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Abstract
Let G be a group. By Fitting’s lemma, if G is finite abelian and t is the pre-period of G, 

then G can be represented as the direct sum of kerf t and f t (G) for all endomorphisms f of G. 
In this paper, we will show that the pre-period of a cyclic group of order n is the maximum 
of νp (n) (the p-adic valuation of n) for all prime p with p|n. Indeed, the pre-periods of all 
endomorphisms of a finite cyclic group are determined in terms of the p-adic valuations.
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1. Introduction 
An endomorphism plays a crucial role to solve many problems not only in 

algebraic structures [1, 2] but also in many categories [3-5]; especially, in groups 
[6-9]. 

Let   be a group and   be an its endomorphism. As we know that 
              and              for all         { } where    is 
the identity map. If   is finite, there exist        such that       
        and              . Such   was studied and known in a 
monounary algebra [10-12] as the pre-period (or stabilizer) of  , denoted by 
    . We can show by the basic facts (Theorem 4) in group theory that    . 
Moreover by Fitting's lemma [13], if   is abelian, then              . It 
is interesting to study the pre-period of an endomorphism of any finite abelian 
group. 

In the present work, we describe the pre-periods of all endomorphisms of a 
finite cyclic group by applying some facts in a monounary algebra. 

A monounary algebra is an algebra which is extensively studied [14, 15]. 
There are closed connections between monounary algebras and all algebraic 
structures. One of the connections is the monounary algebra induced by an 
endomorphism (see e.g. in [9]). A monounary algebra is a set   equipped with a 
unary operation       and it is denoted by      . Monounary algebras have 
the benefit that they are comparatively simple to visualize; especially, they can be 
represented as digraphs whose vertices are the elements of   with a directed edge 
from   to      for all    . A digraph connecting with group theory has been 
studied in [16-18] and etc. 

The height         of       where   is finite is mentioned by the means 
of the height of the digraph via the concepts of the cyclic element and the height 
      of element  . Although the height of       has known and extensively 
studied (see e.g. in [19, 20]), we will show in Proposition 1 that it is equal to 
    . 

The pre-period of a finite algebra was defined in [21, 22] and studied for a 
finite lattice. In this work, we will study the pre-periods of the cyclic group of 
order   in the terms of the  -adic valuations       of   defined by  

        {   {      
   }         

         

for all prime number  . 

2. Basic concepts in a monounary algebra 
This section will begin with an examination of some fundamental properties 

of       where   is finite. For    , observe that if        then     is a 
permutation and so all elements in   are cyclic. Denote  

        {               }  
One see that        is the maximum subset   of   with        as 

the following proposition which can be proven directly. 
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Proposition 1: 1Let       be finite. Then  
1. 1                 ;  
2. 2 for each    , if        then         ;  
3              .  

Proof: The statements 1 and 2 can be easy proven. Suppose that          . 
Since for each    ,       is cyclic,             . Since          
and by the statement 1, we get                     . Since         is 
not cyclic for all     with        , the set              is proper of 
        and so       .  

Proposition 2: 2Let     be unary operations on a finite set   such that 
       . Then  

          {         }  

Proof: Let      {         } . Then               and       
       . By        , we get                       and so, 
        .  

Proposition 3: 3Let   be a finite set and      . Then  

        ⌈     ⌉ 
for all     where ⌈ ⌉ is the ceiling function of a real number  .  

Proof: Let    ,        and        . Observe that             for 
all nonnegative integers    . Since             ⌈  ⌉    , we get   

  
    ⌈

 
 ⌉       ⌈

 
 ⌉   

                            
                           ⌈

 
 ⌉     

 

which implies   ⌈  ⌉. Since  

  
                
                          
                         

 

we have                 and     . Hence, ⌈  ⌉   .  

3. Main results 

Theorem 4: 4Let   be a finite group and   be an its endomorphism. Then  
                  if and only if                
for all     { }. Moreover,  
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        {    { }                 }  

Proof: Let     { }.  
    It is clear by the First Isomorphism Theorem. 
    Assume that              . Observe that              . 

Since   is finite, the Isomorphism Theorem and Lagrange's Theorem imply 
                 . Hence,              .  

 
As we know, an  -element cyclic group is the group    of integers modulo 

  under the additive operation. It is clear that for each    , the operation 
         defined by  

         
for all      is an endomorphism of   ; moreover,       for some 
     . It is easy to see that all endomorphisms of    are exactly         
and           for all      . 

Lemma 5: 5Let    . Then  
1. 3  all endomorphisms of    are exactly         and  
2.4  the set of all endomorphisms of    is a commutative monoid under the 

composition; moreover,           for all      .  

Remark 1: 6For each      ,     { } and prime number  , one can see 
that                    and if     then              .  

Corollary 6: 7Let      . Then  

           {⌈           
⌉                    }  

Proof: Suppose that     
    

     
   for some    ,             and 

prime numbers            Then           for all        By 
Proposition 2, Proposition 3 and Lemma 5 (2),  

  
                        

      
        

   

                                   {⌈        
⌉       }  

 

Lemma 7: 8Let       and           . Then      
  
    

      
  are all 

distinct elements in      .  

Proof: For each        , we see that  

  (
  
 )

̅̅ ̅̅ ̅̅   (   )   (   )    
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and for each        , if     
  
 , then       which implies by 

            that    . Hence, the elements      
  
    

      
  are 

distinct in       . Assume that         . Then      and    
   for some 

   . By Division Algorithm,  

     
            

   

for some       with        .  

Theorem 8: 9Let      . Then  

           {⌈          
⌉                    }  

Proof: Let p be prime and    . Suppose that         and        . By 
Lemma 7, |      |  |      |            for all     { }. Hence, if    , 

then |       |     and if    , then |       |    . These imply by Theorem 4 

that        . We will show that       ⌈  ⌉. It is clear if    . Suppose that 

   . By    ⌈  ⌉, we get      ⌈
 
 ⌉  and by     ,   ⌈

 
 ⌉  ⌈  ⌉ which imply 

that     ⌈  ⌉. Since    is a divisor of  ,       and  

  
⌈  ⌉ (    )
̅̅ ̅̅ ̅̅

  ⌈  ⌉
 
      

Hence,           
⌈  ⌉. Observe that  

    ( ⌈  ⌉  )  (⌈  ⌉   )       (⌈  ⌉   )    

Since ⌈  ⌉  
 
   , we get  (⌈  ⌉   )    and     ⌈  ⌉  . So,    ⌈  ⌉   

   

which implies that  

    
⌈  ⌉  (    )

̅̅ ̅̅ ̅̅   ⌈  ⌉   
      

Thus      
⌈  ⌉        

⌈  ⌉ . By Theorem 4,       ⌈  ⌉  Since   is 
arbitrary such that   is prime with     and by Corollary 6, the proof is 
complete. 

Corollary 9: 10For each    , the pre-period       of the cyclic group    of 
order   is    {                        }.  
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Proof: Let       and   be prime that     and       ⌈          ⌉ . Then 

           . If     , then       ⌈  
     ⌉   ; and if    , we are done. 

And by Theorem 8, the proof is complete.  
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