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Abstract

The thoughts of a complex fuzzy set were initiated by Ramot et al. [15] in 2000. It is a
generalization of fuzzy sets. The main results of the paper, we discuss concepts of complex
fuzzy ideals in T-semigroups and properties of a complex fuzzy ideal in I'-semigroups with
proven. Furthermore, we investigate essential conditions of coincidences complex fuzzy
ideals in I'-semigroups.
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1. Introduction

The complex fuzzy set is a method for solving data uncertainty problems
and complex information. The Thoughts of fuzzy sets was published by Zadeh in
1965 [17]. In 1979, Kuroki [10] gave the concpets of defintions of semigorups.
Later in 2003 Mordeson, Malik, and Kuroki [14] present the definition of fuzzy
ideals in semigroups. In 2009. The operations of complex fuzzy sets were
introduced by Ramot, Milo, Friedman and Kandel [15] in 2000. In 2020,
Al-Husban and Davvaz, [2] introduced the concept of complex H, subgroups
and discussed various characteristics of these groups. The concept of complex
fuzzy subsemigroup, complex fuzzy bi-ideal and complex fuzzy ideals in
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semigroups were introduced and studied by Majumder and Das [13]. Tamir, Jin
and Kandel [11] studied the complex fuzzy set in structure cartesian by
transforming the range from the unit circle to the complex plane. Al-Husban and
Salleh [3] discussed complex fuzzy groups. Hu, Bi and Da [6] developed the
complex fuzzy set in orthogonality and application to signal detection. The
complex intuitionistic fuzzy soft sets introduced by Kumar and Bajaj [9]. In 2020
Al-Husban, Amourah and Jaber [1] present properties of bipolar complex fuzzy
sets. In 2022, Rehman, Mahmood and Naeen [16] presented bipolar complex
fuzzy sets and bipolar complex fuzzy ideals in semigroups. Later Mahmood,
Rehman and Albaity [12] studied bipolar complex fuzzy T -ideals in
I'-semigroups. Recently, Khamrot, lampan and Gaketem, [8] gave and proved the
properties of the bipolar complex fuzzy interior ideals in semigroups. Mooreove,
studing work of ideals like almost interior ideals [7], essential ideals [4] etc.

The remainder of this paper is organized as follows. In Section 2, we give
some basic concepts and results of I'-semigroup, fuzzy sets, and complex fuzzy
sets. In section 3, we define complex fuzzy ideals and we discuss some basic
properties of complex fuzzy ideals in T'-semigroups. Section 4, we investigate
essential conditions of coincidences of complex fuzzy ideals in I'-semigroups.

2. Preliminaries

To compile this work self-sufficient, we briefly introduce a few definitions
engaged in the remaining work.

A T-semigroup (I'-SQ) is an algebraic structure consisting of a non-empty
set ® together with an associative binary operation

Definition 2.1: Let I # @ of an I'-SG ® is said to be

(1) A I-subsemigroup (T-SSG) if MI'M < M.

(2) A left I'-ideal (LT-ID) [right T-ideal (RT-ID)] of & if GBIt < M
[Mré < Mm.

(3) An I'-ideal (T-ID) of ® if it is both a LT-ID and a RT-ID of ®.

(4) A generalized bi-T'-ideal (GB-T-ID) of ® if MIGM < M.

(5) A bi-T'-ideal (BI'-ID) [interior T'- ideal 1l (IT-ID), (1,2)-I'- ideal ((1,2)-T-ID)]
of ® if MIGIM € M (GrMwré < M, MrE&M? < M.

(5) A quasi-T'-ideal (QT'-ID) of ® if Mré n Grae < M.

A regular of an T-SG ® if for each h € ®, there exists r € ® and
@ f €T such that b = barﬁb A left (right) regular of an SG ® if for each
h € ®, there exists r € ® and &, € T such that h = r@hBh (h= babﬁr) An
intra-regular of an T-SG ® if for each b € ®, there exist r,t € ® and @, E @ €
[ such that § = rab,ﬁ’bwt Asemzszmple ofan I'-SG ® if for every b € ®, there
exist 1,t,e,p € ® and &, B,®,4,7 € T such that h = rabﬁtwelbvp A weakly
regular ofan SG ® ifforevery h € ® there exist r,t € ®, &, 3, € I' such that
b = harfhat. A left (right) quasi-regular of an I'-SG ® if for every h € ®,
there exist r,t € ®, @, f,@ €T suchthat h = r@hBtah (h = harfhat),
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Let CIN be the closed interval zero to one.
For any 1j; € CIN where i € M define

V1= 5. d A A= inf{5).
T iseu}g{m} and A 7 i‘é}z{"’}

Definition 2.2: [17] A fuzzy set (FS) 7} of a non-empty set ¥ is a function from
¥ into the CIN, i.e, n: T — CIN.

For any 7j;,7, are FS of a non-empty set &, we have

(1) 11 V7', = max{y, 1.},

(2) 11 ANz = min{ny, N2},

(3) 11 € 1 ©11(h) S 7jp(b) forall € T,

4) Mm=1n,emn Snandi, "9,

(5) (1 AM)(®) =11(D) Anjy(p) forall heT.

Definition 2.3: [5] A subset & # @ of set T. The characteristic function A'g of
& is defined to be a function A'5: & - CIN by
1 if pe&
ANg(®) = ~
&) {0 if peg&
forall h € .
For two FSs %, and 7, of an I'-SG ®, define the product 7}, o}, as
follows : forall b € ©,
V@ an@} if F#0,
(11 °g) () = {0 _
0 if Fy=0,
where Fy:= {(r, &%) € ® x T x &|p = raf}.

Definition 2.4: [5S] A FS 1 onan I'-SG ® is called

(1) A fuzzy I'-subsemigroup (FT-SSG) on ® if f(bdr) = 1(h) A1j(r) for all
b,rE@) and @ €T.

(2) A fuzzy left T-ideal (FLT-ID) [fuzzy right T-ideal (FRT-ID)] on & if
f(har) = H(r) (H(har) = 1(h)) forall h,r € G and @ €T. AFS 1 on ®
is called a fuzzy I'-ideal (FT-ID) on ® ifit is both a FLI-ID and a FRT-ID
of 6.

