
t

 ∈


∈
 

• 
; if ( )

=
; if ( )

i

i

p qg
i

p q

X q mod p N

X q mod p R
t ∗

 ∈


∈
 

Now by the above notations and the definitions of , , ,i i i    as in the 
previous section, we can easily observe that for 0 1,i t≤ ≤ −  we have 

• =i i i i ic c t t∗ ∗+ + +  

• =i i ic c ∗+  

• =i i it t ∗+  

Now, we will obtain the expressions of all the primitive idempotents 
in the ring 4[ ]

1
' = .t tp q p q

x

x〈 − 〉

ℤ  The expressions of binary idempotents found in 
the preceding section can be used to obtain these expressions. Theorems 
3.1 – 3.5 can be obtained by reducing the coefficients 4modulo  in the 
expressions of i jX X ’s in [ ]

1
tp q

x

x〈 − 〉

ℤ  obtained in Theorems 4.1-4.5 of [14]. 

Theorem 3.1: For any ,i∈  we have: 
1.	 If 3( 8),q mod≡ −  then 

	

2 1

2 1

2 1

2 1

2

(a) = (2 ( 1) ) 2
(b) = 2 (2 ( 1) )
(c) = (2 ( 1) ) 2
(d) = 2 (2 ( 1) )
(e) = 3t t

t i
i i i

t i
i i i

t i
i i i

t i
i i i

p p

u u
u u
u u
u u

X X

c c c
c c c
t t t
t t t

− − ∗

∗ − − ∗

− − ∗

∗ − − ∗

+ − +

+ + −

− − +

+ − −
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2 1

2 1

2 1

2 1

2

(a) = (2 ( 1) ) 2
(b) = 2 (2 ( 1) )
(c) = (2 ( 1) ) 2
(d) = 2 (2 ( 1) )
(e) = 3t t

t i
i i i

t i
i i i

t i
i i i

t i
i i i

p p

u u
u u
u u
u u

X X

c c c
c c c
t t t
t t t

− − ∗

∗ − − ∗

− − ∗

∗ − − ∗

+ − +

+ + −

− − +

+ − −

2.	 If 3( 8),q mod≡  then 

	

2 1

2 1

2 1

2 1

2

(a) = (2 ( 1) ) 2 2
(b) = 2 (2 ( 1) ) 2
(c) = (2 ( 1) ) 2
(d) = 2 (2 ( 1) )
(e) = 2t t

t i
i i i i

t i
i i i i

t i
i i i

t i
i i i

p p

u u
u u
u u
u u

X X

c c c t
c c c t
t t t
t t t

− − ∗ ∗

∗ − − ∗

− − ∗

∗ − − ∗

− − + +

+ − − +

− − +

+ − −

+

Theorem 3.2: Let .i∈  Then, we have: 
1.	 If 3( 8),q mod≡ −  then 

	

11

=1
11 1 1

=1
1

1

=1

(a) . = . = (2 ( 1) ) ( 1) ( 1)

(b) . = (2 ( 1) ) ( 1) ( 1)

(c) . = (2 ( 1) ) 2

(d) . = (2 ( 1) ) ( 1)

t it i t i t i
i i i i i i k tpk

t it i t i t i
i i i i k tpk

t i
i i i i

t it i t i
i i i

k

u X

u X

u u

u

c t c t

c c

c t c c

t t

− −
∗ ∗ − − − −

+

− −
∗ − − − − − −

+

∗ − − ∗

− −
∗ − − −

− − + − + −∑

+ − + − + −∑

− − +

− − + −

 

 


1

1

( 1)

(e) . = 2 (2 ( 1) )

t i
i k

t i
i i i iu uc t c c

−
+

∗ − − ∗

+ −∑

+ − −



2.	 If 3( 8),q mod≡  then 

	

11

=1
1 11

=1 =1

1

1

(a) . = . = (2 ( 1) ) ( 1) ( 1)

(b) . = (2 ( 1) ) 2 ( 1) 2

( 1) 2

(c) . = (2 ( 1) ) 2

(d) . = (2 ( 1) )

t it i t i t i
i i i i i i k tpk

t i t it i t i
i i i i i k i k

k k
t i

tp

t i
i i i i

t i
i i

u X

u

X

u u

u

c t c t

c c

c t c c

t t

− −
∗ ∗ − − − −

+

− − − −
∗ − − −

+ +

−

∗ − − ∗

∗ − −

− − + − + −∑

− − + + − + +∑ ∑

− +

− − +

− −

 

   

1

=1
1

( 1) ( 1)

(e) . = 2 (2 ( 1) )

t it i t i
i i k

k
t i

i i i iu uc t c c

− −
− −

+

∗ − − ∗

+ − + −∑

+ − −

 

Theorem 3.3: Let ,i∈  we have: 
1.	 If 3( 8),q mod≡ −  then 
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(a) . = 3

(b) . = 3

(c) . =

(d) . =

i t ip

i t ip

i t ip

i t ip

X

X

X

X

c c

c c

t c

t c

∗ ∗

∗

∗

2.	 If 3( 8),q mod≡  then 

	

(a) . = 2

(b) . = 2

(c) . =

(d) . =

i t i ip

i t i ip

i t ip

i t ip

X

X

X

X

c c t

c c t

t c

t c

∗

∗ ∗

∗

∗

+

+

Theorem 3.4: If , ,i j∈  with < ,i j  then 
1.	 If 3( 8),q mod≡ −  then 

	

