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Abstract

Cyclic codes having length p'qg have been studied using the primitive binary idempotent
generators when O (2)= M and O,(2)=¢-1 with (M !,g—1]=1. Using the expressions
of these 1dempotent generators and the theory of cyclotomy, expressions of idempotent
generators of Z, — cyclic codes are obtained. In this case, all the self-dual codes and LCD
codes of length p'q over Z, are defined in terms of the idempotent generators. Clearly, these
self-dual cyclic codes of length p'g are Type-I codes. Also, the permutational equivalence of
these cyclic codes has been discussed.
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1. Introduction

Hammons et al. presented construction techniques for interesting
non-linear codes, including Kerdock and Delsarte-Goethals codes, as the
gray images of linear Z, -codes [9]. The weight enumerators of many non-
linear binary codes were found to satisfy MacWilliam’s identity, which
posed another significant challenge in coding theory. Hammons et al. also
addressed this problem in [9]. These findings, along with Nechaeve’s
related work [20], spark a lot of interest in Z,-linear codes.
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Furthermore,using gray map, a number of binary non-linear codes that
perform better than comparable binary linear codes of the same length
have been found as the images of Z,-linear codes.

Encoding and decoding are accomplished with efficiency via cyclic
codes. Cyclic codes are a class of linear codes. So, several authors have
investigated them. In [22] Pless and Qian described the structure of cyclic
codes and their duals over Z,. They also defined Z,~quadratic residue
codes, using their idempotent generators. They demonstrated that these
codes possess multiple features that are analogous to those of quadratic
residue codes over fields in various respects.

Self-dual codes over Z, are classified in [5] up to length 9, whereas in
[7] these are classified up to length 15. Unlike the situation of self dual
codes over F,, there exist cyclic self dual codes of odd length over Z,. In
[21], an existence condition for self dual codes of odd length over Z, is
given. It is worth noting that, as we can see in [21], in some particular
cases, it is possible to directly determine the generator polynomial of a
cyclic self dual code over Z,. In this case, we may readily determine if a
certain code its extended version is categorized as type I or type Il with the
help of the Euclidean weight of the generating polynomial. Nonetheless,
finding the explicit formulations of the generating polynomials for cyclic
self-dual codes over Z, is generally challenging. However, under certain
general conditions, we can study cyclic self-dual codes over Z, using their
idempotent generators. Batra and Jain [1] obtained the explicit expressions
for primitive idempotents in the ring 1. They also discussed the

"1
conditions for Z,—cyclic codes to be orthog<ona>l and self-dual Additionally,
a procedure to develop self and iso dual codes over Z, of length p" was
provided. In[11]Jain and Batra obtained explicit expressions of idempotent
generators of Z,—cyclic codes of length pg and hence discussed the self
dual codes(which are cyclic) of length pg over Z, with the help of these
idempotent generators.

The family of linear codes known as linearly complementary dual
codes, or LCD codes, is another fascinating class. An LCD code is defined
as a linear code C satisfying CNC" ={0}. Due to their numerous uses
LCD codes have recently received a lot of attention[2, 3]. Li et. al. [15],
created numerous families of LCD cyclic codes, while Jin [12] demonstrated
that some Reed-Solomon codes are similar to LCD codes. Research is also
being carried out on LCD codes examined over finite Frobenius rings. Liu
et. al.[16] examined linearly complementary dual codes over chain rings.
A necessary and sufficient condition was provided by Liu et al. [17] for a
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cyclic code over chain ring tobe an LCD code. Using idempotent generators,
we obtain all the LCD code over Z, of length p'q.

In the present paper, we present a method for finding all cyclic codes
over Z, of length p'q. We gave these expressions in terms of the idempotent
generators. Also, we describe all the self-dual codes having length p'g
which are cyclic when O, (2)= @ and O, (2)=¢(q). In the study of cyclic
codes over finite fields and the modular rlngs of integers, cyclotomy is an
important tool. We apply the results on cyclotomy of [14] to obtain the
expressions of the idempotent-generators of Z,—cyclic codes of length p'q
over when O ,(2) = %”') and O (2) g—1. This method is more elementary
to find 1dempotent generators. Usmg our construction method,we observe
that there are 9’ self-dual cyclic codes over the ring of integers modulo 4
having length p'g, when O,(2)= T”t and 2 is a primitive root modulo 4.
Using the enumeration formula of corollary 3.5 of [4], we can also see that
there are 9 total Z,—cyclic codes which are self dual for this case. However,
Chen et. al. just commented on the number of these codes in [4], and we
have given the explicit expressions of idempotent generators for all of
these codes for the case n=p'q over Z,. We also observed that out of
these 9' self-dual codes, % are permutational non-equivalent. Also,
since for type-II codes of length 1 we have n =8k for some positive integer
k, so these self-dual codes and their extensions are Type-I codes.
Additionally, our results with t =1 gives the results obtained by Jain and
Batra in [11] as particular case.

We also gave examples of cyclic codes over the ring of integers modulo
4 of length 21 and the symmetrized weight enumerator of these codes. In
fact, the expressions of Idempotent generators obtained by us, enable us to
compute the weight enumerator of these codes using a program in
Wolfram Mathematica. It has been observed that the torsion codes of some
of these codes are constant weight and two-weight codes. Also, examples
of the extremal Type-I code of length 21 have been given.

In [23], some kind of topological indices of the idempotent graph of
Z, are computed. Topological indices of a graph may be applied in
studying quantitative structure-activity relationships. For instance, in [6],
the stability of alkanes and the strain energy of cycloalkanes were studied
using a topological measure called the atom bond connectivity (ABC)
index.

