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1. Introduction

For a finite group G, Akbari, Miraftab and Nikandish [10] introduced the
co-maximal subgroup graph ['(G). More results on the co-maximal subgroup
graph are available in [1] and [4]. Saha, Biswas and Das [8] studied various
properties of the co-maximal subgroup graph of Z, and characterized the value
of n for which the graph is Hamiltonian, Eulerian, perfect, etc. and characterized
various properties like diameter, domination number, etc. The co-maximal
subgroup graph of a finite group G, denoted by I'(G) is defined as a graph in
which vertex set is the collection of all non-trivial proper subgroups of G and two
distinct vertices A and U are adjacent iff AU = G.

The graph labeling and its different techniques were introduced by Rosa [2]
in his work. Graceful labeling of a graph G is defined as an injective function
f:V(G)—-1{01,2,..,|E(G)|} such that the induced function f*:E(G) —
{1,2,3, ..., |E(G)|} defined as f*(uv) = |f(u) — f(v)]| is a bijective function. A
graph that allows for graceful labeling is called a graceful graph. The initial term
used for this kind of labeling in graphs was f-valuation and it was used as an
effective method to decompose a complete graph into isomorphic subgraphs.
Sehgal et al. [3] established that the power graph of the finite abelian group
Zk=1 x 7, is a graceful graph without any condition on k. Recently, Renu et al.
[9] established the gracefulness of prime index graph of groups Z,n, Z,n X Z,
and Z, X Zyn.

Super graceful labeling is a bijection f:V(G) U E(G) = {1,2,3,...,p + q},
where |V(G)|=p and |E(G)| =q, such that f(uv) =|f(uw)— f(v)| for
every uv € E(G). A graph is called a super graceful graph if it admits super
graceful labeling. Lau, Shiu and Ng [5] established results about the super
graceful labeling of disjoint union of specific star graphs, complete graphs,
complete tripartite graphs K;;, and various families of trees. Lau et al. [6]
proved the existence of k-super gracefulness of graphs G with A(G) € {1,2},
where A(G) denotes the maximum degree of a vertex in G.

In this paper, we establish the super gracefulness of co-maximal subgroup

graphs of finite cyclic groups Zyn, Zynpm, Zypny, p. Lyn,m,, and Zp{lp;npé for

n,m,l € N, where p;,p, and p; are distinct prime numbers. The reader may
refer to [7] for the basic results of group theory used in the paper.

2. Notations

This section provides an overview of the notations used throughout the
paper. The following notations are used:

deg(u) degree of vertex u in co-maximal subgroup graph
Nij aset {i,i+1,i+2,..,j}

|G| The cardinality of set G

Zy, Cyclic group under addition modulo n, of order n
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3. Main Results
Theorem 1: The co-maximal subgroup graph of the group Zyn, where p is any
prime number, and n = 2, is a super graceful graph.

Proof: Firstly, we discuss the structure of the co-maximal subgroup graph of Z,n,
where n > 2 (Figure 1).

Since the group Z,» has n — 1 nontrivial proper subgroups, the vertex set
of this graph contains n — 1 vertices.

Let the vertex setbe V(I'(Z,n)) = {H; | i € N]*"1}, where |H;| = p*. Now,
HiH; = Zyn for i,j € NP1 iff lem(|Hy), |H;|) = p™, which is not possible for
any i,j € N1, Consequently, we have E(T (Zpn)) = ¢. Here we get
deg(H;) =0, Vie N1

;2 (—— A,

Figure 1
Co-maximal Subgroup Graph of Group Z,»

We define a mapping f:V(I'(Z,n)) U E(T'(Zyn)) - {1,2,...,n — 1} such
as f(H;) =i, where i € NJ*"1.

Based on the vertex and edge labeling mentioned above, we observe that the
vertex labels of the vertices Hy, H,, ..., H,_; follow a strictly increasing pattern
from 1 to n — 1. Thus, the mapping is a bijection and hence, the graph is super
graceful.

Theorem 2: The co-maximal subgroup graph of the group Zyr,m is a super
graceful graph for n,m € N.

Proof: Firstly, we discuss the structure of the co-maximal subgroup graph of
group Zpyn,m (Figure 2). The group Zyp,m has mn+m+n —1 non-trivial
proper subgroups, so the graph has mn +m +n — 1 vertices.