(3) A fuzzy generalized bi-T'-ideal (FGBT-ID) on ® if f(bd@rfw) = 1j(H) A
7(w) forall hr,w € ® and &, 5 €T.

(4) A fuzzy bi-T'-ideal (FBT-ID) on ® if 7 is a FT-SSG and a FGBTI-ID on .

(5) A fuzzy interior T -ideal (FIT-ID) on ® if % is a FT-SSG on & and
A(harfw) = 7 (r) forall h,r,w € G and & f €T.

(6) A fuzzy (1,2) I'-ideal (F (1,2) T-ID) on ® if 7§ is a FT-SSG on ® and
n' (harf (wt)) = 1(h) A1j(w) AA(t) forall h,r,w,t€ G and & B, & €T.
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(7) A fuzzy quasi T -ideal (FQT-ID) of & if #(b) = (Agon)(H) AGo
X'g)(®) forall h € ®, where A’z is a FS such that mapping to 1.

Definition 2.5: [13] A complex fuzzy set (CF set) 7% on T is an | object having
the form AR:= {(I nR’(I)) =7#%() + 17/ ())|h € I}, where #*:T > CIN is a
real number and 7§’: & — CIN is an imaginary number.

3. Complex Fuzzy Ideal in I'-Semigroups

In this section, we will study thoughts of CF set in an I'-SG and we study
properties of those.

Let @ # & € Z. The characteristic complex fuzzy set (shortly, CCF set)

VB = (DG AE + ') is defined as follows:
A’R s L(h) = 1+ ?f I)E%
0+:0 if pe&M.

forall h € &.
Next, we study the intersection and product of CF set in an [-SG & as
defined.

Let 7% = (&;7%,4") = (&;n" +14") and ¢ = (&9, 9") = (G;9" +
Y'") are CF set in an SG ®. Define
(D) @ nYrEY(®) = 17 () AR (h) forall b € B.
2 ) S PR =7 ) <P’* (D) forall h € 6.
B) 1M @z P = (G @z P = (G; 7% og Y'F + 1! o ")
where;
RO AVRE} if Fy# o
‘R 'R (Er)EFy
(" e ")) = { it =0,

and

IR .
(' oz WD) = (fr)av oMY@y it Ky #0
if Fp=09,
or we consider the product of CF set defined
RI IRI i F
O® @z VYD) = (fr)EFfJ Mo OAYT @) if F#0
if F=0,

Obviously, the operation @ is associative.

Definition 3.1: A4 CF set i®! of an I'-SG ® is called

(1) A complex fuzzy T -subsemigroup (CFT-SSG) if A% (par) = /% (p) A
7% () = 77 (dar) = 77(H) A7"(@) and 7' (Hax) =4’ (H) A’ (x) for all
hre€® and @ €T.
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2

3)

“4)

)

(6)

(7

®)

)

A complex fuzzy left T -ideal (CFLT -ID) if #AR®(par) =A% (x) =
7R (har) = 7R (r) and B! (har) = #'(x) forall h,x € G and @ € T.

A complex fuzzy right T -ideal (CFRT -ID) if 7% (par) = R/ (p) =
7R (par) = /7 (H) and 7' (h@r) = 1#'(p) forall hr € G and @ € T.

A complex fuzzy I'-ideal (CFT-ID) if it is both a CFLT-ID and CFRI-ID of
.

A complex fuzzy quasi TI'-ideal (CFQI-ID) if #RI(p) > (/1'%1 @z 1% ()
A @* @a AG)(0) = 17 (0) = (XG oz ™) () A (1 oz A')(H)and 7' (H)
> (N oa')(®) A (1 oz A5)(H) for all h€ & and a’ €T, where 'Y
is a CFS such that mapping to 1 + (1.

A complex fuzzy generalized bi-T'-ideal (CFGB-T-ID) if 7% (harfw) =
1 () AR (w) = ﬁR(b{rEm) > 1" (h) A" (w) and 7' (harfw) = 7' (H)
A1 (w) forall h,r,w € G and & f €T.

A complex fuzzy bi-T -ideal (CFB-T-ID) if #® is a CFI'-SSG and a
CFGB-T-ID of

A complex fuzzy interior-T -ideal (CFI-T-ID) if #®! is a CFT'-SSG and
A® (harfw) = 1™ (1) = 77 (harfw) = 1" (x) and 7' (harfw) = ' (x) for
all h,r,w € ® and @, €T.

A complex fuzzy (1,2)-T-ideal (CF (1,2)-T-ID) if #%' is a CFT-SSG on &
and AR (Haf(wat)) =74 () Af* (w) AGH () = 7 (hEB (wat))
> 7% (H) AR (w) AR and i (hE (wdt)) = 7' (H) A (w) A (t) for
all hr,w,t€® and &, 5, & €T.

In Definition 3.1 we have (4) = (1), (4) = (8) and (7) = (6).
The following three examples are shown CFSs.

Example 3.2: Let = {E, 4, ®,A} be an I'-SG with the following Cayley table:

[1]1 (11 [1] (1] —

D€ —=mV
[1]1 [1]1 [1] [1] [1]
~ —~—= [1] [1] '
€ € >

Define CFS n'®:® - ¢ by n'®(2) = 0.9 +0.8,n'%([) = 0.7 + 0.5,

n'R(9) = 0.5 + 10.6,7'”(4) = 0.5 + 10.6. Then n'~! is a CFT-ID of ®.

Example 3.3: Let 6 = {5, [, ®,A} be an T-SG with the following Cayley table:
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m oo @ D

' N 1] —m —

D=1V
N @ — [ (]

Define CFS 1#":® > CIN by #R(E) =0.3 402, ([) =05+
10.3,77% () = 0.8 + 10.7, 7% (4) = 0.8 + 10.5. Then #*’ is a CFBI-ID of ®.

Example 3.4: Let & = &, [, 9,4} be an I'-SG with the following Cayley table:

(10 [ [ [ [

€ € = 1l —
= [ ¢ [ ¢
e > m >

>€ —=m Vv

Define CFS 1#":® > CIN by #R(E) =0.7 +.0.8,#"([) = 04 +
10.6, 7% (9) = 0.6 + 10.7,7* (4) = 0.3 + 10.5. Then #*’ is a CFIT-ID of .