It will be interesting to obtain the idempotent graphs of various codes
studied in our paper, which are themselves subrings of R, = ]Fpgx]l and

f Z,[x]
R', =4, and in general of the rings ’R and R' ol ancf expfore some
raq (qu -1)
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kind of applications in the area discussed in previous paragraph, by
computing various topological indices.

The notations and assumptions of the present paper are identical to
those in [14]. Supplementary notations and terminologies are provided
below:

(i) p and q aredistinctprimes. Further, p = —1(mod 8) and g = £3(imod 8).
(ii) If A is a finite set then the cardinality of A is denoted by |A|.

F. Z [
(i) R, = 2 and R', = %l
Pq (xP1-1) rPq (xP1-1)

(iv) S=10,1,2,...,t — 1.

Unless otherwise stated, all other assumptions and terminologies
throughout this paper are the same as in [14]. The rest of this paper is
arranged as follows:

* In section 2, we obtain the expressions of binary idempotent by
obtaining the Gaussian sums with the help of the forms of cyclotomic
cosets obtained in [14].

¢ In section 3, expressions for primitive idempotents in the ring

& have been obtained using the results of [14] and the binary
@'

idempotents obtained in Section 2. Orthogonal properties and
permutational equivalence of these codes have also been discussed.
Also, some examples of cyclic codes of length 21 with their
symmetrized weight enumerator have been given.

® In Section 4, all the cyclic self-dual codes and cyclic LCD codes
having length p'q over Z, are defined in terms of the idempotent
generators. These self-dual codes are Type-I codes. We also give the
examples of a Type-I extremal self-dual codes having length 21.

F,[x]

T
(aP1-1)

2. Idempotents in the ring Rp,q =

The expressions of the generating idempotent of minimal ideals of

the ring Rp,’7 = D},ix] will be obtained in this section. In order to acquire
@)

these formulations, we must first recollect the following theorem on
cyclotomic cosets that was established in [14].
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Theorem 2.1: [14][ Theorem 2.4 ] “The 2-cyclotomic cosets modulo n=p'q can
be represented as follow:

1. If g(mod p')eN,, then

pr ={p'gx+p'ylxeN, 1<y<q-1},0<i<t-1;
th ={p'x|1<x<g-1};
Qp,‘7 ={p'qx|xeR},0<i<t-1;
Q. ={p'gx+p'y|lxeR,1<y<q-1},0<i<t-1;
Qp,qg ={p'qx| xeN},0<i<t-1;

2. If g(mod p')eR,, then

pr ={plgx+p'y|lxeR,1<y<q-1},0<i<t-1;

Q, ={p'x| 1<x<q-1};
QW={piqx|xeRi},0SiSt—1;
QM={p"qx+pty|xeNi,1£ySq—1},0§i§t—1}
prqg={pqx|xeNi},0£lSt—l.

Lemma 2.1: Let p be an odd prime and let &, be an element in some extension of

IF, such that
5" =1and 8" #1for any 1<k<p —1.

Foreach i€{1,2,3,...,t}, let R, represent the set of quadratic residues
modulo p’, and let N, represent the set of non-residues modulo p'.
1. X6’ =X6 =0 for 2<i<j.
seR] seN i
2. For i=1 there always exists §, suchthat ¥ 6 =1 and X J; =0 for
every natural number k. e M
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Proof: The reader is left to do the proof, which is rather simple.

Let ke{0,p',p',p'q,p'g, p'9g:1€ S}, then define X, (x)= ¥ x°. For the
sake of convenience, we shall denote X, (x) as X,. Let o be ffvelement in
some extension of F,, such that

o’ =1and a* #1forany 1<k <p'g-1.
Let o’ = y, and ol = B,, for 0<i<t, then it is clear that for any i
¥’ "=1and y* #1 forany 1<k <p g1
and
B =1and B #1 for any 1<k <p™ —1.
Also, using Lemma 2.1, with no loss of generality, it is permissible to
presume that g{ﬁil =1 and g}:\[ﬁffl =0. Subsequently, using the forms of

the cyclotomic cosets as laid out in the Theorem 2.1 and Lemma 2.1, we
have the subsequent theorems.

Theorem 2.2: If q (mod p')e N, and 1<i<t-1. then

i 1; if jeQ uQ 1
1. X,(o))= s
0; otherwise

2. X (o)=Y Iy
8 0; otherwise

3. X (O(j)= 1 if jeQpuld, 10y V-1,
q 0; otherwise

{1; if ]'GQOUQPngQpr UQqu

0; otherwise

t-1
5 X v(a]‘) _ 1; if ]eky,i(gl’k Qe )quz—i—1S uQ,
r 0; otherwise

0; otherwise

-1
1; if je U (Q Uk, UQ k, UQ U U t-i-1 ULt UQ t-i-1
je U (@ Qe Qi 022 PR g

t-1
6. X, (o )={1; i e U (€ Qg Joyi-imt Qs
{ Pag)

0; otherwise
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t-1
1; if ]Gkg_i(ka UQ kg UQ kg U g YU U -i-1 U U i1,

0; otherwise

iy—
8. Xp,qg((x)—

t-1
9. Xpt (aj) _ {1; if ]ekL:JO(ka qukg)qut
0; otherwise

Proof: We are going to prove only part 1 of the theorem, the remaining
parts can be proved using similar arguments.

