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1. Introduction

Let T, be the symmetric semigroup on the n-element set X ={1, 2,
..., n}. Under its natural order <, X forms a chain. A transformation
o eT, is called order-preserving if x <y implies xax <y, forall x,yeX ,
and order-decreasing if xa<x for all xe X, . The monoid of all order-
preserving transformations in T, is denoted by O,, the monoid of all
order-decreasing transformations is denoted by D,. Both monoids O,
and D, are already well-studied (see for examples [1, 2, 3]). The monoid
rank of O, is n [4] and the rank of D, is S(n,n-1), where S(n,k) is the
Stirling number of the second kind [5]. Congruences on O, and D, were
already studied. It was proved by Aizenstat [6], and later by Lavers and
Solomon [7], that the congruences of O, are exactly the Rees congruences.
An explicit characterisation of the minimum semilattice congruence on
D, is given by Umar [5]. In contrast with O,, the monoid D, is not
regular. Also, combinatorial considerations were done for both monoids
O, and D,. The cardinality of O, is (zn”_’ll] [8] and |D, |=n! [5]. O, is
generated by the set E, of its idempotents of defect 1.

In the present paper, we study submonoids of the monoid C,
O,ND,. The set of all fixed points in aeT, is defined by Fix(x)

{xeX, :xa=x}. An element e of a semigroup S is called idempotent if
¢’ =e and the set of all idempotents in S is denoted by E(S). It is literally
immediate that for €T, o is an idempotent if and only if Fix(c) =
im(a) = {xa : xe X} (im(a) is called the image (range) of o). Moreover,
an element a of a semigroup S with zero, denoted by 0, is called m-nilpotent
(for short: nilpotent) if a” =0 for some positive integer m. The set of all
nilpotents of S is denoted by N(S). A semigroup S with zero is called
nilpotent if there exists a positive integer m such that S™ =0 (this is
equivalent to that each element in S is nilpotent). It is well-known that
o, €T with im(a,) = {1}, the constant map to 1, is the zero in C,. An
o €C, isnilpotentifand onlyif Fix(e) = {1}, i.e., C, doesnotbenilpotent.
The monoid C, is well studied (see for examples [9, 10, 11]). The rank of
C, is n—1 [12] and the cardinality of C, is the n™ Catalan number C,
(see for example [13]). C, is also called Catalan monoid with the identity
mapping id, . There are many applications of C , especially in computer
science. For éxample, it is given a specific connection between C and the
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set of all binary trees on n source nodes (see for example in [8]). The ideals
of C,  are studied in [14]. In [12], the authors give a formula for the
nilpotent elements in C, .

In [12], the authors study algebraic properties of nilpotent
subsemigroups of C . Let {€E(C,) with im({) = {x, <x, <...<x,} for
k =rank{ (note that rank{ = |im({)|). Then x{=x, if xe{x, x,+1, ...,
x,,, —1} for some ie{l,2,...,k}, where x,_, = n+1. Conversely, for each
set Y < X, there is a unique determined {, € E(C,) with im({,)=Y and
weput C,, = {aeC, : Fix(e) = Y}. Clearly, C, ,
with zero ¢, . Moreover, C, , is a maximal nilpotent subsemigroup of C,.

is a nilpotent semigroup

Note that the maximal nilpotent subsemigroups are the semigroups of the
form C
C

n,Y
c X, for some k<n. In Theorem 3 in [12], the authors calculate the
nY’ it is Hi'{:l C(x
Y" such that aor = a-1}, where Y" = YU{x +1, x,+1,..., x, +1}, as a

Y c X,. In particular, C, =C, ;.. We will study the semigroup

nY’ n1}°
in the present paper. For this, we fixaset Y={1 = x, <x, <... <x,}

cardinality of C give {aeC,, : thereis ae X, \

aX)-17
minimal generating set for the case X \Y" # and calculate the rank of
C,y, itis ([TLC, ) (ITC, ,)- But there is no information about the
ideals and congrﬁences on ’Cn,Y' This gap will be filled by the present
paper. We observe that X \Y" =& implies C, , ={{ }. Therefore, we
restrict us for the case X \Y" # in this paper. Note that each ideal I in
a semigroup induces a congruence p, by (a,b) € p, if and only if a,be or
a=>b. Such a congruence is called Rees congruence. We will show that there
are congruences different from the Rees congruences on C,,. We
characterise all ideals of C,, and determine the maximal as well as the
minimal congruences. Moreover, we consider a semilattice of ideals and
the congruences related to the corresponding Rees congruences.