(a) = = ( 1) 2

(b) = ( 1) 2

(c) = = ( 1)

(d) = = ( 1)

(e) = = ( 1)

(f) = ( 1)

t j
i j i j i i

t j
i j i i

t j
i j i j i

t j
i j i j i

t j
i j i j i

t j
i j i

c c c c c t

c c c t

c t c t c

c t t c c

t t t t t

t t t

−∗ ∗

−∗ ∗ ∗

−∗

−∗ ∗ ∗ ∗

−∗

−∗ ∗ ∗

− +

− +

−

−

−

−

2.	 If 3( 8),q mod≡  then 

	

1

1

(a) = = ( 1)

(b) = ( 1)

(c) = = ( 1)

(d) = = ( 1)

(e) = = ( 1)

(f) = ( 1)

t j
i j i j i

t j
i j i

t j
i j i j i

t j
i j i j i

t j
i j i j i

t j
i j i

c c c c c

c c c

c t c t c

c t t c c

t t t t t

t t t

− −∗

− −∗ ∗ ∗

−∗

−∗ ∗ ∗ ∗

−∗

−∗ ∗ ∗

−

−

−

−

−

−
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Theorem 3.5: If , ,i j∈  with < ,j i  then 
1.	 If 3( 8),q mod≡ −  then 

	

1

(a) = = ( 1)

(b) = = ( 1)

(c) = ( 1)

(d) = ( 1)

t i
i j i j j

t i
i j i j j

t i
i j j

t i
i j j

c t t c c

c t c t c

c c c

t t t

∗ − ∗

∗ ∗ ∗ −

∗ − − ∗

∗ − ∗

−

−

−

−

2.	 If 3( 8),q mod≡  then 

	

(a) = = ( 1)

(b) = = ( 1)

(c) = ( 1) 2

(d) = ( 1)

t i
i j i j j

t i
i j i j j

t i
i j j j

t i
i j j

c t t c c

c t c t c

c c c t

t t t

∗ − ∗

∗ ∗ ∗ −

∗ − ∗

∗ − ∗

−

−

− +

−

Theorems 3.7-3.8 provide an expression for primitive idempotents in 
' .tp q
  To derive these expressions, we require specific results from the 
subsequent theorem. 

Theorem 3.6: [13] “Suppose p is a prime not dividing n and suppose 1nx −
= 1 2 rf f f  is the representation of 1nx −  as a product of basic irreducible, 

pairwise-coprime polynomials in [ ].mp
xℤ  Suppose 1 2, , re e e ∈

[ ]

1
p
n

x

x〈 − 〉

ℤ  are 

primitive idempotents with ˆ( ) = ( ).i if em  For 1 ,i r≤ ≤  let 
1

=
mp

i ieq
−

 viewed as 

elements of [ ]
1

.
m

n
p x
x〈 − 〉

ℤ  Then 

1.	� for each with 1 , ii i r q≤ ≤  is an idempotent generator of the cyclic 
mp

ℤ -code ˆ ,if  

2.	
=1

1
r

i
i

q ≡∑  and for 1 ,i j r≤ ≤  with ,i j≠  0,i jq q ≡  

3.	 Each idempotent in [ ]
1

m

n
p x
x〈 − 〉

ℤ  is a sum of .i sq ′ ” 

Finally, note that p is a prime and 8 divides 1,p+  hence let = 8 1,p u −  
leading to 1

8= .pu +

Theorems 3.7-3.8, which provide the expressions for primitive 
idempotents in ' ,tp q

  are now presented. The proofs of these theorems 
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can be obtained by combining the results of the previous section with 
Theorem 3.6 and the relevant findings in Theorems 3.1-3.5.

Let us denote the primtive idempotents in the ring ' tp q
  as ,kq ′ for 

{0,k∈ , ,i tp p , ,i ip q p g ip qg : }.i∈  

Theorem 3.7: If 0( )tq mod p N∈  and ,i∈  then 
1.	 If 3( 8),q mod≡ −  then 

	

1

0
=0

1 1 1

1 1

1 1 1 1

1 1 1 1

(a) = ( 1) ( 1)

(b) = (2 3) 2 3

(c) = 2 (2 3) 3

(d) = 2 ( ) (2 1)( ) 1

(e) = (2 1)( ) 2 ( ) 1

(f

tt
k tpk

t t tp p g p

g t t tp p g p

q t t t t tp p qg p g p q p

qg t t t t tp p qg p g p q p

X

u X uX X

uX u X X

u X X u X X X

u X X u X X X

q

q

q

q

q

−

− −

− −

− − − −

− − − −

′ − + +∑

′ + + +

′ + + +

′ + + + + + +

′ + + + + + +



1

1 1
=

1

1 1
=
1

1 1
=

1 1

) = ( 1) [3 3 (2 3) 2 ]

(g) = ( 1) [3 3 2 (2 3) ]

(h) = ( 1) [ 2 ( )

(2 1)( ) 1]

(i)

ti
i k t t i t ip p p p gk t i

ti
i k t t i t ip g p p p gk t i

ti
i k t i t ip q p p qgk t i

t i t i tp g p q p

p

X u X uX

X uX u X

u X X

u X X X

q

q

q

q

−

− − − −
−
−

− − − −
−

−

− − − −
−

− − − −

′ − + + + +∑

′ − + + + +∑

′ − + + +∑

+ + + +

′







1

1 1
=

1 1

11

=0

= ( 1) [ (2 1)( )