Now by definition, it is clear that,

. ; 71 : t
Xl(a]) — ZOC]S =3 qzal(ﬂxﬂi ¥) (1)
seQ; xeN,y=1

Now if jeQ, then j=0. So,by (1), X,(@’) = (9—1) |N, | =0. Now if

(jS Q,, then j= pgx, + p'y, for some x,eN, and 1<y, <q-1. So, by

. q-1 k 3 3
7y — (Praxg+p'yo )gx+p'y)
X ()=3% Yar™rn

xeN, y=1
k2 q-1 12
qxx
=y a(Pﬂxxo)za(P)Wo — Zﬁk 0=
xeNO y=1 xeN,

Similarlly, if jeQ o then j=p'qx, + p'y, for some x, € R, and
1<y, <q-1. So, by (1) and Lemma 2.1
i ey [1f k=t-1
Xl(a ) B ngoﬁk B {O otherwise
Now if je Qp,, then j=p'y, for some 1<y, <q-1. So, again by (1)
we have
. gxx, q-1 t t
XI(OC])= 3 ﬁk* 0=y Za(pyo)(ﬂxww =|N0 |=1
xeN, xeN; y=1
Similarly, we can show that for any k with 0<k<t-1, X,(a/)=0 if
jeQ, or jeQ, sowe cansay that X,(o/)= {1; if jedy g

0; otherwise

Similar arguments can be used to prove all remaining parts of the
theorem.

Theorem 2.3: If q (mod p')e R, and 1<i<t-1. then
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Xl(aj) = {(1):
X @)="
x,@)=)

1;

X (al)
g 0;

|
pr (o)) {

X, (o)={"
P8 0:

X (o))=Y
r'a 0.
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if JEQu Q-

otherwise

if je Qp Q1

otherwise

if j & Qo108 UQ 1,

otherwise

if je QouQdy1, UQ UQ -1,

otherwise

if je U (Qr UQ )qupHqu,
k=t—i
otherwise

if je U (Qp Qg YU i1 UQ
k=t—i
otherwise

if je U (Qp D g Dy U g ) U Q0 UQ i1 W Q1 U i
k=t—i

otherwise

q

X ’ (Olj) _ 1; if je U (Qpf D€ g WY ey U g ) U Qg U i-im10 U QUL -1

rag

k=t—i

0; otherwise

. l;
Xpt(a])=
0;

t-1
if je U (L Qe )UQ
k=0

otherwise

Proof: The proof for this theorem is identical to that of Theorem 2.2.
Prior to determining the primitive idempotent expressions in the ring
Rp,q, we must first establish the subsequent Lemma.

Lemma 2.2: Let i€ S and j+#0, then we have
jer,, if and only if—jer,.g.

je Qp,q if andonly if —je Qp,q?

jer[ ifandonlyif—jer[

1.
2.
3.
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Proof: As p=-1(mod8) is a prime. So, -1 N, indicating that -1 is
a non-residue modulo p’. Therefore, Theorem 2.1 makes it simple to
establish the results.

We know that the primitive idempotents of the ring R = i)

m T (¥

are

the idempotent generators of the minimal cyclic codes of over F, having
block length m (or minimal ideals of R, ), where (g,m)=1. Now we can
easily derive the primitive idempotent expressions in the ring Rp,q = Bl

L
Theorem 2.4: “[18][Theorem 6, p.220] The primitive idempotent 6 in
_ Elx

corresponding to q— cyclotomic coset C_ is given by

el ()i ¢ _ 1 —ij
0.(x)=3 &”x', where g’ =— Y 17,
i=0 M jec,

where A is a primitive m" root of unity in some extension of F.”

For the sake of convenience, for 0<i<t -1, let us define following:
e A=X +X, +X +X,
I rs rq ras
e B=X +X,
! P rs
e C=X, +X,
! r'q pag
Let 6, denote the primitiveidempotentin thering Rp,q corresponding
to the 2-cyclotomic coset Q_, where kel{0, p',p', p'q,p's, p'9g |
0<i<t-1}, Then using Theorem 2.2, Theorem 2.3, Theorem 2.4, Lemma
2.2, and the classical approach to obtain primitive idempotents in R _ as
used by Mathur and Batra in [19], we can obtain the expressions of

primitive idempotents in the ring Rp,q , which are given below in Theorem
2.5 and Theorem 2.6

Theorem 2.5: If q(mod p')e N, then for any i€ S, we have

t-1
L 6 =1+X, +k§)./4k

2. 60,=X,,+X,
1 y 4
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4. 0 =1+X,, +X,, +X,
q re Pq P

5. 6 =1+X,,+X ., +X,
8 P pag

p

t-1
6. Gp, = Xp, +Xp,,,,1 + Y B

k=t—i

7. 6,

P

t-1
=X, +X ., + 3B

k=t—i

8. 0, =1+X,+X, +X, +5A
rq 14 14 8 14 q

k
k=t—i

9. 0

i

t-1
=1+X,+X, ,+X + > A
98 pt ptflfl ptfrflqg Z k

k=t—i

10. 6, =X, + Y

-0, = pt+k§] A
Theorem 2.6: If q(mod p')e R, then for any ie S, we have

t-1

L §,=1+X, +k§0Ak

2. 6,=X, +X,

P8 4

3. 0,=X,,+X,

8 4 4

= t

poag 4

4. 6 =1+X,, +X,, +X
q rg

5. 6 =1+Xt—1+Xf—1 +Xr
8 P Py P
6. Gp, = pr + Xp,,Hg + > _B

7. 06 1y = Xpr +Xp,,,,1 + > B

4 e K

-1
8. 0, =1+X, +X,  +X, +3A
rq P 14 8 14 a8

k=t-i
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9. 9, =1+X,+X, +X,  + 3 A
rag 14 14 14 q

k=t—i

t-1
10.6,=X,+35

3. Idempotent Generators of Z,~cyclic codes of length p'g

Now following the notations of [14], for 0<i<t-1 let us define the
following

o X=X, and y; = X

{XW ; if g(mod p)e N
o T =
Xp,qg ; if g(mod p) e R

{Xl ; if g(mod p)e N
o 7' = a8

4

- Xp’q ;  if g(mod p) e R

Now by the above notations and the definitions of A ,B,C, as in the
previous section, we can easily observe that for 0<i<t-1, we have

e A=y +x +17,+7,
*B=x+x
e C=1+T

1 1 1

Now, we will obtain the expressions of all the primitive idempotents
inthering R', = Z‘f[x]