Let the vertex set be V(I'(Z,p,m)) = {H;|i € Ng and j € Ng'} -
{Hoo, Hpp }, where IHL'jl = p{pé

Now two vertices H;; and Hy; are connected iff lem(|H;;|, |Hy|) =
pipy*. Using this condition, we observe that vertices H,;, j € NJ*~' and

Hyp,i € N1 are adjacent and all the remaining vertices are isolated. Thus, we
have I'(Zpn,m) = Ky U (mn — 1)K;. Clearly, the graph has mn+m+n —1
vertices and mn edges.
Thus, we get
n, i=n,jeNm"!
deg(H;j) =im, {€N; ', j=m
0, ieN}tjenNm?
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Figure 2
Co-maximal Subgroup Graph of Group Z,z,mn

Now, we define a mapping

[V Zprpry)) YVET (Zgrpm))) = {1,2,3,...,2mn + m + n — 1} such as

j+1, i=n,j e N"1
f(Hi_)=jZmn.+m+n—1—(m+1)i, iEN'Lj=m
J m+ j, i=0,j€N"1
A+im+j, i€eN1jeN?
9 . ; n-1 ; _
F(HyHy) = {Zmn +m+n—-2—-(m+1)i—|, ;{Ezl\i(;l é]N—Omr_nl,

Based on the above vertex and edge labeling, we observe that

1. Vertex labels of vertices Hyg, Hpi, -y Hom-1)> Ho1» Hoz» s Hoem-1),
Hig, Hiy, ooy Hpo1yan—1) follow strictly increasing pattern from 1 to
mn+m-—1.

2. Vertex labels of vertices Hiu—2ym >, Hpn—zym > > Hom are in strictly
increasing manner from mn + 3m + 1 to 2mn + m + n — 1, each vertex
having label m + 1 greater than label of its preceding vertex.

3. Vertex label of vertex Hp_1ym is mn+2m and then labels of edges
He1ymHnj,j € N1 are in strictly decreasing manner from mn + 2m —
1 to mn + m. A similar strictly decreasing pattern of labels is followed by
the vertices H;p,i € Ny~ and edges H,Hpj,i € Ni'™2,j € NJ*~' having
label from 2Zmn+m+n—1 to mn+3m + 1.

Thus, each vertex and edge get a distinct label from 1 to 2Zmn+m +n —
1. Hence, the graph is super graceful.

Hlustration: Figure 3 given below for Super Graceful Labeling of co-maximal
subgroup graph of group Zp%pg



CO-MAXIMAL SUBGROUP GRAPHS OF CYCLIC GROUPS 2443

(5]
Figure 3
Super Graceful Labeling of F(Zp%pg)
Theorem 3: The co-maximal subgroup graph of group ZLyny,,. is a super

graceful graph for n € N.

Proof: Firstly, we discuss the structure of the co-maximal subgroup graph of
group  Zpyny, . (Figure 4). The number of vertices in this graph is 4n + 2, as

the group Zyn,,,, has 4n + 2 non-trivial proper subgroups. Let the vertex set
be

VI (Zpyp,p,)) = Hijkli € Ng , j =01, k =01} —{Hpoo, Hn11} , where
|Hiji| = p{p%pé‘, €Ny, j=01 and k=0,1. Now two vertices H;j, and
Hys are adjacent in ['(Zyny,,,) ift lem(|Hyj|, |Hys|) = p1p.ps. Using this
condition, we observe that

1.  The vertices Hyqg, Hp10, Hnoq are adjacent to the vertices Hyq,, i € Nt

and vertices Hjy, are isolated, where i € NJ*™1,

2. Thevertex H,q, isadjacent with vertices H;q; and vertex H,,; is adjacent
with vertices H;;, where i € NJ'' 1.

Thus, we get
n, i=nj=0k=0
3, IENVLj=1k=1
deg(Hij) =<2n+1, i=nj=0Lk=01j#k
|1, IENVLj=01,k=01,j#k
kO, IENYL,j=0k=0

Thus the edge set of this graph contains 5n + 1 edges.

IIOO

AHz01) [Hig| [Hool [Howo| [Huto| [Hawols. I

H(n;1)01|,,»» \ _,_,,_H(n\_l)lo

-“\‘LH n10 = H:?Ql r,_,_,_,,,

]

= ——

I ‘ I
wo
(=}
(=}

7\%\\\\\1 H-
Hge1yi1| rimisiinsn Hyy,i | “’111]/1Hm1] 300
/ H O
[InOO (n—1)00
Figure 4

Co-maximal Subgroup Graph of Group Z,z,,,
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In this graph, there are 4n + 2 vertices and 5n + 1 edges. Let us consider
amapping f:V(I'(Zyrp,p,)) YU E(C(Zprp,p,)) = {1,2,3,...,9n + 3} such as

i+1, iENVYLj=1k=1

3i+1, i=nj=0k=1

6i+1, i=nj=0k=0
f(Huk)=<9i+3' i=nj=1k=0

n+i+1, {(€N}MLj=0k=1
6n+i+3, (ENVLj=1k=0
in+i+1, ieNL,j=0k=0

(6n—1i, e = HpooHjq1,i € N1
9n+2 _i, e =Hn10Hi11’i ENgl_l
fle)=4{3n—1i e = HpoHyy1, i € NO™°

8n+2 _i, e =Hn10Hi01’i ENgl_l
3n+2+41i, e=HygHjoi€N?

where e denotes the edge of the graph and f is a bijective function with
f(HijieHirs) = |f (Hiji) — f (Hirs)| for every edge HyjiHyps € E(T(Zypnp,p,))-

Based on the above vertex and edge labeling, we observe that

1. Vertex labels of vertices Ho11, Hi115-» Hmn—1)11> Hoors Hiors oo
Hn—_1)01 follow strictly increasing pattern from 1 to 2n.