2. The congruences

In this section, we characterize all maximal as well as all minimal
congruences on C,,. A congruence p is called maximal if for all
congruences p on C,,, itholdsif pc p and p#p then p is the trivial
congruence C,, x C
Cn,Y’
aeC,,} = A In order to determine all Rees congruences on C, ,, we

.y, P is called minimal if for all congruences p on

itholdsif pcp and p#p then p is the trivial congruence {(a,a) :
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determineallidealson C, . Recall that (x+1)a=x forall x €Y, whenever
ae CM. Further, Gn/y = {oe C,y @ thereis aeX \ Y*" such that
ao=a-1} is a generating set of C,, [12] and weput C, | = a ={aeC,,
ca-aax2forallaeX \ Y}

Proposition 2.1: Let pcC,, xC, , be an equivalence relation. Then p
is a maximal congruence on C,, if and only if C, x C, < p and p

corresponds to a partition in two blocks.

Proof: Suppose that C,, x C,, < p and p corresponds to a partition
in two blocks. Let o, o, € CM and let xeX \Y'. Then x-xo, >
2 or x—xo, =1. If x—xa, =1 then xo, ¢ Y, ie, xa —xo0, 21 and
x—xa,0, = (x—xa,) + (xet, — xo0r) 2 1+1=2. If x—xor, > 2 then xa, -
xo,o, > 0. This implies (xo, — xa ) + (x—xa;) 2 0+2, ie., x—xo 00, >
2. This shows o a, € C;,Y' Then for all (8,,B,) € p and forall @eC, .,
it holds (B,e, B,a), (ef,, B,) € C,, x C,, < p. This shows that p
is a congruence which is maximal since p corresponds to a partition
in two blocks. Conversely, suppose that p is a maximal congruence on
C,y- Assume, forall a€G, ,, thereis ae C;/Y with (a,&) € p. Let now
8eC,, \ {¢,). Further, let o

defined by xor,, = x—1 forall xeX \ Y'. Then it is easy to verify that

€ G,, be the unique transformation

X

) € p. Note that y& =

thereis yeC,, suchthat yo =6, ie, (§,7x .

max max

{{,} or x6 > xye, _forall xe{l, 2,...,n} and yé>yyx _forsome ye(l,

max max

2,...,n} aswellas yor, e C:l,y- Continuing that way, we obtain (5,,6,),
6,,6,), ..., (6,,6,,) epwith§ =6 and 6, = ¢, - Thisimplies (6,{,) € p.
Consequently, C;/Y X C;,Y c p. Since for each a€G, ,, thereis & eC;,Y

with (e, &) e p, we can conclude that p=C, , x C a contradiction.

nY’
This shows that there is ¢ e€G,, with (&, B)gp forall fe C;,Y‘ Then it
is easy to see that there is an equivalence relation pcC, , x C , with
Cn,Y X Cn,Y
p < p. Since p is a congruence, as we have already shown in the first part

c p and p corresponds to a partition in two blocks such that

of the proof, and since p is maximal, we have p=p.
Let X, ={re{1,2,3, ..., k}: x, + 2<x,,}. For J=X,, we define a
transformation o, by xe, =x, whenever xe{x, x,+1, ..., x,,, -2}, for

some le{l, 2,...,k}, and
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X if le]

(xl+1 —1)(X] — {x,+1 if lil

for 1e€{1,2,...,k}. Tt is clear that o eCn/Y. Further, we put p, as the
congruence generated by (¢, ). Note that a, =, . It is easy to verify
that fo, = o = a, for all feC . So, we have p =AU {(a,0,),
(Oc@,a])} for ]gX;.

