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Abstract

Let G be a group. By Fitting’s lemma, if G is finite abelian and ¢ is the pre-period of G,
then G can be represented as the direct sum of kerf' and f* (G) for all endomorphisms f of G.
In this paper, we will show that the pre-period of a cyclic group of order # is the maximum
of v, (n) (the p-adic valuation of n) for all prime p with p|n. Indeed, the pre-periods of all
endomorphisms of a finite cyclic group are determined in terms of the p-adic valuations.

Subject Classification: 08A60, 08A35, 20E34.
Keywords: Pre-period, Endomorphism, Monounary algebra, Cyclic group.

¥ E-mail: aveya.ch@rmuti.ac.th

" E-mail: napaporn.sr@rmuti.ac.th

§ E-mail: pong_sa_phat@kkumail.com

* E-mail: udomch@kku.ac.th (Corresponding Author)

© @ Taru PuBLicaTIONS


http://www.tarupublications.com
http://dx.doi.org/10.47974/JDMSC-2293

2352 A. CHAROENPOL ET AL.

1. Introduction

An endomorphism plays a crucial role to solve many problems not only in
algebraic structures [1, 2] but also in many categories [3-5]; especially, in groups
[6-9].

Let G be a group and f be an its endomorphism. As we know that
kerft € kerft*! and f'G) 2 f**1(G) for all t € Ny: = N U {0} where f° is
the identity map. If G is finite, there exist m,n € Ny such that kerf™ =
kerf™?1! and f™(G) = f**(G). Such n was studied and known in a
monounary algebra [10-12] as the pre-period (or stabilizer) of f, denoted by
A(f). We can show by the basic facts (Theorem 4) in group theory that m = n.
Moreover by Fitting's lemma [13], if G is abelian, then G = kerf™ @ f™(G). It
is interesting to study the pre-period of an endomorphism of any finite abelian
group.

In the present work, we describe the pre-periods of all endomorphisms of a
finite cyclic group by applying some facts in a monounary algebra.

A monounary algebra is an algebra which is extensively studied [14, 15].
There are closed connections between monounary algebras and all algebraic
structures. One of the connections is the monounary algebra induced by an
endomorphism (see e.g. in [9]). A monounary algebra is a set A equipped with a
unary operation f: A — A and it is denoted by (4, f). Monounary algebras have
the benefit that they are comparatively simple to visualize; especially, they can be
represented as digraphs whose vertices are the elements of A with a directed edge
from a to f(a) forall a € A. A digraph connecting with group theory has been
studied in [16-18] and etc.

The height ht(4, f) of (A4, f) where A is finite is mentioned by the means
of the height of the digraph via the concepts of the cyclic element and the height
ht(x) of element x. Although the height of (4, f) has known and extensively
studied (see e.g. in [19, 20]), we will show in Proposition 1 that it is equal to
A(D.

The pre-period of a finite algebra was defined in [21, 22] and studied for a
finite lattice. In this work, we will study the pre-periods of the cyclic group of
order n in the terms of the p-adic valuations v, (n) of n defined by

vy (n) = {max{b € No|p®|n} if n#0,

(o) ifn=0
for all prime number p.

2. Basic concepts in a monounary algebra
This section will begin with an examination of some fundamental properties
of (4, f) where A is finite. For B C A, observe that if f(B) = B then f isa
permutation and so all elements in B are cyclic. Denote
C(A, f):= {x € A|x is cyclic}.

One see that C(4, f) is the maximum subset B of A with f(B) = B as
the following proposition which can be proven directly.
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Proposition 1: 1Let (4, f) be finite. Then

L1 f(CAf)=CAf);

2.2 foreach B € A, if f(B) =B then B < C(4, f);

3 R4 f) = AP,

Proof: The statements 1 and 2 can be easy proven. Suppose that ht(4, f) = n.
Since for each a € A, f™(a) is cyclic, f*(A) € C(A,f). Since C(4,f) S A
and by the statement 1, we get f™(A) = f**1(A) = C(4, f). Since f* 1(a) is
not cyclic for all @ € A with ht(a) = n, the set f™(4) = C(A4, f) is proper of
f*1(A) and so A(f) = n.

Proposition 2: 2Let ¢, ¢ be unary operations on a finite set A such that
po@=q@o¢. Then

AP ° ) < max{A($), A(¢)}-
Proof: Let m = max{A(¢),A(p)}. Then ¢™(A) = ¢™*1(4A) and ¢™(A) =

@™ (A). By pop =gpod, we get (bop)(A) = (do@)™'(A) and so,
AMPpog) <m.