Pa (xP1-1)

the preceding section can be used to obtain these expressions. Theorems

. The expressions of binary idempotents found in

3.1 — 3.5 can be obtained by reducing the coefficients modulo4 in the

expressions of XX, ’s in 2L obtained in Theorems 4.1-4.5 of [14].
(1)

Theorem 3.1: For any i€ S, we have:
1. If g=-3(mod8), then
(@) x'=Qu+(ED)"")y, +2uy
(b) " =2ux, +Qu+(-1)"")x
(© 72=Qu-(-1)""r, +2ut;
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(© 77 =Qu—(-1)""),+2uz;
(d) 7% =2ut, +Qu—(-1)"")1;
2 p—
(0 X3 =3X,
2. If g=3(mod 8), then
@ 7 =Qu—(=1)"")y, +2uy; +21
(b) x*=2uy, +Qu-(-1)"")x +21,
(© 77 =Qu-(-1)"")r, +2ut
d) 7> =2ut, +Qu—(-1)"");
() X2 =X,+2
P I

Theorem 3.2: Let i € S. Then, we have:
1. If g=-3(mod8), then

@) %,1,=27 =@u-(-1 "B +(-D)" LB, + (17X,
k=1 p
®) x.-x =Qu+(-1)""B +(_1)t7i71tﬂillgﬁk NS
k=1 v
(© x,7 =Qu-(-1)"")y +2uy
(@) 7,7 =Qu— (16 + ()7 T €, + (1)
k=1

() x/-7,=2uy,+Qu-(-1)"")y

2. If g=3(mod 8), then
@ ,.7,= 27 =Qu—(-1)"NB +(-1)" LB, +(-1)"X ,
k=1 4

® X 'Z; =(u- (_1)H_l )Bi + 2Ci + (—1)H t_fl[j’uk + Zt_lilc +
k=1 &

i+k
(-1)7X, +2
14
(© x,7 =Qu—-(-1)"")yx, +2uy
(d) 7.7 = Qu-(-1)"")C +(-1)" 3 C_ +(-1)"
k=1

t—i-1

(e x v, =2uy,+Qu—-(-1)")x;

Theorem 3.3: Let i e S, we have:
1. If g=-3(mod8), then
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(a) Zi-Xpt =3y,
(b) x 'sz =3y
(@ T, .Xpt =x

(d) 7, .Xpr =x

i

If q=3(mod 8), then
@ x-X, =1, +21°
b) 2/ X, =2 +2,
(@ T, .Xpt =
@ 7 X, =2,

Theorem 3.4:If i,j €S, with i< j, then

1.

2.

If g=-3(mod 8), then

@ 22, =12 =17z, +27
(b) ;7 =1 % +21,

© 27, =27 =17y

D xt =10 =D"x

(€ 77, =77 =(-1)"1,

6 77 =(-1)"7

If g=3(mod 8), then

@ xx,=xx =07,
®) xx =07y

© x7,=x7 ="z,
@ 2t =10 =D"x
(€ 77,=77 =(-1)"z,

® 77 =177

2781
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Theorem 3.5:If i,j € S, with j<i, then
1. If g=-3(mod8), then
@ xt =72 =C-1)"x
b) x7 =17 =",
© xx ="
) 77 =(-1)"7;

2. If g=3(mod8), then
@ x7=72=C-1)"x
b) x7 =17 ="y,
© xx;=C1)"x +21,
) 77 =(1)"7;

Theorems 3.7-3.8 provide an expression for primitive idempotents in
R'pfq. To derive these expressions, we require specific results from the
subsequent theorem.

Theorem 3.6: [13] “Suppose p is a prime not dividing n and suppose x" —1
= f.f,---f. is the representation of x"—1 as a product of basic irreducible,

.., € ZZM
X T
primitive idempotents with (uf,)=(e,). For 1<i<r, let 6,=e"" viewed as
. Then

1

pairwise-coprime polynomials in me[x]. Suppose e, e,. are

-
elements of <”,,[
o

1. for each i with 1<i<7, 0, is an idempotent generator of the cyclic
Z , -code f,
y

2. 36,=1andfor 1<i,j<r with i#], 6,6,=0,
i-1
3. Each idempotent in %’;_[1"; is a sum of 6,s.”
Finally, note that p is a prime and 8 divides p+1, hence let p=8u-1,
leading to u =",

Theorems 3.7-3.8, which provide the expressions for primitive
idempotents in R‘p,q, are now presented. The proofs of these theorems
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can be obtained by combining the results of the previous section with
Theorem 3.6 and the relevant findings in Theorems 3.1-3.5.
Let us denote the primtive idempotents in the ring R' as 6,, for

kel{o, p',p', p'a.p'g plag 1 ieS)

Theorem 3.7: If q(mod p')e N, and i€ S, then
1. If g=-3(mod8), then

(@) o =(—1)’(§)A7{ +X,+1)