Proposition 2.2: {p :D# ] X,} is the set of all minimal congruences on
C

nY"*

Proof: Of course, p, is minimal for | < X,. Suppose that p is minimal
congruence on C, .. Assume that there is (o;,,) € p\A with (a,,,)
¢ (a,, @), (o), @,): D#] < X,}. Suppose there is [ X, and aelx,

x+1, ..., x 2} such that ao, #ac,. Without loss of generality, let

1
ac, <ac,. Then we define }/eCn’Y by xy=x,, whenever xe{x, x, +1,
-1} \ {x,,, -1} and iefl, 2,...,k} and (x

verify that y eC . Then (y,, y,) € p, where (x

e, X —1) y=a. It is easy to

i+1 I+1

w1 Yo, = aa, < ao, =

(x,,,—1) ye,. If acx, = x,+1 then yo, =, and y, =, where {cX,.
Thus, (o, a,)€p. If ao, > x;+1, then there is feC, , such that yo,f
= a, and y,B = @, ie, (a,, «,) € p. Consequently, p, & p, which
contradicts the minimality of p. Suppose now that xo;, = xex, forall xe{1,
2,...np\ {x, -1, x,-1, ..., x, =1, n}. Since (o ,0,) & {((x@,aj), (ocj,ocg)
:@#]cX,}, thereis leX, and ae{x,+2, x,+3, ..., x,, —1} such that
ac, #aa, and f{ao, ao,} # {x,, x,+1}. Without of loss generality, let
ao, <ao,. Thenitis easy to verify that thereis f€C,, suchthat ¢ 8=c,
and @, =a,, and we obtain again a contradiction to the minimality of p.
Hence, only elements of the form (050,05] ), D=] QX;, belong to p\A.

But the minimality of p provides that p=p, forsome &= ]c X;.

Proposition 2.2 shows that there are exactly 2% _1 minimal congruences
on C, .. Wewillintroduce a partial orderon C, ,, inorder to characterize
the ideals on C, . We recall that a transformation a €T, can also be
written as [a,, a,, ..., a,], meaning a, =ia for i e X, . Ifitis comfortable,
we will use this notation. We can characterize the elements [a,, a,, ...,
ale C”,Y as follows: [a,, a,, ..., a,] € Cn/y if and only if

n

(i) a =iforallieY;
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(i) a,<i forall ieX \Y;

(iii) a, <a, , forall ie X \{n}.

Definition 1: Let > be the relation on Cn,Y such that for all [a, a,, ...,
al [b,b,, .., ble Cn,Y hold: [a,a,,...,a]>[b,b,, ..., b ] if there
are p,,q,€10,1, ..., n-2} such that b, +p, = a_, for all ieX with the
following four properties:

(i) If thereis ie X \Y with g, =0 then {q,, q,, ..., q,} ={0}.

(i) If there is ie X \Y with p, =0 and a,¢Y then {p, p,, ..., p,}

={0}.
(i) If i,j e X, with a,, =0, then p, = p;-
(iv)If i,je X , then i—gq, <j-q if and only if i <.

Note that (iv) implies that if 2, <a,
i j

that b, >b.. Then i>j and i—q, > j—q, ie, a_ >a__, acontradiction.
¢ ] ! ] =q; 7=4;

then b, < b].. In fact, assume

Wewillnow characterize >, which will give usatool for the characterization
of all ideals of C, , .

Lemma 2.1: Let «,f€C,,. Then there are y,, v, €C, , lid,} with
v, oy, =B ifand only if o> .

Proof: Let o=[a,a,, ..,a] and B=[b,b,, ..., b] Suppose that
o> . Then there are p, p,, ..., P,, 4, 9, ---, q, € 10,1, ..., n=2} such
that b +p, = a_, for all ie X satisfying (i)-(iv) in Definition 1. We put
y=id, if thereis ieX \Y with g, =0 and we put 6=id, if there is
ieX, \Y with a_, ¢Y and p,=0. Suppose that g, #0 for all ie X \Y.
Then we define y by

x,y — x5 if x=x, for some ie{1,2,...,k};
x—q, otherwise.
If xefx,+1, x,+2, ..., x,,, -1} forsome ie{l, 2, ..., k}, then x, < b_+p,
=a., <%, le, X <x -q <x,,. Further, let x<y e {x,+2, ..., x_, —1}.
Then b, <by. This implies a_, <a, by (iv) and thus, y is order-
x y

preserving. Clearly, Fix(y)=Y and y is order-decreasing. Thus y€C, ,.
Suppose that p, #0 forall ie X, \Y with 4, ¢Y. Then we put (ax_q')S*
=a_ —p, forall xeX \Y with a_, £Y and (aw')(S* = x, for xe X,