Next, we discuss some properties of CFI-IDs in SGs.

Theorem 3.5: Let {ii¥|i € J} be a family of CFT-SSGs of an I'-SG ®. Then
,QJ #R! is a CFT-SSG of ®.
L

Proof: Let h,t € ® and @ € T. Then,
D0 (ba) 20 GiF () A () =A GI (D) A (1))
= (AR O A AR ) =0 18 @) A A G ()
i€j ieJ
Thus, '27 7R is a CFT-SSG of ®.
L

Theorem 3.6: Let {i¥'|i € J} be a family of CFLT-IDs (CFRT-IDs) of an I'-SG
®. Then 0 #R is a CFLT-ID (CFRT-ID) of .
L

Proof: Let h,r € ® and @ €T. Then,
A A ar) =0 @) =A @GF @) =A (A9 R) =0 98 @)
i€J i€eg ieJ
Thus, _QJ #R is a CFLI-ID of ®.
L
Theorem 3.7: Let {1if!|i € J} be a family of CFBT -IDs (CFIT -IDs, CF
(1,2)-T-IDs) of an T'-SG &. Then ,QJ #® is @ CFBI-ID (CFIT -ID, CF
i
(1,2)-T-ID) of .
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Proof: Let h,r € ® and @ € T. Then, By assumptions we have {#¥'|i € J} be a
family of CFT-SSG of ®. Thus, by Theorem 3.5, igy R is a CFT-SSG of ®. Let
hr,w € ® and &, €. Then,
l.QJ ! (haeBw) Z.h i (9) A1 (w)) =A (i () A (w))
= (AR O) A (A (@) =0 A 0) A A (w).

Thus, igj #R is a CFBI-ID of G. Slmllarly, we can show that iQJ 7R is a

CFIT-ID, (CF (1,2)-T-ID) of ®.

Corollary 3.8: Let {if'|i € J} be a family of CFGBI-IDs of an T'-SG ®. Then
'Qg #R is a CFGBI-ID of ®.
L

Theorem 3.9: Let {#i¥'|i € J} be a family of CFQI'-IDs of an I'-SG ®. Then
,QJ #R is a CFOr-IDQ of ®.
L

Proof: Let h € ®. Then forall @ €T,
ng i (b) ZiQJ G @z ™) A (1 @z 2§ (D)
= (NG @z 1"N)®) A (A @z 2G) (D))
=l.QJ G @z 1)) A (1 @& A5 ().
Thus, 'Qy #R! is a CFQI-ID of ®.
i

The following theorems are study the CF set of types of SSGs on I'-SGs.

Theorem 3.10: Let K # @ of an I'-SG ®. Then & is an I'-SSG of ® if and
only if the CCF function 'Y = ({; N'§ + '%) is a CFT-SSG of G.

Proof: Suppose that & is an I'-SSG of ® and let h,x € ®, @ € I'. Then the
following cases:

Case 1: If b, € &, then bar € & Thus, 'E(h) = 1 = 1 (x) = V'E(bar) and
NE(D) =1 = '4(x) = V5 (bar). Hence A’R 2(ar) = 1E(®) A A’R (), and
Vg (dar) = 25(0) AE®).

Case 2: If h,r ¢ &, then har € &. Thus, A'E(bar) > AE(H) AVE(x), and
A (har) = 15(0) A K ().
Therefore, (&; 1'% + A'k) is a CFT-SSG of G.
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Conversely, suppose that (&; A'E + 1'%) is a CFT-SSG of ® and b,r € &,
@ €T If par & |, then A'E(bar) < AVEM) AVE() and Vk(bar) < A'k(H) A
A'k(¥). By hypothesis, A'E(bar) > V'E(h) AVE(x), and AL (b@r) = Ak (H) A
/1'1 %(¥), which is a contradiction. Thus, har € &. Hence, & is an I'-SSG of .

Theorem 3.11: Let & # @ ofan I'-SG ®. Then & is an L'-ID (RT'-ID) of ® if
and only if the CCF function X' = (% A'E + '%) is a CFLT-ID (CFRT-ID) of
G}

Proof: Suppose that & is an LIT-ID of G and let h,r € ® @ € I'. Then the
following cases:

Case 1: If r€ &, then har€ &. Thus, 1= A’%(r) = A’%(b&r) and (1 =
VE(X) = 15 (b@r). Hence, A'E(bar) = A'E(x) and V'k(har) > V'k(v).

Case 2: If r ¢ &, then bar € &. Thus, A’%(bdr) > l’%(r), and A’%(bdr) >
VE@).

Therefore, (§; A'E + 2'%) is a CFLT-ID of G.

Conversely, suppose that (& A'E + 2'%) is a CFLT-ID of ® and r € &,
@ €Tl. If pare¢ &, then A'g(bar) <2%(), and A'k(bar) < V'k(x). By
hypothesis, A'§(ba@r) = 2'E(x), and A'k(br) = A'%(x), which is a contradiction.
Thus, har € K. Hence, K is an LI'-ID of ®.

Corollary 3.12: Let & # @ ofan I'-SG ®. Then & isan I'-ID of  if and only
if the CCF function 2'§' = (& A'E + 1'%) is a CFT-ID of .

Theorem 3.13: Let K #@ of an I'-SG &. Then & is a BI'-ID (IT -ID,
(1,2)-T-ID) of ® if and only if the CCLF function 2§ = (KT + %) is a
CFBI-ID (CFIT-ID, CF (I, 2)-T-ID) of ©.

Proof: Suppose that & is a BI-ID of . Then & is an [-SSG of ®. Thus, by
Theorem 3.10, (§; A'§ + A'%) isa CFT-SSG of G.Let hrwe ® and @5 €T.
Then the following cases:

Case 1: If hwe K and & f €T, then harfw € K. Thus, A'E(p) =1=
VE(w) = AE(parfw) and A'5(H) =1 = V'k(w) = A'k(h@rfw). Hence,
A’R 2arfw) = 1E(H) A (w), and A'k(harfw) = A'5(H) A A (w).