2 ( ) 1]

(j) = ( 1) [ ]

ti
i k t i t iqg p p qgk t i

t i t i tp g p q p

tt
t k tp pk

u X X

u X X X

Xq

−

− − − −
−

− − − −

−
−

− + + + +∑

+ + +

′ − +∑





2.	 If 3( 8),q mod≡  then 

	

1

0
=0

1 1 1 1

1 1 1

1 1 1 1

1 1

(a) = ( 1) (3 3 3)

(b) = (2 1) 2 2 2

(c) = 2 (2 1) 2 2

(d) = 2 ( ) (2 3)( ) 3 3

(e) = (2 3)( ) 2 (

tt
k tpk

t t t tp p g p qg p

g t t t tp p g p q p

q t t t t tp p qg p g p q p

qg t tp p qg

X

u X uX X X

uX u X X X

u X X u X X X

u X X u

q

q

q

q

q

−

− − −

− − −

− − − −

− −

′ − + +∑

′ + + + + +

′ + + + + +

′ + + + + + +

′ + + +



1 1

1

1
=

1 1

1

1
=

1 1

1

=

) 3 3

(f) = ( 1) [ ( 2 ) 2 (2 1)

2 2 ]

(g) = ( 1) [ ( 2 ) 2 2

(2 1) 2 ]

(h) = ( 1) [3 2 (

t t tp g p q p

ti
i k k t t ip p pk t i

t i t ip g p qg

ti
i k k t t ip g p pk t i

t i t ip g p q

ti
i kp q k t i

X X X

X u X

uX X

X uX

u X X

u

q

q

q

− −

−

− −
−

− − − −

−

− −
−

− − − −

−

−

+ + +

′ − + + + + +∑

+ +

′ − + + + +∑

+ + +

′ − +∑

 

 

 1 1

1 1

1

1 1
=

1 1

1

=0

)

(2 3)( ) 3 3]

(i) = ( 1) [3 (2 3)( )

2 ( ) 3 3]

(j) = ( 1) [ ( 2 ) 2]

t i t ip p qg

t i t i tp g p q p

ti
i k t i t ip qg p p qgk t i

t i t i tp g p q p

tt
t k k tp pk

X X

u X X X

u X X

u X X X

X

q

q

− − − −

− − − −

−

− − − −
−

− − − −

−

+

+ + + + +

′ − + + +∑

+ + + +

′ − + + +∑



 
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1

0
=0

1 1 1 1

1 1 1

1 1 1 1

1 1

(a) = ( 1) (3 3 3)

(b) = (2 1) 2 2 2

(c) = 2 (2 1) 2 2

(d) = 2 ( ) (2 3)( ) 3 3

(e) = (2 3)( ) 2 (

tt
k tpk

t t t tp p g p qg p

g t t t tp p g p q p

q t t t t tp p qg p g p q p

qg t tp p qg

X

u X uX X X

uX u X X X

u X X u X X X

u X X u

q

q

q

q

q

−

− − −

− − −

− − − −

− −

′ − + +∑

′ + + + + +

′ + + + + +

′ + + + + + +

′ + + +



1 1

1

1
=

1 1

1

1
=

1 1

1

=

) 3 3

(f) = ( 1) [ ( 2 ) 2 (2 1)

2 2 ]

(g) = ( 1) [ ( 2 ) 2 2

(2 1) 2 ]

(h) = ( 1) [3 2 (

t t tp g p q p

ti
i k k t t ip p pk t i

t i t ip g p qg

ti
i k k t t ip g p pk t i

t i t ip g p q

ti
i kp q k t i

X X X

X u X

uX X

X uX

u X X

u

q

q

q

− −

−

− −
−

− − − −

−

− −
−

− − − −

−

−

+ + +

′ − + + + + +∑

+ +

′ − + + + +∑

+ + +

′ − +∑

 

 

 1 1

1 1

1

1 1
=

1 1

1

=0

)

(2 3)( ) 3 3]

(i) = ( 1) [3 (2 3)( )

2 ( ) 3 3]

(j) = ( 1) [ ( 2 ) 2]

t i t ip p qg

t i t i tp g p q p

ti
i k t i t ip qg p p qgk t i

t i t i tp g p q p

tt
t k k tp pk

X X

u X X X

u X X

u X X X

X

q

q

− − − −

− − − −

−

− − − −
−

− − − −

−

+

+ + + + +

′ − + + +∑

+ + + +

′ − + + +∑



 

Proof: We’ll only prove 1(a). Obtaining the rest of the expressions is as 
easy as following the same steps. In point of view of Theorem 3.6, for 
any {0,k∈ , ,i tp p , ,i ip q p g ip qg | 0 1},i t≤ ≤ −  2= ,k kq q′  viewed as element 

of 4 [ ]

1
= .t tp q

x
p q x〈 − 〉
′ ℤ

Since 
1

0
=0

= 1 ,
t

t kp k
Xq

−
+ + ∑  so 

1 2
0

=0
1 1 12 2

=0 =0 =0

= (1 )
(2)

= 1 ( ) 2 2 2

t

t kp k
t t t

t k t t k kp p pk k k

X

X X X

q
−

− − −

′ + + ∑

+ + + + +∑ ∑ ∑



  

Now, since = 8 3,q m −  so using Theorems 3.1-3.5, we can obtain that 
for any 0 1,i t≤ ≤ −  