X=qy

with a., =X forsome i€ {1, 2, ..., k}. Because of (iii), 6 is well defined.

x
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Note that a,, =x, forsome ief{l, 2, ..., k} implies p_ =0 because x, <b,

x

< b +p, = a_, = x,. Then this, together with (iii) and (iv), gives that

& can be extenged to a transformation 6 €C, . Let xeY. Then xyud =
x=xf. Let x=x,+1 for some iefl, 2,...,k} then xyad = x,06 = x, =
xB. Let xe X \ Y". Then xyaé = (x—gq,)ad = (amr )o. If a,, ¢Y then
(aHX )6 = a_, —p, = b =xp. If a,, =x, for some ie{l,2, ...,k} then xf
= a_, —p, = (a_ )d. This shows that ff=yad. Suppose that there are
v, 6eC,, ulid, } such that B=yxd. Let ieX, . Then iyad=if and
we put g, =i-iy and p,=a_, —(a_ )6. We can calculate that b, =iff =

iyad = (i—q,)ad = (al._qv)5 =a_ —p, ie, a, = b, +p.. Now we show

i~
that (i)-(iv) are satisfied: (i) Suppose there is i€ X \Y with g, =0. Then
i=iy, ie., y=idy . (ii) Suppose thereis ie X, \Y with 4, ¢Y such that
p,=0. Then a_ = (a_ )0, ie., 6=id, . (iii) Suppose there are i,je X
with a, =a.,. Then (af—q,- )6 = (aij/ )0, ie., p, = p;- (iv)Leti<jeX, . If
i-p, <j-p then we have (aH" )6 < (11]-,,,,)5 and b, = a., —p,=a., —a,

+ (aiiq’ )6 = (ai—ql )0 < (ﬂ]—,q/ )6 = a,, ~P; = b]., i.e., i< j. Dually, we obtain if

a., <a., then b]. <b,. Together with (iii), we obtain (iv).
s ;

Lemma 2.2: < is a partial order on C,yY {id, }.

4

Proof: Let «€C, . Then a=id, oid, and we get a <a by Lemma 2.1.
Let o, € C,, with a<f and ﬁga. Then there are Y1, 0, 7,5, 6,€C,
u {id, } such that a=7y,6, and B = y,06, = v,7,6,6, by Lemma 2.1.
, X7 ie, a=p. Let a,B,7y € Cn,v with

a<f and B<y. Then there are y,, §,,7,, 6,€C,, U {id, } such that
B=v,y, and a=y,B5,. Then a=7,y,59,6,, i.e, a<7y.

This implies y, =y, = 6, = 6, = id

Let P, , be the set of all non-empty sets ScC,, with o }f B for all
o, B eS with a# . Note that o }f  means that o and 8 are not related
with respect to <. We will point out that there is a one-to-one corresponds
between the ideals of C, | and theset P . For SeP, , let

(S1={BeC,, :a>p for some o € S}.

Proposition 2.3: {(S]:SeP,,} is the set of all ideals of C , and |{(S]:
SeP }=IP,,I.
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Proof: Let S eP . We show that (S] is an ideal. Let y,,7, € Cn,Y v {id, }
and let o €(S]. Then thereis feS with > . By Lemma 2.1, we obtanin
o>yoy, Hence, B>y ay,, ie, yay,e(S]l. Consequently, (S] is an
ideal.