Case 2: If h,w ¢ &, then h@rfw € K. Thus, A'E(harfw) > 1T (h) A VE(w),
and A'g(harfmw) > 'k (h) A Vg (w).
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Therefore, (§; A'E + A'%) is a CFBT-ID of ®. Similarly, we can show that
(K A'E 4+ A'%) isa CFIT-ID (CF (1, 2)-T-ID) of .

Conversely suppose that (§;A'% +A'%) is a CFBT-ID of . Then
(& V'S + 2'%) isa CFT-SSG of ®. Thus by Theorem 3.10, & isan I'-SSG of &.

Let hw € & and &, 5 €T. If hfrfw & &, then 1'% (barﬁm) <28® A
VE(w), and A'k(b@rfw) < A'k(h) A X'k (w). By hypothesis, 1'S(hdrfw) >
VE(H) A'E(w), and A'k(ha@rfw) = A'5(H) A A'k(w), which is a contradiction.
Thus, hrw € K. Hence, & is a BI of 6. Similarly, we can show that & is an
IT-ID ((1,2)-T-ID) of ®.

Corollary 3.14: Let & # @ of an I'-SG ®. Then K is a GBI-ID of ® if and
only if the CCF function A'E = ({; V' + A'y) is a CFGBT-ID of G.

Theorem 3.15: Let & # @ of an I'-SG ®. Then & is a O'-ID of ® if and only
if the CF function ({; 'S + A'Y) is a CFOT-ID of .

Proof: Suppose that & is a QT'-ID of & and let h € G. Then the following
cases:

Case 1: If h€ &, then for all @ €T such that '§(H) = (AT oz 'F)(H) A
(™% 0a A'9)(H) and 2G(H) = Vg a1 ®) A (" o5 /1” 7 (D).

Case 2: If h ¢ &, then b is expressible § = yd@3 for all & € T' or not.

Suppose b is expressible as h = p@3. Since h & & either n € & or 3 & K.
If y € & and 3 € K, then there cannot be another exprssion of the form ¥ = ad&b
for all @ €T, where a € & and b € &. Then x € KrGNGrs c & Thus,
(X' °a T)'R)(b) =0 or (FozA® =0 and (Agoan")(®H) =10 or
(" oz ’5)(D) = 10. Hence, l’g(b) > 'S ea IO A (M'F oz A'9)(H) and
VE®) = WEoan)®) AM" 0z 1E)(D). Therefore, (K;AE+A%) is a
CFQI-ID of ®.

Conversely suppose that (§A'F +A'%) is a CFQT-ID of G and b €
KGN GrR. If b ¢ K, then for all & € T such that A'E(H) < (V' oz n®)(H) A
(™R o A(D) and A5(H) < (A5 0z 1) () A (1" oz A’5)(D) . By hypothesis,
Then, A'§(H) = (g oz 1 IO A ("7 0z A'(H) and 2G(H) = Agoan")
(®) A (@' oz A'{)(D), which is a contradiction. Thus, b € & Hence, & is a
Qr-ID of &.

Definition 3.16: A CF set n’® = (&; 7%, 1) = (&; 7R + ") on & with
', w' € CIN. Define the set

PR +m', (', 0)) = {HeBR®) =", 1"(H) = '} is called (', @')-
cut of a CF set of .
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In the following theorems, we give a relationship between a I'-SSGs and the
(7', w")-cut of a CF set.

Theorem 3.17: A CF set n'® = (&;n'%,n'"") = (&;n'R + ") is a CF I'-SSG
(CFLT-ID, CFRT-ID, CFT-ID,) of an I'-SG ® if and only if @ # P(n'® +
m', (7', w)) € ® isa I'-SSG (LT-ID, RI-ID, T-ID) for all 7/, w’ € CIN.

Proof: Let n'® = (G;n'%,n'") = (G;n'®R +m') is a CF I'-SSG of & and
hren®, & €T such that n',w’ € CIN. Then 1n'®(h) = n'R(x) =’ and
7''(0) =7""(x) = w'. If bar ¢ P(q'F + ", (7', ")), then n'R(har) < ' and
n''(har) < w'. Since '’ = (B; 'R, n'") = (&;n'® + ') is a CF I'-SSG we
have n'R(pdr) = n'R(H) An'R(x) and n''(hdr) = n''(h) An''(r). Which is a
contradiction so, har € P(n'® + m'!, (7', w")). Hence, P(n'® + ", (7', w")) is
a I-SSG of G.

For the converse, assume that P(n'R 4+ m'!, (7', w")) is a [-SSG of & and
hre®, @cerl.

If bren®, then n'R(Har) =nR®) =nREx)=n" and n'' (par) =

') = n’l(r) >w'. Thus, n'®ar) =n*@G)An'*@x) and 7n'(bar) >
n"'(®) An"(x).
If hxgn™, then n'*(har) = n'*(H) An*(x) and 7" (har) = 1" (H) A
1]
n" (v).
Hence, n'® = (&;n'%,n'") = (G;n'R + ;') is a CFT-SSG.

Theorem 3.18: 4 CF set n'* = (&;7'”,n'") = (&;n'R + m'") is a CFBI'-ID
(CFIT -ID, CF (1,2)-T -ID) of an I'-SG ® if and only if ® + P(n'® +
m', (', w")) € ® isa BI-ID (IF-ID, (1,2)-I'-ID) of ® for all ', w’ € CIN.

Proof: Let n'® = (&; 7%, n") = (G;n'R + ") is a CFBT-ID of . Then
n'® = (®;n'*,n'"") = (G;n'® + ;') is a CFT-SSG. Thus by Theorem 3.17,
PR+, (', w")) is a T-SSG of . Let h,r,w € n’* and @ B €T such
that ', w’ € CIN. Then n'R(p) = n'R(w) = =" and "' () = "' (w) > w'.

If barfw e PR+, (7, ), then nFarfw)<n and
n"'(harfw) < w'. Since X = (&;n'’,n'") = (G;n'® +m'") is a CFGBI-ID
we have 7'f(harfw) = 1'% (H) AnR(x) and 7" (harfw) = 1" (H) An" (w)..
Which is a contradiction so, harfw € P(n'R + !, (', w")). Hence, P(n'% +
m'!, (', w")) is a BI-ID of .