= 0 in (3)tt i p qp
X ′ 

So using (2),(3) and Theorems 3.1-3.5, we get 
1 2 1 12

0
=0 =0 =1 =0

= 1 3 2 2 2 (4)
t t t k t

t k k k j t kp pk k j k
X Xq

− − − − −

+
′ + + + + +∑ ∑ ∑ ∑   

Now again as = 8 3,q m −  so for any ,i∈  and 1 1,j t i≤ ≤ − −  using 
Theorems 3.1-3.5, we obtain that 

= 2 and hence 2 = 0i i j i i i j+ +  

12 1

=1
and = ( 1) 2 2 2

t it i
i i i s tps

X
− −

− −
+− + + +∑  
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in .tp q
′  So, by (4), we get 

1 1 11
0

=0 =1 =0
1 1 11

=0 =0 =1
1

=0
1

=0

= 1 (( 1) 2 2 2) 2

= (2 ( 1) ) 2 (2 1)( 1)

3( 1) if t is odd
=

1) if t is even

t t k tt k
t k k s t kp pk s k

t t t kt k
k k s tpk k s

t

k tpk
t

k tpk

X X

t X

X

X

q
− − − −

− −
+

− − − −
− −

+

−

−

′ + + − + + + +∑ ∑ ∑

+ − + + + +∑ ∑ ∑

 + +∑

 + +∑


  

 





Hence, 
1

0
=0

= ( 1) [ 1]
tt

k tpk
Xq

−
′ − + +∑

A similar argument can be used to prove the other parts. 

Theorem 3.8: If 0( )tq mod p R∈  and 1 1,i t≤ ≤ −  then 
1.	 If 3( 8),q mod≡ −  then 

	

1

0
=0

1 1 1

1 1

1 1 1 1

1 1 1 1

(a) = ( 1) ( 1)

(b) = 2 (2 3) 3

(c) = (2 3) 2 3

(d) = 2 ( ) (2 1)( ) 1

(e) = (2 1)( ) 2 ( ) 1

(f

tt
k tpk

t t tp p g p

g t t tp p g p

q t t t t tp p q p g p qg p

qg t t t t tp p q p g p qg p

X

uX u X X

u X uX X

u X X u X X X

u X X u X X X

q

q

q

q

q

−

− −

− −

− − − −

− − − −

′ − + +∑

′ + + +

′ + + +

′ + + + + + +

′ + + + + + +



1

1 1
=

1

1 1
=
1

1 1
=

1 1

) = ( 1) [3 3 2 (2 3) ]

(g) = ( 1) [3 3 (2 3) 2 ]

(h) = ( 1) [ 2 ( )

(2 1)( ) 1]

(i)

ti
i k t t i t ip p p p gk t i

ti
i k t t i t ip g p p p gk t i

ti
i k t i t ip q p p qk t i

t i t i tp g p qg p

p

X uX u X

X u X uX

u X X

u X X X

q

q

q

q

−

− − − −
−
−

− − − −
−

−

− − − −
−

− − − −

′ − + + + +∑

′ − + + + +∑

′ − + + +∑

+ + + +

′







1

1 1
=

1 1

11

=0

= ( 1) [ (2 1)( )

2 ( ) 1]

(j) = ( 1) [ ]

ti
i k t i t iqg p p qk t i

t i t i tp g p qg p

tt
t k tp pk

u X X

u X X X

Xq

−

− − − −
−

− − − −

−
−

− + + + +∑

+ + +

′ − +∑





2.	 If 3( 8),q mod≡  then 
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1

0
=0

1 1 1 1

1 1 1

1 1 1 1

1 1

(a) = ( 1) (3 3 3)

(b) = 2 (2 1) 2 2

(c) = (2 1) 2 2 2

(d) = 2 ( ) (2 3)( ) 3 3

(e) = (2 3)( ) 2 (

tt
k tpk

t t t tp p g p qg p

g t t t tp p g p q p

q t t t t tp p q p g p qg p

qg t tp p q

X

uX u X X X

u X uX X X

u X X u X X X

u X X u X

q

q

q

q

q

−

− − −

− − −

− − − −

− −

′ − + +∑

′ + + + + +

′ + + + + +

′ + + + + + +

′ + + +



1 1

1

1
=

1 1

1

1
=

1 1

1

=

) 3 3

(f) = ( 1) [ ( 2 ) 2 2

(2 1) 2 ]

(g) = ( 1) [ ( 2 ) 2 (2 1)

2 2 ]

(h) = ( 1) [3 2 (

t t tp g p qg p

ti
i k k t t ip p pk t i

t i t ip g p qg

ti
i k k t t ip g p pk t i

t i t ip g p q

ti
i kp q k t i

X X

X uX

u X X

X u X

uX X

u

q

q

q

− −

−

− −
−

− − − −

−

− −
−

− − − −

−

−

+ + +

′ − + + + + +∑

+ +

′ − + + + + + +∑

+

′ − +∑

 

 

 1 1

1 1

1

1 1
=

1 1

1

=0

)

(2 3)( ) 3 3]

(i) = ( 1) [3 (2 3)( )

2 ( ) 3 3]

(j) = ( 1) [ ( 2 ) 2]

t i t ip p q

t i t i tp g p qg p

ti
i k t i t ip qg p p qk t i

t i t i tp g p qg p

tt
t k k tp pk

X X

u X X X

u X X

u X X X

X

q

q

− − − −

− − − −

−

− − − −
−

− − − −

−

+ +

+ + + +

′ − + + + +∑

+ + +

′ − + + +∑



 

Proof: Proof of this theorem can be accomplished in a manner analogous 
to that of Theorem 3.7. 