Conversely, let I be an ideal. Then it is easy to verify that there is a set
I,c!I with Ij eP, , and Ic[l)). Let now o €[l)). Then thereis fel
with B>a, ie., thereare y,,7, € C,, U {id, } such that y,By,=0, ie,
o el since I isanideal. Thus, [I))c I and we can conclude I =[I,). This
shows that {(S]: Se P”,Y} is the set of all ideals of Cy

It remains to show that S,,S, € P, | and S, #S, implies [S,) #[S,). Let
S, # S, € P ,. Without loss of generality there is neS \ S,. If n¢[S,)
the proof is completed. Suppose that nel[S,). Then there is weS, with
®>1. Assumethat w €[S,). Thenthereis y €S, with y 2w, ie, y 2@ >n.
This implies ne¢S, € P, a contradiction. Hence, w€[S,) \ [S,), which
shows that [S,) #[S)).

It is easy to verify that {, is the least element in the partially ordered
set (C,,,
there is ie X \ Y" such that i =i—1. Assume, there is o eC,, with
o> B. Then thereare p,,q, € {0,1,2, ..., n—-2}. suchthat if+p, = (i—q,)a.

Y’

<). But all elements in G, , are maximal. In fact, for BG, ,,

This implies i—1+p, = (i—g,)a <i-q,, ie., p,+q,<1 and thus p, =q, =0.
Hence, B =0, a contradiction.

3. Semilattice of ideals

In this section, we will consider a set of ideals which forms a
semilattice. For this, we consider, for each ie{l, 2, ..., k}, aset Y, ={x,
x,+1, x,+2, ..., x,,, -2} and define, forall z=(z, z,, ..., z,) € ¥, x Y, x
..x Y, aset A = Uf;l{zi +1, z,+2, ..., x,, —1}. Note that A_Z means the
set X \A_, the complementof A,. First, we will verify that C;, = C,, N
T(XH,A_Z) isanideal, where T(X,A_Z) isthesemigroup ofall transformations
on X with restricted range A_Z (see [15]). Moreover, we will show that

{C.,: zeY, x Y, x...x Y} forms a semilattice of ideals under the usual

set inclusion. Clearly, C; , is a semigroup. In Section 2, Proposition 2.3, we

Y
have characterised all ideals of C, , as sets of the form (S], where SeP, ..
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In order to show that C}, is an ideal, we have to show that C; =(]] for

some JeP .

z
n,Y

:i—a,=1 forsome ieA \ {x +1, x,+1,..., x, +1}}. Then (GZ]=C;’T

Proposition3.1:Let ze Y, x Y, x...x Y, andlet G_ = {[a,, a,, ..., a,] € C

Proof: First, we show that G eP, ,. Since X \Y" # O, we get that
G, #@. Now, let a0, BeG, with a# . Assume that o > . Then there are
v, 6€C,, vlid, } with y=id, or é=id, suchthat f=yas. Suppose
that a=[a,, a,, , a] and ﬁuz[bl, b,, , b ] Then there is ieA_Z \
{x,+1, x,+1, ..., x_ +1} such that b, =i—1. On the other hand, we have
b = if = iyad < i-2, a contradiction. Similarly, we can show that
B> is impossible. Hence G_ € P, ,. Let a €[G,). Then there are feG,
and y, 6eC, , v {idX“} such that a=y86. Let xe X . Then xor = x)B6 <

xyB, where xy8 EA_Z since BeC;, < T(Xn,A_Z). This provides xo EA_Z.
Consequently, we have shown o€ C; . Conversely, let @ €C; . Suppose
a¢gG, c[G). Then a,<i-1 for all ieA \ {x +1, x,+1,..., x +1}.

Clearly, o, . €G,. Then we consider feC,, defined by

o ifxeX \(Yuix,-1,x,-1,...,x, —1,n}),

xf=3x-1 ifxe{x,-1,x,-1,...,x, -1,n},

a

X ifxeY.

Clearly, B is order-preserving and order-decreasing. Let xe X \
Yufx,-1, x,-1,..., x, =1, n}) then xf=a_ <x+1-1=x. Thus, we
can conclude that Fix(8)=Y. So feC,, and we obtain

va B= (x-1)B=a, forxeX \Y,
e xB = x ifxeY.

This gives a=id, o, B, ie., a, >« and thus, o€ (G_]. Altogether,
we have shown that C%,Y =(G,] with G, €P, , .