For the converse, assume that P(n'® + m'!, (', ")) is a B[-ID of ®. Then
PR+ ', (', w")) is an T'-SSG of &. Thus by Theorem 3.17, har €
PMR +m'", (', w"). Hence, P('? + m'!, (n', ")) is an T-SSG of G.

Let h,r,w € ® and a,E erl.
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If bhwe 'R, then  n'R(parfw) =7y} M = n'R(w) >n’ and
" (harfw) =n"(H) =n"(w) = 0" Thus, 7*Harfw) =n"(H) An'"(w)
and 1"/ (harfw) = 1" (H) An" (w).

If hw ¢ n'®, then n'R(harfw) = n'R(H) An'R(w) and 1" (harfw) =
n"(®) An'" (w).

Hence, n'® = (&;n'%,n'") = (G;n'R + ') is a CFBT-ID of ®.

Corollary 3.19: 4 CF set n'? = (G;n'%,n'") = (&;n'R + ') is a CFGBI'-ID
of an T-SG ® if and only if @ # P('R + ", (', ")) € ® is a GBI-ID of
forall w',w" € CIN.

Theorem 3.20: A CF set n'* = (&; 1'%, n'") = (G;n'R + ') is a CFQI'-ID of
an T-SG ® ifand only if @ # PR + m', (', w")) € ® is a OI-ID of G for
all m',w' € [0,1].

Proof: Let n'’l = (G; 7’ 77”) = (®;n®+m") is a CFQT-ID of & and
hen®, @ €T such that 7', € CIN. Then (A'§ oz n'") (H) A ('R oz 1)
(0) = 7' and (g oz n")(®) A (1" oz A'5)(H) = . If h & P(* + 1y, (', ")),
then A'E(H) < (X'E °a 1"™)(D) A (n’R @z AD®) and 2%(0H) < Agoan")
A (n” @z A'Q®). Since 7™ = (G;n'R,n") = (6; n’R +m'") s a
CFQT-ID of & we have l’};(b) > (AR oan®(®) AN @z AF)(H) and
VE®) = Wkoan™) () A@" @z 2'5)(D), which is a contradiction. Thus,
pe PR +m'", (', w")). Hence, P(m'R + !, (', w")) is a QI-ID on G.

Suppose that 7% = (B; 7', 1) = (&; 'R + ') isa QI-ID of & and let
h € ® and & € I' Then the following cases:

Case 1: If h € &, then (A'§ oz n'F)(H) A ('R o5 '§) (D) = ' and (X'} oz n'")
B A" oz A5)(B) = .

Case 2: If h ¢ &, then D is expressible § = na3 or not.

Suppose b is expressible as § = pd@3. Since h & & either n € & or 3 & K.
If € & and 3 € K, then there cannot be another exprssion of the form x = aab
where a,b € & and @ € T. Then x € FRN &F € & Thus, (A oz n*)(H) <
' or (N @a A'9(D) <" and (g oz n")(H) < w' or (" oz 1H(M) < w'.
Hence, A'§(D) = (A'E oz n™)(®) A (1" 0z AR (H) and A'5(H) = (X oan")
O A@" oz () . Therefore, n'® = (&;n'%n") = G;nR+m") is a
CFQr-ID of &.

Theorem 3.21: Let '’ be CF set of an I'-SG ®. Then n'®! is a CFT'-SSG of ®
ifandon ly if n'® @ n'Rl 3 'R,

Proof: Assume that n'® isa CFT-SSG of ® andlet h € &, @ €T
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If ip=0¢. Then (n"® oz n*)(H) =0 <n'R(H) and (" oz n')(H) =

0<7n"().
If Fy#@. Then (% o 1" )(®) =V nR*OAnRH < v nRa)) =

(i)€EFy (ii)€Fy

nR®) and 0" oz nNO®) =V "OA'H < Vv n"Ga) =" ®).
@)eFy ()R,
Hence, n'’l @4 n'® < n'®!

Conversely, assume that n'? @4 r)'RI <n'® and h,r € ®, @ € I. Then
nfar) < '™ oz n'F)(Har) = - F 'R(i) ARG <0 ®) AR (),
i oa) < O o w0 = v O AnTHD <1 O) A ).
Thus, n'®! is a CFT-SSG of ®.

Theorem 3.22: Let n'?' be CFS of an I'-SG &. Then n'®! is a CFLI-ID
(CFRT-ID) of ® ifand only if X§ ®@a n'® I n'R@m'® @4 V'E 3 VY.

Proof: Assume that n'®! is a CFLT-ID of ® and let h € .
If fy=@. Then (A'§ oz n"®)(9) = 0 < n'R(h) and (A oz n")(H) =

0 <7n"(®).
If Fy#@ Then (A§ oz nM)®) <V A'R(I)/\n'R(]) =V 1A
(LD)EF

(i})EFy
n"*@ =n""0G) = n"*(®)
and (X' °a n"H(®) S(.\,; VgAn'"GH=v dan"®=1"G=

L) EFy (L) €EFy
n'' (). Hence, 1'§ @z n'® 3 n'%l.
Conversely, assume that 'y ®z n'® I n'* and h,r € &, @ € T. Then

@) < W5 cxn D@ = V. VsOATT0)

har

= VvV 1AnRG = VOEE )
(DEFpar @iDe F har

and
Al ar) < g on'Ha) = V. AgOA"()
(IJI)EFI)&E
= V 1A'=V 7' =1"®
(LD EFyay (LD EFpay
Thus, n'® is a CFLT-ID of ®.

Corollary 3.23: Let n'®! be CFS of an I'-SG ®. Then n'®' is a CFT-ID of ® if
andonlyif ' @z n'® I n'* and ' @4 1§ I n'M



COMPLEX FUZZY IDEALS IN I'-SEMIGROUPS 2839

Theorem 3.24: Let 0’ be CFS of an I'-SG ®. Then n'*! is a CFBI'-ID
(CFIT -ID, CF (1,2)-T -ID) of ® if and only if n'® @z n'® I n'” and
r,lRI @a /1'%1 @E U’RI < U’RI-

Proof: Assume that n'?" is a CFBT-ID of ®. Then n'*! is a CFT-SSG of ®.
Thus, n'” oz PR I y'R. Let € ® and &,f €T.