Remark 3.1: For any {0, , , , , |0 1},i t i i ik p p p q p g p qg i t∈ ≤ ≤ −  let = ,k kC q ′〈 〉  
then using Theorem 3.7 and Theorem 3.8, we can see that under the 
permutation which interchange the co-ordinates of every codeword 
corresponding to the elements of ip

W  with the co-ordinates corresponding 
to elements of ip g

W  and interchange the co-ordinates corresponding to the 
elements of ip q

W  with the co-ordinates corresponding to the elements of 
ip qg

W  for any 0 1,i t≤ ≤ −  ip
C  are permutational equivalent to ip g

C  and ip q
C  

are permutational equivalent to ip qg
C  for any 0 1.i t≤ ≤ −  

We are now going to talk about the orthogonal properties of some 
cyclic codes. Let = {0, , , , , : }i t i i ip p p q p g p qg i∈   be the set of all coset 
representatives. For { , : },i ik p p q i∈ ∈  let # = ,k kg  # = ,kg k  #0 = 0  and 
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# = .t tp p  The reciprocal polynomial denoted by ( )f x∗  of a polynomial 
( )f x  having degree k is defined to be 

1( ) = ( ).kf x x g x∗ −

Now we have a theorem which discusses the Dual of cyclic codes of 
the type = ,k kC q ′〈 〉  for any {0, , , , , |0 1}.i t i i ik p p p q p g p qg i t∈ ≤ ≤ −  

Theorem 3.9: Let for any {0, , , , , |0 1},i t i i ik p p p q p g p qg i t∈ ≤ ≤ −  =k kC q ′〈 〉  
be the cyclic code then 

#,
= .k i

i i k
C q⊥

∈ ≠

′〈 〉∑


 Hence the codes = ,k kC q ′〈 〉  where 

{ , , , |0 1}i i i ik p p q p g p qg i t∈ ≤ ≤ −  are self orthogonal. 

Proof: Let 
1

0
=0

1 = ( ) ( ) ( ) ( ) ( ) ( )t i i i i

tn
p p p g p q p qgi

x f x f x f x f x f x f x
−

− ∏  be the factorization 

of 1nx −  into basic irreducible factors over 4 .ℤ  Let 1
( )

ˆ ( ) = ,
n

k

x
k f xf x −  then 

we know that kC = kq ′〈 〉 = ˆ
kf〈 〉  for any {0, ,ik p∈ , ,t ip p q ,i ip g p qg |

0 1}.i t≤ ≤ −  We can easily prove that for any 0 1,i t≤ ≤ −  ( )ip
f x∗ =

( ),ip g
f x± ( )ip q

f x∗ = ( ),ip qg
f x± 0 ( )f x∗ = 0( ),f x± ( )tp

f x∗ = ( )tp
f x±  and vise-

versa, with the help of the expressions of cyclotomic cosets obtained in 
Theorem 2.1. Also, If = ,C f〈 〉  where .f g = 1,nx −  then kC⊥ = .g∗〈 〉  So, we 
can say that for any {0,k∈ , ,i tp p , ,i ip q p g ip qg : },i∈  if =k kC q ′〈 〉  then 

#,
= .k i

i i k
C q⊥

∈ ≠

′〈 〉∑


 Hence for any { ,ik p∈ ,ip q ,ip g ip qg : },i∈  .kC C⊥⊆  So, 

kC  is self-orthogonal for any { ,ik p∈ ,ip q ,ip g ip qg : }.i∈  

Example 3.1: Now, we will give expressions of all the primitive idempotents 

in 4
21

[ ]
1

,x
x〈 − 〉

ℤ  with = 7, = 1p t  and = 3.q  It is easy to find that = 17.g  Also, as 

= 1t  so, there are six cyclotomic cosets which are given below: 

	 0 = {0},W

	 0 1= = {1, 2, 4,8,11,16},
p

W W

	 0 17= = {5,10,13,17,19, 20},
p g

W W

	 0 3= = {3,12,6},
p q

W W

0 9= = {9,15,18},
p qg

W W
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7= = {7,14}.pW W

Hence, we can say that 0 = 1,X 0 1= =
p

X X 2x x+ + 4 8x x+ + 11 16 ,x x+

0p g
X = 17X = 5 10x x+ + 13 17x x+ + 19 20 ,x x+ 0p q

X = 3X = 3 6x x+ + 12 ,x

0p qg
X = 9X = 9 15x x+ + 18 ,x pX = 7X = 7 14 .x x+

Now since = 3q  and = 8 1 = 7p u −  which imply that = 1,u  So, Using 
Theorem 3.7(2) the six primitive Idempotents in 4

21
[ ]

1
x

x〈 − 〉

ℤ  are given as below: 
20

0
=0

= i

i
xq ′ ∑

	

2 4 5 7 8 9 10 11
1

13 14 15 16 17 18 19 20

= 2 3 3 3 2 3 2 2 3
2 2 3 2 2 2 2

x x x x x x x x x
x x x x x x x x

q ′ + + + + + + + + +

+ + + + + + + +

	

2 3 4 5 6 7 8 10 11
17

12 13 14 16 17 19 20

= = 2 2 2 2 2 3 2 2 3 2

2 3 2 3 3 3
g x x x x x x x x x x

x x x x x x x

q q′ ′ + + + + + + + + + +

+ + + + + + +

	