(b) 6, =Qu+ 3)X,7H + 2uXp + 3Xpt

t-1 ¢

() 6 =2uX . +Qu+3)X +3X
t—1 t
8 P P P

-1

8

(d) =2uX,  +X  )+QRu+D(X , +X )+X +1
q pt 1 pt lqg pf 18 pf lq pf

(e) 6' =(2u+1)(X o +Xt—l )+2u(X

_1+

X t_lq)+Xpt +1

(£ 9' =(-1)'[3 ZB +3X +(2u+3)X +2uX“1]

k=t—i

(g) 9' —( 1)’ [328 +3X +2uX +(2u+3)X“]]

k=t-i

(h) 9' —( 1) Z A +2u(X - Hqg)+

k=t—i
(2u+1)(XpH71g )+X +1]

tzl

Lot=1
i) 0" =(-1) +QuAD(X,  +X )+
@) g ( )[k=2t_iAk (u+1)( i ptﬂflqg)
2u(X +X, . )+Xt+1]
4 P q P

t—i—1
g

0 0, =(-1"[3B +X ]
14 k=0 14

2. If g=3(mod 8), then
(@) 0 =(-1)BXA +3X , +3)
k=0 4
(b) 6, =Qu+ 1)XpH +2uX , | +2X . + Xpt +2

Pl pag
() 9; = 2uXPH +(2u+1)XpHg +2Xqu +pr +2
(d) 0 =2uX, +X,, )+Qu+3)(X,, +X,,)+3X,+3
1 p P g P P p
(e) 0 =Qu+3)(X ,+X , )+2u(X , +X,  )+3X +3
98 Pt p'lag v P I

t—lg

Lot=1
(f) G;i =(-1) [kgi(Bk +2C )+ pr +24+Qu+ 1)X’7Hf1
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+2uX o +2X
u pt—z—lg pt—t—lqg]
(g) 0, =(-1)[ 5 (B, +2C)+X  +2+2uX ,
r's k=t—i P 14
+(2Ll + 1)X t—i—1 + 2X t—i-1 ]
P 8 I q
1
(h) 9'1. = (_1)’[3 tz: Ak +2M(X t—i-1 +X t—i—1 )
p'q k=t—i P s

+Ru+3)(X,,, +X )+3X , +3]
P 8 q 4

pf—i—l
@) 0 =(DBIA+QutdX,  +X, )
pag k=t—i 14 14 q8

2u(X, | +X,,  )+3X,+3]
4 P q 14

_]g

() 0, =(D[Z(B+26)+X,+2]
k=0

Proof: We'll only prove 1(a). Obtaining the rest of the expressions is as
easy as following the same steps. In point of view of Theorem 3.6, for
any kel0, p',¢', p'q,p'g, p'gg | 0<i<t-1}, 6, =9, viewed as element
of R! =%l

P gy

-1
Since 6, =1+Xt+tZ.Ak, o)
14 k=0
9 =(1+X  + 3 A)
4 k=0 (2)
t-1 t-1 t-1
=1+X2% + 242X 42X SA 423 A
F’r (kE)Ak) F’r Ptk%;‘) k kg() k

Now, since q=8m—23, so using Theorems 3.1-3.5, we can obtain that
forany 0<i<t-1,

Xpt.Ai =0in Rp{q 3)
So using (2),(3) and Theorems 3.1-3.5, we get
-1 2t—k-1 -1
0, =1+3X ,+ T A2 +25 3 A A +2X,+25 A (4)
P k=0 k=0 j=1 P k=0

Now again as g=8m—3, so forany i€S, and 1<j<t—i-1, using
Theorems 3.1-3.5, we obtain that

A,,AH], =2A and hence ZAZ.AH]. =0

and A?=(-1)" A +2' Y A +2X , +2
s=1 4
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in R;[q. So, by (4), we get

t-1 t—k-1 t=1
O =1+X,+ 2((—1)”“/& 22 A 42X +2)+23 A,
4 k=0

= i Q+(-1)* M)A +zz z A +2E1)(X, +1)
k=0 P

S(ZA +X , +1)if tis odd
ZA +X , +1)if t is even

Hence, 6] = (—1)‘[2Ak +X , +1]
k=0 4
A similar argument can be used to prove the other parts.

Theorem 3.8: If q(mod p')e R, and 1<i<t-1, then
1. If g=-3(mod 8), then

(@) 0= (—1)*(2,4,{ +X,+1)

(b) 6, = ZMXPH +Qu+ 3)Xp + 3pr

t-1
8
() 9; =Qu+ 3)XPH + ZuXptf + 3Xpt

1
8

(d) 0 =2u(X, +X, )+Qu+1)(X,, +X,, )+X,6+1
1 p P P P g p

(e) 0’ =(2u+1)(X ~ +X ~ )+2u(X o FX )+ X +1
8 a8 r
(f) —( 1)'[3 ZB +3X +2uX +(2u+3)Xt g ]
ktl
(g) 6 —( 1) [3 ZB +3X +(2u+3) +2uX“] ]

(h) O;iq =(-1) [kZ A, +2u(X L X Joi- 1,,)
Ru+1) (X, , +X )+Xt+1]
4 4

1—1g pt—z—lqg

@ o =(—1)f[§Ak+(zu+1)(x LX)+

pt—z—lq

2u(X, ., )+X +1]
P g

trl

() 6, =(-D7[ZB+X ]

2. If g=3(mod8), then

2785
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(@) 6 =(-1)(BLA +3X , +3)
k=0 14

(b) 6, =2uX, +Qu+1X,, +2X, +X, +2
4 4 P 4

-1
8
(c) 9; =Qu+ 1)XpH + 2uXpHg + ZXqu + Xpt +2
(d) Oq’ = Zu(XPH + Xqu )+ QRu+ 3)(XpHg + Xqug) + 3Xpt +3
(e) 9’ =(2u+3)(X o +X . )+2u(X g + )+3Xt+3
14
® —( 1)[2(8 +2C)+X +2+2uX

k=t—i

(2”+1)pr ~ +2Xt » 1g]

1

(g) €, =(-1)[ Z (B +2C)+X , +2+Qu+1)X , +
rs k=t—i 14 14

2uX fi-l, +2X t—i—l]
r 8 q
(h) 6 .—(1)[3ZA+2u(X +X“1)
k=t—i
(2u+3)(X "y “1 )+3X +3]

(1) p, =(-1)'[3 ZA +(2u+3)(X +X )+

k=t—i
2u(X | .
( p"”lg

pt—l—l 7

)+3X +3]

fll

O =(—1)t[§(8k+26k)+X ,+2]

Proof: Proof of this theorem can be accomplished in a manner analogous
to that of Theorem 3.7.