Proposition 3.1 shows that C; , is anideal for all ze Y, xY,x ... x Y,.
Moreover, we have:

Proposition 3.2: ({C;’Y :zeY, xY, x...xY,},M) is a semilattice.
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Proof: Let a=(a, a, ...,a)eY,xY,x..xY, and b=(b,b,, ..., b)e
Y, xY, x...xY,. Then let anb = (min{al,bl}, min{a,,b,}, ..., min{a, b, })
e Y, xY, x..xY,. It is easy to verify that C;, N C, = C.7. In fact, let
aeC', AC!,. Then aeC,, NT(X,,A)NT(X,A) ie, aeC,, N
T(X,, Aﬂ mAb). Note that A_umA_b = ULy, x,+1, ..., a) N {x,, x,+1,
o b = USidlx,, x,+1, ..., min{a,b}} = Aws. This shows C', ~C!,
c CZ“;’ The converse inclusion is clear since T(X , Zu mZb) c T(X",Zﬂ)
and T(X,, AinAs) € T(X,, As).

Now, for each ideal C* Ty ZEY, x Y, x.\Y,, we will consider a set of
congruences containing the Rees congruence p_. . For z=(z, e Zy)
e Y, xY, x..xY,, let Con(CZ ) be the set of all congruences on C w1th
Pe. P and (o, B)ep implies o, BeC; ora, feC; . We will
determine the minimal elements and the largest element in Con(CZ ).

For this, we define a relation ~_ on any by a~_p if «, BeC;,
or o, & C,, and for all xe X, one of the following conditions hold: (i)
xa = xBe A or (i) xa, xBeA_ or (iii) xe{x,-1, x,-1,..., x, -1, n}
and xo, xBeA Uz, +1, z,+1, ..., z +1}.

Proposition 3.3: Let z=(z, z,, ...,z)e Y, xY,x ...Y,. Then ~_ is a
congruence on C,, and it is the largest element on Con(C;Y ).

Proof: Clearly, ~_ is reflexive and symmetric. Let (o, ), (B,7) € ~, .
Then o, B, yeC;, or a,fB,y ¢ C, . For later case let x € X, . Suppose xa
=xBeA.If xB=xy then xa=xy. If xe{x,-1, x,-1,..., x, -1,n} and
xB, xy € {z,+1, z,+1, z+1}uA_ then xa, , xy €z, +1, z,+1,

z, +1} UA. Suppose xo, xﬁeA If xB, xyeA,_ then xe, xyeA f
xefx,-1, x,-1, ..., x, -1, n} and xB, xy € {z,+1, z,+1, ..., z, +1} U
A_Z then xor, xy eA_Z Uiz, +1, z,+1, ..., z, +1}. Suppose xa, xﬁeA_Z U
{z,+1, z,+1, ..., z. +1} and xe{x, -1, x, -1, ..., x, =1}. Then, of course,
xa, xy eA_Z Uiz, +1, z,+1, ..., z, +1}. This shows that ~_ is transitive.
Let (o,) € ~, and yeC,,. If &, f € C, , thenitiseasy to verify that yo,
8, ay, By €C; . Suppose now that o, ¢ C; . For this case let xe X, .
Then xyo = xyBeA, or xyo, xyB e A_Z since xy ¢ {x,-1, x,-1, ...,
x, —1, n}. Hence, (yo,¥B) € ~_. Suppose that xa = xfe A . Then xay
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=xByeA, or xoy, xPBy eA_Z. If xo, xﬁeA_Z then there is 1e{l, 2, ...,
k} such that xae{x, x,+1, ..., z}. Then xay e{x, x, +1, ..., z, -1}, ie,
xoy eA_Z. Dually, we can show that xfy eA_Z. If xa, xB eA_Z U {z,+1,
z,+1, ..., z,+1} and xe{x, -1, x, -1, ..., x, =1, n}, then xay, xfBy EA_Z-
Hence (ay,By) € ~_ . Consequently, ~_ is a congruence on C,,. Note
that oo ~_p, whenever a,peC,,. Hence, p. < ~_ . Since a~_f
implies o, € C,y ora, BeC Ly, we have shown that ~_eCon(C, Y) It
remains to show that ~_ is the greatest element on Con(CM). For this
let peCon(C;,Y). We will show that pc~_. Let (o,) € p. Then «,f
IS Ci,y or o, ¢ Cﬁ/y. We have to consider the later case. Assume that
there is ae X such that ace A or afe A and ax=af and a¢{x,-1,
x,-1,...,x =1, n} or ac ¢ A U {z,+1, z,+1, ..., z, +1} or aﬁezz U
{z,+1, z,+1, ..., z, +1}. Then there is le{l, 2, ..., k} with ae{z +1,
v X, 1}, accelz, z,+1, ..., x,, -2}, and aBelz, z,+1, ..., x,,, -2}
Without loss of generality, we assume that aax <af. If a<x,, -1 then we
define veC,, by xy=x, if xefx, x,+1,..., x,, -1} \ {x,, —1} as well
as iefl, 2, ..., k} and (x]+1 —1) y=a. Clearly, yeC,,. Then (yx,¥B) e
p with xyo, xy8 e x} forall xefl,2, ..., n} \ {x, -1} and
(x,,—1) ya=ao as well as (xm—l) W=aB. I aozeA_Z then afeA..
Thus, yeeC;, and yBe C y» acontradiction to peCon(C, ). If ace A,
then af-1€ A, and we define & e C,, by