2 3 4 5 6 7 8 9 10 11
3

12 13 14 15 16 17 18 19 20

= = 3 2 2 2 3 2 2 2

3 2 2 2
q x x x x x x x x x x x

x x x x x x x x x

q q′ ′ + + + + + + + + + + +

+ + + + + + + + +

	

2 3 4 5 6 7 8 9 10 11
9

12 13 14 15 16 17 18 19 20

= = 3 2 2 2 3 2

2 2 3 2 2 2
qg x x x x x x x x x x x

x x x x x x x x x

q q′ ′ + + + + + + + + + + +

+ + + + + + + + +

	

6 203
7

=0 =1
3

= = 2 3 , where 3 means that 3 does not devide j.j j
p

j j
j

x x jq q′ ′ +∑ ∑




“If ( )in x  is represent the number of components equal to i in the 
code-word x, then symmetrized weight enumerator [10] the code C is 
defined as 

0 1 3 2( ) ( ) ( ) ( )”n x n x n x n x

x C
a b c+

∈
∑

Therefore, it is straightforward to determine the minimum Hamming 
weight, Lee weight, and Euclidean weight of a code C by finding the 
symmetrized weight enumerator. The number of code-words having a 
specific weight in the code C can also be found using the symmetrized 
weight enumerator C.
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Now as we know that the codes 1q ′〈 〉  and qq ′〈 〉  are permutational 
equivalent to the codes gq ′〈 〉  and qgq ′〈 〉  respectively, so in the Table 1 we 
give the parameters of the Five codes generated by ,kq ′  {1, , , , }.k g q qg p∈  
From Table 1 it is clear that the torsion codes 1( )Tor C  and ( )gTor C  are 
Two-weight Codes with parameters [21,6,{8,12}]  and the torsion codes 

( )qTor C  and ( )qgTor C  are constant weight codes with parameters [21, 3,12],  
where = .k kC q ′〈 〉  Also, The Residue Codes 1( )Res C  and ( )gRes C  are binary 
cyclic codes with parameters [21,6,8]  and the residue codes ( )qRes C  and 

( )qgRes C  are binary cyclic codes with parameters [21, 3,12].  These codes 
attain their bounds for the dimensions 6 and 3 respectively as per [8].

Table 1
Symmetrized Weight Enumerators of Cyclic Codes of Length 21 

 Code  Type Symmetrized Weight 
Enumerator 

Hamming 
Weight 

Lee 
Weight 

Euclidean 
Weight 

1 and

g

q
q
′〈 〉
′〈 〉

46

 

21 11 8 2 6 12 3

4 12 5 7 8 6

2 12 7 13 8

5 8 8 3 8 10

9 12

126 1176
1008 672
504 21
504 42
42

a a b c a b c
a b c a b c

a b c a c
a b c a b c

a c

+ +

+ +

+ +

+ +

+

 8  12  16

andp

qg

q

q

′〈 〉

′〈 〉
43

 

21 6 12 3

12 9 9 12

42
14 7

a a b c
b c a c
+

+ +
 12  18  24 

 pq ′〈 〉 42

 

21 7 14

14 7 7 14

6
6 3
a a b

b c a c
+ +

+
 14  14  14 

4. Z4 – Cyclic self-dual and Z4 – cyclic LCD codes having length tp q

The Z4 – cyclic self-dual and Z4 – cyclic LCD codes having length tp q  
will be discussed in this section using the idempotent generators. Let 

( )km x  be the minimal polynomial of ka  over 2 ,  where {0,k∈ , ,i tp p
, ,i ip q p g ip qg : }.i∈  Then the factorization of 1nx −  over 2  is given as 

1

0
=0

1 = ( ) ( ) ( ) ( ) ( ) ( )
tn

t i i i ip p p g p q p qgi
x m x m x m x m x m x m x

−
− ∏

Now, we need the following presumptions and definitions. 
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•	� For {0, , , , , : },i t i i ik p p p q p g p qg i∈ ∈  let ( )kf x  be the Hensel lift of 
( ),km x  i.e., ( ) = ( ).km x

kh f x  
•	� The reciprocal polynomial denoted by ( )f x∗  of a polynomial ( )f x  

having degree k is defined to be 
1( ) = .k

x
f x x f∗  

 
 

±

	 where the choice of + or – ensures that ( )f x∗  is monic. 
•	 4 2: [ ] [ ]x xm →ℤ ℤ  is the map that maps x to x, 1, 3 to 1, and 0, 2 to 0. 

Theorem 4.5 is our key result on self duality, and its proof requires 
Theorems 4.1–4.4. 

Theorem 4.1: [22] “Let C be a 4Z -cyclic code of odd length n. 
1.	� If = ( ),C f  where = 1nfgh x −  for some g, then C has an idempotent 

generator in 4 .Z  
2.	� If = (2 )C f  and f divides 1,nx −  then C = (2e), where e is an binary 

idempotent generator of ( ).fm  
3.	� If C = ( , 2 ),fh fg  where = 1,nfgh x −  then C = (e, 2 ),n  where e is an 

idempotent in 4 ,Z  n  is an idempotent in 2 .Z  “ 

Theorem 4.2: [22] “Let = ( , 2 )C fh fg  be a 4Z -cyclic code of odd length n, where 
f, g and h are monic polynomials such that = 1nfgh x −  and | |= 4 2 .degg deghC  Then 

* * * *= ( , 2 )C g h g f⊥  and | |= 4 2degf deghC⊥

If = 1,h  then = ( )C f  and *= ( )C g⊥

If = 1,g  then = (2 )C f  and * *= ( , 2 )C h f⊥ ”

A code C over 4ℤ  is considered self-dual if it equals its dual. Using 
the following result, we can say that the Z4 – cyclic self-dual codes having 
length tp q  exist. These codes will be addressed in Theorem 4.5. 