Remark 3.1: For any ke{0,p',p',p'q,p'g,p'qg10<i<t-1}, let C,=(6)),
then using Theorem 3.7 and Theorem 3.8, we can see that under the
permutation which interchange the co-ordinates of every codeword
corresponding to the elements of Q with the co-ordinates corresponding
to elements of Q and mterchange the co-ordinates corresponding to the
elements of Q w1th the co-ordinates corresponding to the elements of
Qp,.q for any 0 < i<t-1, Cp are permutational equivalent to C and Cp,.q
are permutatlonal equivalentto C, forany 0<i<t-1.

We are now going to talk about the orthogonal properties of some
cyclic codes. Let Z={0,p',p',p'q,P'g,p'qg:i€ S} be the set of all coset
representatives. For ke{p',p'q:ieS}, let k' =kg, k¢*=k, 0*=0 and
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p* =p'. The reciprocal polynomial denoted by f*(x) of a polynomial
f(x) having degree k is defined to be

fr)=x"gx™).

Now we have a theorem which discusses the Dual of cyclic codes of
the type C, =(6,), forany ke{0,p',p',p'q,p'g, p'qg|0<i<t-1}.

Theorem 3.9: Let for any ke{0,p',p',p'q,p'g,p'qg10<i<t-1}, C, =(6])
be the cyclic code then CkL =( X 0)). Hence the codes C, =(6,), where
ieZ ik

kelp',p'q,p's, p'qg|0<i<t—1} are self orthogonal.

Proof: Let x" —1= f,(x) fp, (x)ﬁ fp, (x) fp,.?(x) fp,q(x) fp,qg(x) be the factorization

JACM
we know that C = ()= (f) for any kel{0,p', p',p'q, p'g,p'ag |
0<i<t-1}. We can easily prove that for any 0<i<t-1, fp’f(x)=
+ fplg(x), f *,q(x) =+ fplqg(x), fo(x) = ££,(x), fp, (x)=%f,(x) and vise-
. . P . .
versa, with' the help of the expressions of cyclotomic cosets obtained in
Theorem 2.1. Also, If C=(f), where f.g = x" -1, then C; = (g"). So, we
can say that for any ke{0, p',p', p'q,p'g, p'qg : i€ S}, if C,=(6;) then
C.=( Y 0)). Hence for any ke{p’, p'q, p'g, p'qg : i€ S}, C,=C". So,

ieZ , i#k

C, is self-orthogonal for any ke{p’, p'q, p'g, p'qg : i€ S).

of x"~1 into basic irreducible factors over Z,. Let j‘k(x)z then

Example 3.1: Now, we will give expressions of all the primitive idempotents
Z,[x]

in ==, with p=7,t=1 and g=3. Itis easy to find that g=17. Also, as

(x'-1)

t=1 so, there are six cyclotomic cosets which are given below:
Q, =1{0},

0

Q=0 =1{1,2,4,8,11,16),
p

Q, =Q_=1{510,13,17,19,20},
rg

Q, =Q, =(3,12,6},

Q, =Q,={9,15,18},
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Q =0, ={7,14).

Hence, we cansay that X, =1, X =X, = x+x> + x* +x° + x" +x'°,
r
X, =X, =x"+x" + 2% +x7 + 2" +x%, X | = X, = ¥ +x° + x?,

Pog 17 ra

X, =X, =x"+x"+x*, X =X =x"+x"
rlag P

Now since 4=3 and p=8u—1=7 which imply that u=1, So, Using

Theorem 3.7(2) the six primitive Idempotents in % are given as below:

' ey i
0, =2x
i=0

0 =2+3x+3x% +3x* +2x° + &7 +3x% + 247 +2x1° + 3xM
1
+2x8 ™ 420 4+ 30 + 20 + 24" + 24" + 247

0! = 6], =2+ 20 +2x" + 20" + 22" +3x7 +2x" + 27 +2x" + 3x™" + 22"

+2x2 + 3% + M + 24 +3x"7 +3x" +3x%
6, =6, = 342x+ 207+ +2x  + % + a0 + 307 + 208 + 247 + 210 + 24"
+x? + 43 + 24 + 201 + 47 + 248 + 40 + 4
11

0, =6, =3+x+x"+20° +x* +2x" +22° +3x” +x" + 27 +2x" +x

4222 4+ 201 43 a1+ 20+ x! + 2x 20

6, =6, = ZjE;xsj +3 j}jj]xj ,where 31 j means that 3 does not devide j.
31j
“If n(x) is represent the number of components equal to i in the
code-word x, then symmetrized weight enumerator [10] the code C is
defined as
zann(x)bnl(x)+n3(x)cnz(x)//
xeC

Therefore, it is straightforward to determine the minimum Hamming
weight, Lee weight, and Euclidean weight of a code C by finding the
symmetrized weight enumerator. The number of code-words having a
specific weight in the code C can also be found using the symmetrized
weight enumerator C.
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Now as we know that the codes (6;) and (0;) are permutational
equivalent to the codes (98',) and (9;g> respectively, so in the Table 1 we
give the parameters of the Five codes generated by 6,, ke{l,g,49,98,p).
From Table 1 it is clear that the torsion codes Tor(C,) and Tor(Cg) are
Two-weight Codes with parameters [21,6,{8,12}] and the torsion codes
Tor(Cq) and Tor(ng) are constant weight codes with parameters [21,3,12],
where C, =(6,). Also, The Residue Codes Res(C,) and Res(Cg) are binary
cyclic codes with parameters [21,6,8] and the residue codes Res(Cq) and
Res(C,) are binary cyclic codes with parameters [21,3,12]. These codes
attain their bounds for the dimensions 6 and 3 respectively as per [8].