Proposition 3: 3Let A be a finite set and f: A — A. Then
ky — [2)
A = 2]
for all k € N where [x] is the ceiling function of a real number x.
Proof: Let k €N, t = A(f) and s = A(f*). Observe that f7(A4) = f(A) for
all nonnegative integers r > t.Since t <t +1<t+k < k([ﬂ + 1), we get
t t
ol = rha
=f'A)
t
= (fk)[z]“(A)
which implies s < [£]. Since
fe@ =4

= (f*(4)
— fks+k (A),

we have f¥°(4) = f**1(4) and t < ks. Hence, [1] <s.

3. Main results

Theorem 4: 4Let G be a finite group and [ be an its endomorphism. Then
ker f™ = ker f™*! ifand only if f*(G) = f™**1(G)
for all n € N U {0}. Moreover,
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A(f) = min{n € N U {0}| ker f™ = ker f**1}.

Proof: Let n € N U {0}.

(=) Itis clear by the First Isomorphism Theorem.

(&) Assume that f"(G) = f™*1(G). Observe that kerf™ < kerf™+!.
Since G is finite, the Isomorphism Theorem and Lagrange's Theorem imply
|kerf™| = |kerf™*1|. Hence, kerf™ = kerf™*1.

As we know, an n-element cyclic group is the group Z, of integers modulo
n under the additive operation. It is clear that for each m € Z, the operation
fm:Z, = Z, defined by
fn(x) =mx
for all x € Z, is an endomorphism of Z,; moreover, f,, = f; for some

1 <i<n. Itis easy to see that all endomorphisms of Z,, are exactly f, ..., f,
and fp, © fr = fir forall m, k € Z.

Lemma 5: 5Let n € N. Then
1.3 all endomorphisms of Z,, are exactly f,, ..., f, and

2.4 the set of all endomorphisms of L, is a commutative monoid under the
composition; moreover, fm © fr = fmui for all m, k € L.

Remark 1: 6For each m,n € Z, k € N U {0} and prime number p, one can see
that v,(mn) = v,(m) + v,(n) andif n # 0 then vp(n") = kvp,(n).

Corollary 6: 7Let n,m € N. Then
A
Afm) < max{[v—p(m)] |p is prime and p|m}.

Proof: Suppose that m = pyp,? ...p.~ for some k € N, ay,a,,...a; € N and
prime numbers py,p;,..px. Then v, (m)=aq; for all 1<i<k. By

Proposition 2, Proposition 3 and Lemma 5 (2),
A(fpflpg'z...p:k) = /1(fpal1 ° piz °..o0 fpik

Afp)

a;

< max{[=22] |1 < i < k).

Ve, @O e all
d

n.\l:l
= 5|

Lemma 7: 8Let n,m € N and d = gcd(m,n). Then 5,

distinct elements in ker f,.

Proof: Foreach 0 <r < d — 1, we see that

W) =) =n() =3
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sn

and for each 0<s<d-1, if %=7, then d|r —s which implies by

n 2n (d-1)n

=, =, .,——— are
a’d d
distinct in ker f;,,. Assume that x € ker f,,,. Then n|mx and x = ga for some

1—d<r—s<d-—1 that r =s. Hence, the elements 0,

a € Z. By Division Algorithm,
n n
x=-(dg+r)=nd+_r

forsome q,r €Z with 0 <r <d — 1.
Theorem 8: 9Let n,m € N. Then

Afm) = max{[:p((::)l |p is prime and p|m}.
»

Proof: Let p be prime and p|m. Suppose that a = v,(m) and b = v,(n). By
Lemma 7, |kerf!| = |kerfpi| = gcd(n, pt) forall i € N U {0}. Hence, if i < b,
then |ker fi| = p' and if i > b, then |ker f;!| = p?. These imply by Theorem 4
that A(f,) = b. We will show that A(f,,) > [2]. Itis clear if b = 0. Suppose that

b
a

b o) oBlim] which i
beN. By b < aH, we get pP|p®lal and by p%|m, p®lalimlal which imply

b
that pb|m[5]. Since p? is a divisor of n, :—b € N and
LINETAY byn  —

7La] (p—b) = m[a] p_b = 0.

— b
Hence, pn—b € ker fn[l“l. Observe that

o () = (2]~ )pm = ] -1}

Since [Z] < §+ 1, we get a ([g] - 1) < b and pbm[gl_l. So, nm[E]_ll:—b

which implies that

()= mlal1 -

b
211
N

[el-1 H s -
Thus kerf,* & kerf,* . By Theorem 4, A(f,) = [;] Since p is

arbitrary such that p is prime with p|m and by Corollary 6, the proof is
complete.

Corollary 9: 10For each n € N, the pre-period A(Z,) of the cyclic group Z, of
order n is max{vp (n)|p is prime and p|n}.
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Proof: Let n,m €N and p be prime that p|m and A(f,) = [M . Then

vp(m)
Afm) S vp(n). If p t n, then A(f,) = [
And by Theorem 8, the proof is complete.

0
vp(m)

] = 0; and if p|n, we are done.
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