If Fy=@.Then (0% oz A'§ oz n"*)(B) =0 <n'R(h) and (" oz 2§
oz ")) = 0 < 71" (D).

If Fy # @. Then

(" o By g )@ = \/ 40 A g 1)

(LDEFy
= \/ #roac\/ B aine)
(LDEFy (m,e)EF;
= \/ #rorc\/ 1aine)
(IDEFy (m,e) €F;
= \/ o AE =iHw),
(1,0)EFy
and
Al o 18 o= Bl — e 18 o= 7\ (i
(1" o A o5 ") (D) '@ A (g o5 1) G)
(iDEFy
= \/ #oac\/ Aaaine
(LiEFy (m,e)€F;
= \/ #orc\/ 1ainen
(IDEFy (me)€F;
= \/ Hori© =i,
(1,0)EFy

Hence, 1* @g 2§ @z n* 3 AR
Conversely, assume thaf R @z 1R I AR and H¥ @4 AY Oz 7 =
HRl. Let h,r,w € ® and &, f €T. Since HR oy R I AR we have AR is a
CFTI-SSG of & by Theorem 3.21.
i (axf) < i oq (15 op M) Gasfm) = \/ 7@ A G o5 1 0)
(i’j)EFbﬁer
=\ roac\ B

(i'j)EbeirEm (m,e)EFi
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=\ roac\ 1aine

(i'i)EFbﬁer (m,e)EFI-
< \/ #roac\ e =ito i)
(i'i)EFbﬁer (m,e)EFI-
and
i (9arfw) < ' g (s op 1)) = \[ 4G A (A o5 1)0)
(DEF 7 B
=\ doac\ A aine
(i‘i)EFbarEm (m,e)EFi
=/ donac\/ 1ane
(i'j)epbllrﬁm (m,e)GFI
< \/ 7orc\/ e =imainew.
(i'i)EFbarEm (m,e)eFi

Thus, n'®! is a CFBI-ID of ®.

Corollary 3.25: Let n'}! be CF set of an I'-SG ®. Then n'®! is a CFGT-ID of
® ifandonly if " @4 VE @z "™ s 'R

Theorem 3.26: Let ' be CFS of an I'-SG ®. Then n'®! is a CFQI'-ID of
ifand on ly lf ll%{ @a anI N lanI @E AI%I 5 anI.

Proof: Assume that n'®! is a CFQI-ID of ® and let § € ®. It follows Theorem
3.2Error! Reference source not found., A’y @z n'® I¢'* and
nIRI @a 6’5 < anI. Thus, /11%1 @ﬁ nIRI n lanI @E /1/%1 < TI’RI-

Conversely, assume that 1§ @z n'® n'n'® ©z A 3 9'” . Then

V§ @z n™™ 3 9'™” and n'® @a,g < n'®. 1t follows Theorem 3.22, n'R isa
CFLT-ID and n'®" is a CFRT-ID of ®. Thus, by Theorem 4.19, n'*! is a
CFQr-ID of .

4. Essential conditions of coincidences of complex fuzzy ideals in semigroups

In this section, we investigate essential conditions of coincidences of
complex fuzzy ideals in semigroups.
The following lemma shows that every CFI'-ID is a CFBI'-ID of an I'-SG.

Lemma 4.1: Every CFT-ID of an I'-SG & is a CFBI-ID of ®.
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Proof: Suppose that n’R! is a CFT-ID of ® and let h,r € ®, @ € I. Since ¥
is a CFT-ID of ®, we have that n’® is a CFRI-ID of ®. Thus, n'%!(har) =
n®(®) and so n®'(par) =n"*(®H) =) An*'(x) Hence, n'* is a
CFT-SSG of ®.Let h,r,f € ® and @, S € T. Since n’* is a CFT-ID of ®, we
have that n’®! is a CFLI-ID of ®. Thus, n'® (h@rft) = n'* ((hrh)) = n'* (F)
and so, n'® (harft) = n'R (F) = n'*(H) AR (). Hence, n'R! is a CFBI-ID of
®.

In order to consider the converse of Lemma 4.1, we need to reinforce the
condition of an I'-SG.

Theorem 4.2: In a regular I'-SG of ®, the CFBI-IDs and the CFT-IDs coincide.

Proof: Suppose that n'®' isa CFBI-ID of ® andlet h,r € ®, @ € T. Since ® is
regular, we have har € (hI'GI'H)® S HI'G which implies that har = hatph for
some T€® and & fF Thus, n'®(har) = 'R Batpy) = n'* ) An'R(H) =
n'”(H). Hence n'®! is a CFRI-ID of ®. Similarly, we can show that n'~! is a
CFLI-ID of ®. Thus, n'®! is a CFT-ID of ®.

The following lemma shows that every CFBT-ID is a CF (1,2)-I'-ID on an
I'-SG.

Lemma 4.3: Every CFBI-ID of an T'-SG of ® is a CF (1,2)-T'-ID of ®.

Then
7 (harB (Fw)) = ¥ (harpHyw) = (% (v@xp) A n* (w))
= (@M ®) ARR®) AR () = 7% () ARR @) AR ().
Thus, 7% (harf(fyw)) = H* (H) AR (E) AHR! (w). Hence, 7% is a CF
(1,2)-T-ID of .

To consider the converse of Lemma 4.3 we need to reinforce the condition
of an I'-SG.

Theorem 4.4: In a regular I'-SG of ®, the CF (1,2)-I'-IDs and the CFBI-IDs

coincide.

Proof: Assume that #®' is a CF (1,2)-T-ID of  and let b,r,f€ ®, &, €T.
Since ® is regular, we have bar € (hIGI'H)[G S HI'GIY, which implies that
har = hasyh for some s € ® and @, 7 € I'. Thus,
1® (harft) = 0" ((asyp) D = 0" (asy (H5D)
= 7% () AR ) AR @) = 7R (H) AR (D).
Hence, A% is a CFIB of ®.
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The following theorem shows that every CFI'-ID is a CF (1,2)-I'-ID on an
I'-SG.