Table 1
Symmetrized Weight Enumerators of Cyclic Codes of Length 21
Symmetrized Weight | Hamming| Lee | Euclidean
Code | Type Enumerator Weight | Weight | Weight
a*' +126a"0%* +1176a°0"c®
0 and +1008a*b"c® + 6724’ b°c®
( 1>an 6 2112 7 13 .8
@) 4 +504a°b*c’ +21a”c 8 12 16
¢ +504a°b"c® + 42a’bc"’
+424°c”
(6,)and 2 a* +42a°b"c b 18 o
) 11462 1 70
21 71,14
+6a’b" +
6, 4 ‘ " fa _— 14 14 14
6b"c’ +3a’c

4. 7Z,,— Cyclic self-dual and Z,- cyclic LCD codes having length p'q

The Z, - cyclic self-dual and Z, - cyclic LCD codes having length p'g
will be discussed in this section using the idempotent generators. Let
m, (x) be the minimal polynomial of o over F,, where ke{0, p',p',
P'q,p's, p'qg : i€ S). Then the factorization of x" —1 over F, is given as

x" =1=m (x)m t(x)ﬁm ()m  (x)ym  (x)m, (x)
4 i=0 P rs raq pag

Now, we need the following presumptions and definitions.
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e For ke{0,p',p',p'q,p'g p'qg:ieS), let f(x) be the Hensel lift of
m,(x), ie., B = f.(x).

* The reciprocal polynomial denoted by f"(x) of a polynomial f(x)
having degree k is defined to be

f*(x)=ixkf(a.

where the choice of + or — ensures that f*(x) is monic.

* u:7Z,[x]— Z,[x] is the map that maps xtox,1,3to1,and 0,2 to 0.

Theorem 4.5 is our key result on self duality, and its proof requires
Theorems 4.1-4.4.

Theorem 4.1: [22] “Let C be a Z, -cyclic code of odd length n.

1. If C=(f), where fgh=x"-1 for some g, then C has an idempotent
generator in Z,.

2. If C=(2f) and fdivides x" -1, then C = (2¢), where e is an binary
idempotent generator of (1 f).

3. If C=(fh,2f3), where fgh=x"-1, then C = (e, 2v), where ¢ is an
idempotentin Z,, v isanidempotentin Z,. “

Theorem 4.2: [22] “Let C=(fh,2fg) bea Z, -cyclic code of odd length n, where
f, g and h are monic polynomials such that fgh=x" -1 and |C|=4"$22"" Then
Ct=(g'h",2¢ ) and |C*|= 4% s
If h=1, then C=(f) and C* =(g)
If ¢=1, then C=(2f) and C' =(h",2f")”

A code C over Z, is considered self-dual if it equals its dual. Using
the following result, we can say that the Z, — cyclic self-dual codes having
length p'q exist. These codes will be addressed in Theorem 4.5.

Theorem 4.3: [21] “For a nontrivial odd length n, cyclic self-dual codes exist
over Z, if and only if n is an odd integer either divisible by

1. aprime r=-1(mod8) or
2. aprime r=1(mod8), where O (2) is odd, or

3. aprime p and a prime g, where p and g are two different odd primes
and let Op (2)=2'i and Oq 2)=2' j withiodd and jevenand [>1".
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Theorem 4.4: [1] “Let f(x) be a polynomial of degree k over F,. Then
oo -n ) if kis odd,
Wy ="

W (x); if kis even.

We will now present a Lemma that can be proven through the use of
basic combinatorics.

Lemma 4.1: If A is a set with m elements, then the total no. of ordered pairs
(B,,B,), such that, B,,B, c A with B, "B, =¢, is 3".

Now for any set Bc S, let B denote the relative complement of B
with respect to S. Now, using Theorems 4.1-4.4 together with Lemma 4.1,
we see that there are 9' Z, —self-dual cyclic codes having length p'g,
which are given in terms of idempotent generators in the following
Theorem.

Theorem 4.5: For S,,S,,S,,S,cSwithS NS, =¢ and S, NS, =¢ and at
least one of the sets S,,S,,S,,S, is non-empty, the self-dual codes having length
p'q are provided as

Sof, 1L TS, Hf Hf>2<Hff I f )

ieS,’ ies,‘ S, I 8ieS,US, v'a” plag

and corresponding to S, =S,=5,=5, =¢, the self-dual code is (2). In
terms of the idempotent generator, the above codes can be written as
(X0, +26", +X0" + 29’ )+2(9(’)+9't +

reSZ I 1651 r's zeS4 p'q zeS3

> (9' +0', )+ X (0, +6', ).
P8 Mx

€568, i€5,°08 ¢ v
¢ . .
Out of these 9' codes, **! codes are permutational non-equivalent.