1+1

1}and ie(1,2,..., k}\{1},
X0 =1X, if xe{x,x, +1,. aﬁ 13,
aB-1 if xefaB,af+1,.. -1}

X, if xe{x,x +1,.
i ll

l+l

It is routine to check that 6eC, ,. Then (x,,-1) ya6=x, and
(x,,,—1) ¥86 = af-1 2=z, and xyad = xyﬂ6eY forall xeX \ {x,  —1}.

Thus, (yod, ¥B0) € p with yod € C;, and 86 € C; ,, which contradicts
that peCon(C; ). If a=x,, -1 then aB >z, + 1 and we can conclude

-1)Bé =af-1>z,

(ad,BO) € p with xab e AZ forall xeX and (x,,
ie, apeA,. Thus, ad € C;, and B € a, a contradiction to p e Con
(C,,) Hence xa =xBe A or xa, xﬁeA_Z or xe{x,-1, x,-1,...,

x, -1, n} and xa,xB € {z, +1, z,+1, ..., z, +1} U A_Z forall xefl, 2, ...,
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n}. This shows that a ~_ B. Consequently, p c~_. This shows that ~_ is
the largest congruence in Con(C; ,).
For z=(z, ,z)eY, xY,x..xY, let Q be the set of all
(oc B) e~ \ p.. such that yeC,, and y <o implies y €C; .. For (o, B)
, let Cr ((x B) be the set p U {(a, B), (B,a)}. By Lemma 2.2, it is
easy to verlfy

Lemma 3.1: C; () is a congruence in Con(C; ) for each zeY, x Y,
x...x Y, and all (a,B)e ..

A congruence p is called minimal in Con(C; ), zeY, x Y, x---x Y,
if there isno 6 € Con(C; ) with pcdc Pe. -

Proposition 3.4: Let ze Y, x Y, x...x Y, and let peCon(C; ). Then p is
minimal in Con(C; ,) if and only if there is (&, B) e Q_ with p=C; (e, ).

Proof: One direction is clear by Lemma 3.1. For the converse direction, we
suppose that p is minimal in Con(C; ,). Assume that there are (y,5) € p

with y,6 € C;, and neC,, suchthat yn € C;, orny € C;,. Thenit
is easy to verify that thereare 8, B,eC,, U {id, } suchthat B8, BB,

e C,, and €eC,, with e<fyB, implies €eC, . Then the congruence
C., (BB, B,6B,) is contained properly in p. This contradicts the
minimality. This shows that & # p\p. < Q. and thereis (g,¢,) €
p\ pcz c Q.. By Lemma 3.1, p contams the congruence C; . (g,¢,).
Because of the minimality of p, we can calculate that p=C: ny (€,€,)
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