Theorem 4.5: Every CFT-ID of an T'-SG of ® is a CF (1,2)-I'-ID of .

Proof: Suppose that '’ is a CFT-ID of G and let h,r € ®, @ € T. Since '}
is a CFT-ID of ®, we have that n®' is a CFRT-ID of ®. Thus, 7(har) > 7(b)
and so, n'® (par) = n'*(H) = n'*(H) An'R(x). Hence, n'*! is a CFT-SSG of
.

Let h,r,f,w € ® and &, B €T. Since n’* is a CFT-ID of ®, we have that
n'”! is a CFLI-ID of ®. Thus,
n'® (parfw) = n'® ((har)fw) = n'™ (w)
and so,
n'® ((har)fw) = 1™ (w) = () An'® () An'H ().
Hence, n'? isa CF (1,2)-T-ID of ®.

In the following results, we show that CFGIBs and CFBI'-IDs on types of
SGs.

Lemma 4.6: In a regular I'-SG of ®, the CFGBI'-ID and the CFBI'-ID coincide.

Proof: Suppose that n'%! is a CFGBI-ID of ® and let h,r € &, @ € I'. Since &
is regular, there exist f € ® and B, @ €T such that r = rff@r. Thus,
n'® (ar) = n'® (aptar)) = n"* (HaEpHar) = n'* ) An' ().
Hence, n'® is a CFSG of ®. By Definition 3.1(6) we have n'%! is a
CFBI-ID of .

Lemma 4.7: In left (right) regular SG of ®, the CFGBI-ID and the CFBI-ID
coincide.

Proof: Suppose that n'%! is a CFGBI-ID of ® and let h,r € &, @ € I'. Since &
is left regular, there exist € ® and f§,& € I' such that r = ffr@r. Thus,
n'® (har) = n"™ (pa(Epran)) = n'™ (haEBrar) = n™ (v) An™ (v).
Hence, n'*! is a CFSG of ®. By Definition 3.1(6) we have n'®! is a
CFBT-ID of .

Lemma 4.8: In left (right) quasi-regular I'-SG ®, the CFGBI-ID and the
CFBT'-ID coincide.

Proof: Suppose that 7% is a CFGBT-ID of & and let h,r € ®, @ € T. Since &
is left quasi-regular, there exist f,w € ® and E, @,y €T such that r=
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ffrawyr . Thus, n'® (bhar) = n'M ((ha(Efrawyr)) = 'R (ha(fraw)yr) =
n'R(H) AR (r). Hence, '’ is a CFSG of . By Definition 3.1(6) we have
n'”! is a CFBI-ID of ®.

Lemma 4.9: In weakly regular SG of ®, the CFGBI'-ID and the CFBI'-ID
coincide.

Proof: Suppose that n'®! is a CFGBT-ID of ® and let b,r € ®, @ € I'. Since &
is weakly regular, there exists f,w € ® and ﬁ, @,y €ET such that b=
ppt@hyw . Thus, n'®(har) = n"™ ((hFt@hyw)ar) = n'™ (pB (twhyw)ar) =
7'’ () ARl (r). Hence, n'*! is a CFSG of ®. By Definition 3.1(6) we have
n'”! is a CFBI-ID of ®.

By Lemma 4.6, 4.7, 4.8 and 4.9, we have Theorem 4.10.

Theorem 4.10: Let ® be an I'-SG. If ® is regular, left (right) regular, left
(right) quasi-regular or weakly regular, then the CFGBI -ID and the CFBI'-ID
coincide.

The following lemma shows that every CFI'-ID is a CFIT'-ID on an I'-SG.
Lemma 4.11: Every CFT-ID of an I'-SG of ® is a CFIT-ID of ®.

Proof: Suppose that 7'’ is a CFT-ID of ® and let h,f € ®, @ € I'. Since '™’
is a CFT-ID of ®, we have that n®! is a CFRI-ID of . Thus, n'* (hat) =
n'Rl(H) and so, n'®(pat) =n'* () =n'* () An'R(f). Hence, n'* is a
CFT -SSG of . Let h,fre® and & f €T . Then, nR (hatfr) =
n"®(paEfr)) = n'® (Ffr) = n'*(£) Thus, n'~ (h@tfr) = n'* (£). Hence, n'~!
is a CFIT-ID of ®.

To consider the converse of Lemma 4.11, we need to reinforce the condition
of an I'-SG.

Lemma 4.12: In a regular I'-SG of ®, the CFIT-IDs and the CFT'-IDs coincide.

Proof: Suppose that 7' is a CFIT-ID of & and let h,f € ®, @ € T. Since ® is
regular, there exist t € ® and 8, @ € T such that § = hFrah. Thus,

'™ (hat) = n'™ ((Brab)ar) = n"™ (@Y at = 1™ (o).

Hence, n'®! is a CFRT-ID of ®. Similarly, we can show that n'®! is a
CFLT-ID of ®. Thus, n'®! is a CFRI-ID of ®.

Lemma 4.13: In a left (right) regular T'-SG of ®, the CFIT-IDs and the
CFT-IDs coincide.
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Proof: Suppose that 7'”! is a CFI[-ID of ® and let b, € ®, @ € T. Since ® is
left regular, there exist r € ® and f§,@ € I' such that b = tfh@h. Thus,
™™ (vat) = 1" (phap)ar) = n'™ (efyah)at) = '™ (By)@hat) = n'™ ().
Hence ' is a CFRT-ID of ®. Similarly, we can show that n'® is a
CFLT-ID of ®. Thus, n'®! is a CFT-ID of ®.

Lemma 4.14: In an intra-regular I'-SG of ®, the CFIT-IDs and the CFT-IDs
coincide.

Proof: Suppose that n'®! is a CFT-ID of ® and let h,f € G, @ € T. Since ® is
intra-regular, there exist r,w € ® and B,&,7 €T such that h = rfh@hjw.
Thus,
/RI py IR ;o B~ ~ex _ o iRI S~ -
n(pad) = "7 (ph@hyw)at) = n'" (((tFH@h)yw)dr)
= "™ (@By)@hy (wat) = n'™ (p).