Proof: In view of Theorem 3.6 in R'p,q , we have
t-1
_1=f0(x)ft(x)nfi(x)fi (x)fi (x)fi (x)
P r's v 7 rleg

where u(f,(x)) = m (x), and for ke{0,p", p',p'q, p'g, p'qg 10<i <t-1},
m, (x) denote the minimal polynomial of &* over F,. We also know that
(m (x)) = (6,(x)), for kel0, p',p', p'q,p's, p'gg | 0<i <t-1}, where
1, (x) = fn (’] Also since p=-1(mod 8), so -1 is a quadratic non-residue
modulo p and hence in view of Theorem 2.1, forany 0<i<t-1, m’ (x) =

* * * . p
mp,g(x), mp,q(x) = mpl.qg(x), m, (x) = m,(x), my(x) = m,(x) and vise-versa.
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And hence in view of Theorem 4.4, for any 0<i<t-1, fp* (x)=+ fp,g (x),
fix)y=4%f, (x), fi(x)==%f,(x), f/(x)==f(x) and vise-versa. This

rq P P, P, . .
proves that all the cyclic codes given above are self-dual. Hence in point of
view of Lemma 4.1, there are 9' self dual codes of length p'q over Z
which are cyclic.

Now, as the code corresponding to oredered pairs (S,,S,) and (S,,S,)
is permutational equivalent to the code corresponding to ordered pairs
(S,,S,) and (S,,S,). So out of these 9' self-dual codes, there is 9;7“
permutational non-equivalent codes.

Now, in Example 3.1, we obtained the expressions of all the idempotent
of the minimal cyclic codes having length 21. The expressions of all non-
trivial self-dual codes having length 21 in terms of generating idempotent
are provided in the example below.

4

Example 4.1: There are 9 self dual codes of length 21 over Z,, with 5
of them being permutationally non-equivalent. In Table 2, we give the
weights of the Z, — cyclic self-dual codes having length 21.

Table 2
Z, - Cyclic Self-Dual Codes of Length 21

Hamming Lee Euclidean
Sil S| S| S Code Type Weight | Weight Weight
(0],+9q,>+
93
¢ |10} ¢ | {0} 26, +6,) 42 5 8 8
) | 10} <91’+04g'>+ 993 4 4
¢ ¢ 26, +6,) 42 4
(0,)+26, +
315
| ¢ |90} 6,+6,+6,) 4°2 2 4 8
(6,)+2(6, + Oq,
619
o | (0|90 ]| ¢ v0,46,) 4% 3 6 8

Now we give the expressions of all the Z, — cyclic LCD codes having
length p'q using the generating idempotent. Using Theorem 25 of [17], we
can easily see thata cyclic code C=(f(x)) over Z, is LCD if and only if the
generating polynomial of C is self-reciprocal polynomial, i.e., f*(x)= f(x).
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So to find LCD codes over Z,, we just have to find all the self-reciprocal
polynomials which are divisiors of x" —1.

Theorem 4.6: For S,,S, = S and €,,&, =+1, the LCD codes of length p'q over
7, are given as

<f0f Hff [f, f, )

r'gi eSz v'a” plag

In terms of idempotent generators, the above codes may also be
written as
(1-¢)6, +(1-¢ )9 + 2(9 +0, )+ X (0, +0 ))

IESC g IESC P 1

Proof: Since we know that for any 0<i<t-1, f*(x) = +f ( ), f (x) =

+ fp qg( X), f (x) =+ f (x), fy(x) = £f,(x) and vise-versa. So we can eas1ly

see that any self-reciprocal polynomial which is a divisor of x" -1 can
be written as f; f 5 H f.f. T1f, f, and hence all the cyclic codes given

POvg s Ve’ plag
above are LCD. Hence there are 4" number of LCD codes of length p'g

over Z4.

5. Conclusions

1. We have obtained the expressions of all the primitive idempotent
generators of cyclic codes having length p'g over the ring of integers
modulo 4, therefore, any Z, — cyclic codes having length p'q may be
represented using idempotent generators. Also, the permutational
equivalence and dual of some of these codes have been discussed.
It has been observed that all the cyclic codes generated by primitive
idempotents are self-orthogonal (except generated by 6, and Gp,').

2. All the Z,—cyclic self-dual codes having length p'q have been
described in terms of idempotent generators and the permutational
equivalence of these codes has been discussed. There are 9* Z, - cyclic
self-dual codes having length p'q, with Lz“ being non-equivalent.

3. In terms of idempotent generators, each and every LCD code with a
length of p'q over Z, has been described. Furthermore, it is worth
noting that the total number of cyclic LCD codes with a length of p'g

with respect to Z, is 4.
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4. Examples of cyclic codes of length 21 have been given with their
symmetrized weight enumerator. Using the symmetrized weight
enumerator of these codes it has been found that torsion codes of
some cyclic codes of length 21 are constant weight and two weight
binary codes. Binary constant-weight codes have several applications,
including frequency hopping in GSM networks and barcodes while
Two-weight linear codes have many applications in authentication
codes, association schemes and secret sharing schemes.

5. In view of Theorem 12.5.1 of [10], The self-dual codes of length 21
are Type-I codes whose Minimum Euclidean Weight can be almost 8.
So, in view of Table 2 three non-equivalent Z, — cyclic self-dual codes
having length 21 are Euclidean-Extremal.

6. When t=1 is used, the results that Jain and Batra found in their
paper [11] are a special example of our own findings. Also, as Jain
and Batra proved that the Z, — cyclic self-dual codes having length pg
and their extensions are Type-I codes, it is observed that the codes of
length p'q and their extensions are also Type-I codes. But if we study
the codes of length p'g, when 0,@)= o(p') and Oq(2)=@ then the
extension codes can be Type-II codes, as the length of extensions of
these codes in this case will be multiple of eight. The results of [11]
that were provided by Jain and Batra will therefore be interesting to
generalize in this way.
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