Theorem 4.3: [21] “For a nontrivial odd length n, cyclic self-dual codes exist 
over 4Z  if and only if n is an odd integer either divisible by 

1.	 a prime 1( 8)r mod≡ −  or 
2. 	 a prime 1( 8),r mod≡  where (2)rO  is odd, or 
3. 	� a prime p and a prime q, where p and q are two different odd primes 

and let (2) = 2l
pO i  and (2) = 2l

qO j  with i odd and j even and 1l ≥ ”. 
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Theorem 4.4: [1] “Let ( )f x  be a polynomial of degree k over 2 .F  Then 

( ) ; if is odd,
( ) ( ) =

( ) ; if is even.

f
f

f

h x k
h x

h x k

∗

∗
∗

−



We will now present a Lemma that can be proven through the use of 
basic combinatorics. 

Lemma 4.1: If A is a set with m elements, then the total no. of ordered pairs 
1 2( , ),B B  such that, 1 2,B B A⊆  with 1 2 = ,B B f∩  is 3 .m  

Now for any set ,B⊆   let cB  denote the relative complement of B 
with respect to .  Now, using Theorems 4.1-4.4 together with Lemma 4.1, 
we see that there are 9t  4 −ℤ self-dual cyclic codes having length ,tp q  
which are given in terms of idempotent generators in the following 
Theorem. 

Theorem 4.5: For 1 2 3 4 1 2 3 4, , , with = and =S S S S S S S Sf f⊆ ∩ ∩  and at 
least one of the sets 1 2 3 4, , ,S S S S  is non-empty, the self-dual codes having length  
ptq are provided as 

1 2 3 42 1 4 3

0 2i i i it i i i ip p g p q p qgp p p g p q p qgc c c c i S S i S Si S i S i S i S
f f f f f f f f f f

∈ ∪ ∈ ∪∈ ∈ ∈ ∈

〈 〉 + 〈 〉∏ ∏ ∏ ∏ ∏ ∏

and corresponding to 1 2 3 4= = = = ,S S S S f  the self-dual code is 2 .〈 〉  In 
terms of the idempotent generator, the above codes can be written as 

0
2 1 4 3

1 2 3 4

2

( ) ( ) .

i i i i tp p g p q p qg pi S i S i S i S

i i i ip p p q p qgc c c ci S S i S Sg

q q q q q q

q q q q
∈ ∈ ∈ ∈

∈ ∩ ∈ ∩

′ ′ ′ ′ ′ ′〈 + + + 〉 + 〈 + +∑ ∑ ∑ ∑

′ ′ ′ ′+ + + 〉∑ ∑
	

Out of these 9t  codes, 9 1
2

t+  codes are permutational non-equivalent. 

Proof: In view of Theorem 3.6 in ' ,tp q
  we have 

1

0
=0

1 = ( ) ( ) ( ) ( ) ( ) ( )
ttp q

t i i i ip p p g p q p qgi
x f x f x f x f x f x f x

−
− ∏

where ( ( ))kf xm = ( ),km x  and for {0, ,ik p∈ , ,t ip p q ,ip g ip qg | 0 i≤ ≤ 1},t −  
( )km x  denote the minimal polynomial of ka  over 2 .  We also know that 

ˆ( ( ))km x = ( ( )),k xq  for {0,k∈ , ,i tp p , ,i ip q p g ip qg | 0 i≤ ≤ 1},t −  where 
1

( )
ˆ ( ) = .

tp q

k

x
k m xm x −  Also since 1( 8),p mod≡ −  so -1 is a quadratic non-residue 

modulo p  and hence in view of Theorem 2.1, for any 0 1,i t≤ ≤ −  ( )ip
m x∗ =

( ),ip g
m x  ( )ip q

m x∗ = ( ),ip qg
m x  ( )tp

m x∗ = ( ),
pt

m x  0 ( )m x∗ = 0( )m x  and vise-versa. 
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And hence in view of Theorem 4.4, for any 0 1,i t≤ ≤ −  ( )ip
f x∗ = ( ),ip g

f x±  
( )ip q

f x∗ = ( ),ip qg
f x±  ( )tp

f x∗ = ( ),tp
f x±  0 ( )f x∗ = 0( )f x±  and vise-versa. This 

proves that all the cyclic codes given above are self-dual. Hence in point of 
view of Lemma 4.1, there are 9t  self dual codes of length tp q  over 4ℤ  
which are cyclic.

Now, as the code corresponding to oredered pairs 1 2( , )S S  and 3 4( , )S S  
is permutational equivalent to the code corresponding to ordered pairs 

2 1( , )S S  and 4 3( , ).S S  So out of these 9t  self-dual codes, there is 9 1
2

t+  
permutational non-equivalent codes. 

Now, in Example 3.1, we obtained the expressions of all the idempotent 
of the minimal cyclic codes having length 21. The expressions of all non-
trivial self-dual codes having length 21 in terms of generating idempotent 
are provided in the example below. 