Hence, n'®' is a CFRT-ID of ®. Similarly, we can show that n'%! is a

CFLT-ID of ®. Thus, n'®! is a CFT-ID of ®.

Lemma 4.15: In a semisimple I'-SG of ®, the CFIT-IDs and the CFT -IDs
coincide.

Proof: Suppose that n'®! is a CFI[-ID of ® and let b, € ®, & € T. Since ® is
semisimple, there exist r,w,t € ® and B, @, 7, € I' such that § = rfH@wyhit.
Thus,
'™ ®an) = 1™ (Frawyhitar)
="M ((Fy@w)phi(tat) = n'™ (p)
Hence, n'®! is a CFRI-ID of ®. Similarly, we can show that n'®! is a
CFLT-ID of ®. Thus, n'®! is a CFT-ID of ®.

Lemma 4.16: In a left (right) quasi-regular T-SG of ®, the CFIT-IDs and the
CFT-IDs coincide.

Proof: Suppose that #'”! is a CFI[-ID of ® and let b, € ®, & € I. Since ® is
left quasi-regular, there exist t,w € ® and §,@,7 € I' such that f = tfidwyt.
Thus,
n'® (vat) = n'™ (HaEfidwy)) = 1" ((har)Bia(wih) = n'* (D).
Hence, n'®! is a CFLT-ID of ®. Similarly, we can show that n'%! is a
CFRT-ID of . Thus, n'®! is a CFT-ID of ®.

Lemma 4.17: In a weakly regular T'-SG of ®, the CFIT-IDs and the CFT-IDs
coincide.
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Proof: Suppose that 7'’ is a CFIT-ID of ® and let b, € ®, @ € T. Since ® is
weakly regular, there exist r,w € ® and ﬁ, ®,7,T €T suchthat h = bﬁrﬁbfm.
Thus,

n'® (pat) = n'™ ((pBrahiw)@t) = '™ ((hAr)@hi(wat)) = n'™ (p).
Hence, n'”! is a CFRT-ID of ®. Similarly, we can show that n'®! is a
CFLT-ID of ®. Thus, n'®! is a CFT-ID of ®.

By Lemma 4.12, 4.13, 4.14, 4.15, 4.16 and 4.17, we have Theorem 4.18.

Theorem 4.18: Let & be an I'-SG. If ® is regular, left (right) regular,
intra-regular, semisimple, left (vight) quasi-regular or weakly regular, then the
CFIT'-IDs and the CFT -IDs coincide.

The following theorem shows that every CFT-ID is a CFQI'-ID of an I'-SG.
Theorem 4.19: Every CFLI-ID (CFRI-ID) of an I'-SG ® is a CFOT-ID of ®.

Proof: Suppose that n'~! isa CFLT-ID of ® andlet h € ® and @ € T.

If Fy =0, then it is easy to verify that n’’I() = (A'E @z n"*)(H) A
"™ @z A§H(®).

If F,, # @, then

@& @an™® = \/ @EdAnor=\/ @+ ae* +0H0)

(LDEFy (LD EFy
<\ a®+nhen="\/ ooy
(L)€EFy (L)EFy

< \/ o™ dapy <0 o)
(i,j)EFb
Thus, n'®(§) = (' @& n'*)(h) and so, n'*(h) = (A'F @z n'*)(H) A
"™ @z A§)(D). B B
Hence, n'®! is a CFQI-ID of ®. Similarly, if n'®! is a CFRT-ID of ®, then
n'”! is a CFQI-ID of ®.

The following theorem shows that every CFQI'-ID is a CFI'-SSG on an
I'-SG.

Theorem 4.20: Every CFOI'-ID of an I'-SG ® is a CFT'-SSG of ®.

Proof: Assume that n"®! is a CFQI-ID of ® and let h,t € ®, @ € I. Then
™ (har) 2 A'G @z n" ) (ha) A (1" @g 2'5) (har)
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= \/ 2Forrt@in \/ of@ardo)
(P.9)EFpa: (0b)EFy

>AEOAT@O) AT ®)ANE (@)

=@+ AQT+nDHOA@T+ 0B A+ D)

>0+ AT+ 00 =A@ An™ ©).

Thus, 7' (ha@r) = 7'’ (H) An'RI(r). Hence, '’ is a CFT-SSG of .
The following theorem shows that every CFQTI-ID is a CFBI'-ID on an
I-SG.

Theorem 4.21: Every CFOI'ID of an I'-SG ® is a CFBI-ID of ®.

Proof: Assume that ' is a CFQT-ID of & and let h,r € &, a’ € T. Then by
Theorem 4.20, n'®! is a CFT-SSG of ®. Let b,r,w and &,/ € I. Then

™M Hafw) = (g @an™)(bafw) A (™ @ 5 (bExfw)
=\ @fonrtomn \/ oMoy

(PDEF gy (@D EF Y5 B
> (5 (ban) An'™ (@) A ("™ (®) A 2G (tBw))
=@+ A@T+A)@) AW T +5)0) AL +11)
> 0F + 4D @) A '+ up)(®) =A™ (@) A" (B).

Thus, n'® (harfw) = n'’ (H) A"’ (w). Hence, n'*! is a CFBI-ID of ®.

The following result is an immediate consequence of Theorem 4.21 and
Lemma 4.3.

Corollary 4.22: Every CFOI-ID of an I'-SG ® is a CF (1,2)-I'-ID of ®.

5. Conclusion

The concept of a complex fuzzy set is a generalization of the fuzzy set which
solves the problem of uncertainty in data in the form of complex numbers. In this
paper, we introduced a new type of complex fuzzy structure characterized by the
notion of complex fuzzy ideals (generalized bi-ideals, bi-ideals, interior ideals,
(1,2)-ideals) in I'-semigroups. We considered the properties of complex fuzzy
ideals. We characterized essential conditions of coincidences complex fuzzy
ideals related to regular, and intra-regular, semisimple, quasi-regular, and weakly
regular in T'-semigroups. In the continuity of this paper, we will investigate the
characterized essentially characterized conditions of coincidences of the complex
interval valued fuzzy ideals (hesitant, intuitionistic, etc.) of a hypersemigroup and
their algebraic properties.
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