Example 4.1: There are 9 self dual codes of length 21 over 4 ,ℤ  with 5 
of them being permutationally non-equivalent. In Table 2, we give the 
weights of the Z4 – cyclic self-dual codes having length 21. 

Table 2
Z4 – Cyclic Self-Dual Codes of Length 21 

S1 S2 S3 S4  Code  Type Hamming 
Weight 

Lee 
Weight 

 Euclidean 
Weight 

 f   {0}   f   {0}  
 

1

02
q

p

q q

q q
′ ′

′ ′

〈 + 〉 +

〈 + 〉
 

 9 34 2   5  8  8 

 f {0} {0} f
 

1

0

'
2

qg

p

q q

q q
′

′ ′

〈 + 〉 +

〈 + 〉  
 9 34 2   4  4  4 

 f f f {0}
 

0

1

2q

g p

q q

q q q
′ ′

′ ′ ′

〈 〉 + 〈 +

+ + 〉  
 3 154 2   2  4  8 

 f {0} f  φ  
 

1 02
'

q

qg p

q q q

q q
′ ′ ′

′

〈 〉 + 〈 +

+ + 〉  
 6 94 2   3  6  8 

 
Now we give the expressions of all the Z4 – cyclic LCD codes having 

length tp q  using the generating idempotent. Using Theorem 25 of [17], we 
can easily see that a cyclic code = ( )C f x〈 〉  over 4ℤ  is LCD if and only if the 
generating polynomial of C is self-reciprocal polynomial, i.e., ( ) = ( ).f x f x∗  
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So to find LCD codes over 4 ,ℤ  we just have to find all the self-reciprocal 
polynomials which are divisiors of 1.nx −

Theorem 4.6: For 1 2,S S ⊆   and 1 2, = 1,e e ±  the LCD codes of length tp q  over 
4ℤ  are given as 

1 2
0

1 2
t i i i ip p p g p q p qgi S i S

f f f f f fe e

∈ ∈
〈 〉∏ ∏

In terms of idempotent generators, the above codes may also be 
written as 

1 0 2
1 2

(1 ) (1 ) ' ( ' ') ( ' ')t i i i ip p p g p q p qgc ci S i S
e q e q q q q q′

∈ ∈

〈 − + − + + + + 〉∑ ∑

Proof: Since we know that for any 0 1,i t≤ ≤ −  ( )ip
f x∗ = ( ),ip g

f x±  ( )ip q
f x∗ =

( ),ip qg
f x±  ( )tp

f x∗ = ( ),tp
f x±  0 ( )f x∗ = 0( )f x±  and vise-versa. So we can easily 

see that any self-reciprocal polynomial which is a divisor of 1nx −  can 
be written as 1 2

1 2
0 t i i i ip p p g p q p qgi S i S

f f f f f fe e

∈ ∈
∏ ∏  and hence all the cyclic codes given 

above are LCD. Hence there are 14t+  number of LCD codes of length tp q  
over 4 .ℤ  

5.  Conclusions

1.	� We have obtained the expressions of all the primitive idempotent 
generators of cyclic codes having length tp q  over the ring of integers 
modulo 4, therefore, any Z4 – cyclic codes having length tp q  may be 
represented using idempotent generators. Also, the permutational 
equivalence and dual of some of these codes have been discussed. 
It has been observed that all the cyclic codes generated by primitive 
idempotents are self-orthogonal (except generated by 0q ′  and ').tp

q  
2.	� All the 4 −ℤ cyclic self-dual codes having length tp q  have been 

described in terms of idempotent generators and the permutational 
equivalence of these codes has been discussed. There are 9t  Z4 – cyclic 
self-dual codes having length ,tp q  with 9 1

2

t+  being non-equivalent. 
3.	� In terms of idempotent generators, each and every LCD code with a 

length of tp q  over 4ℤ  has been described. Furthermore, it is worth 
noting that the total number of cyclic LCD codes with a length of tp q  
with respect to 4ℤ  is 4t+1. 
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4.	� Examples of cyclic codes of length 21 have been given with their 
symmetrized weight enumerator. Using the symmetrized weight 
enumerator of these codes it has been found that torsion codes of 
some cyclic codes of length 21 are constant weight and two weight 
binary codes. Binary constant-weight codes have several applications, 
including frequency hopping in GSM networks and barcodes while 
Two-weight linear codes have many applications in authentication 
codes, association schemes and secret sharing schemes. 

5.	� In view of Theorem 12.5.1 of [10], The self-dual codes of length 21 
are Type-I codes whose Minimum Euclidean Weight can be almost 8. 
So, in view of Table 2 three non-equivalent Z4 – cyclic self-dual codes 
having length 21 are Euclidean-Extremal. 

6.	� When = 1t  is used, the results that Jain and Batra found in their 
paper [11] are a special example of our own findings. Also, as Jain 
and Batra proved that the Z4 – cyclic self-dual codes having length pq  
and their extensions are Type-I codes, it is observed that the codes of 
length tp q  and their extensions are also Type-I codes. But if we study 
the codes of length ,tp q  when (2) = ( )t

t
p

O pf  and ( )
2(2) = q

qO f  then the 
extension codes can be Type-II codes, as the length of extensions of 
these codes in this case will be multiple of eight. The results of [11] 
that were provided by Jain and Batra will therefore be interesting to 
generalize in this way. 
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