2. Edge labels of edges Hpo1H;11, i € N~ ! are in strictly decreasing manner
from 3n to 2n + 1.

3. Vertex Hpy, islabeled as 3n + 1.
Edge labels of edges HjjqHpgq, | € N follow strictly increasing pattern
from 3n+ 2 to 4n + 1.

5. Vertex labels of vertices Hjqq, § € N*1 follow strictly increasing pattern
from 4n + 2 to 5n.

6. Edge labels of edges HygoH;j11, | € NI follow strictly decreasing pattern
from 6n to 5n + 1.

7. Vertex Hyyo is labeled as 6n+ 1 and edge H,,oHn,, is labeled as
6n + 2.

8. Vertex labels of vertices Hyig, Hi10s ---»Hn-1)10 are in strictly increasing
order from 6n + 3 to 7n + 2.

9. Edge labels of edges HpioHi11, HnioHior» © € NJ™' are in strictly
decreasing order from 9n + 2 to 7n + 3.

10. Vertex H,q( is labeled as 9n + 3.

Thus, each vertex and edge get a distinct label from 1 to 9n + 3. Hence,
the graph is super graceful.
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Ilustration: Figure 5 given below for Super Graceful Labeling of co-maximal
subgroup graph of group Z

\\\5\‘]

P3p2p3

o Sy, T
15 »/:})(:\—\
14 ™

Figure S
Super Graceful Labeling of I'(Z

p3p2ps)

Theorem 4: The co-maximal subgroup graph of group Z,n,m,. is a super
graceful graph for n,m € N and m < n.

Proof: Firstly, we discuss the structure of the co-maximal subgroup graph of
group  Zpn,m,. (Figure 6). As the group Lgrpmy,, has 2mn + 2m + 2n
non-trivial proper subgroups, we have |V(F(Z(p{1p§np3)))| =2mn+2m+ 2n.
Let the vertex set be V(F(Zp;lp;nm)) = {H;jx|li € Ng', jENg", k=0,1} —
{Ho00, Hym1}, where |H;j| = p{p%pé‘, i €N}, j € N™ and k = 0,1. Now, two
vertices H;j and Hy.s are adjacent in ['(Zpnpm, ) iff lem(|Hyj|, [His|) =
p1'pz'ps- Using this condition, we examine the structure of I'(Zyn,m,. ), where
n,meN and m <n,
1. Vertices Hyy,,, i € NV! are adjacent with vertices Hpjo and Hpjq,

jEeNIL

Vertices Hpo, i € N§* are adjacent with vertices Hpjq1,j € NJ*~'.

Vertex Hymo is adjacent with vertices H;j4,i € N§™%,j € Ng™.

4. Vertices H;jo, i € N§'™', j € Ni*™', i = j # 0 are not adjacent with any

vertex.

Thus, we get
2m+1, ieENYj=mk=1
n, i=njeN" k=0
2n+1 i=njeN"tk=1

deg(H;:) = ! ’ o

9Hiji) m, iENFLj=mk=0

lmn+m+n, i=nj=mk=0
0, LENMLjENLi=j#0

Here the edge set of the graph contains 4mn + m + n edges.
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Co-maximal Subgroup Graph of Group Z,m,m;,

In this graph, there are Zmn + 2m + 2n vertices and 4mn+m+n
edges. Let f:V(I'(Zprpmp,))) Y ET(Zgpnpmy,y)) = {1,2,3,....6mn +3m +
3n} be a mapping such that

i+1, i=njeN k=1
m+i+nj+1, PENFLjENM L k=1
3mn+m— (m+ 1)i + 2n, ieENMLj=mk=0
3mn+3m+2n—1, i=0,j=mk=0
6mn + 3m + 3n, i=nj=mk=0
f(Hiji) ={3mn+m+2n+j-1, i=njeENLk=0
Smn+2m+3n—1—(m+1)i, (€N} j=mk=1
3mn+3m+n+i+nj, iENVYLjEN™L k=0
3mn+2n+i-—1, ieEN™Lj=0k=0
4mn+2m+n+i, iENVLi=0k=0
2mn+m+n—i(m+1)—j, e = Him1Hnjo, i € N§™*,j € N1

Smn+2m+3n—i(m+1)—j—2, e=HpyHyj,i ENG L, j€NT
3mn+2n+m—(m+1)i—j—1, e=HpoHyj,i €NJ" L j €N

fle)={3mn+3m+2n—j—2 e = HomoHnj1,j € N§*™*
6mn+3m+3n—j—1, e = HuymoHnj1,j € N§**
mn+m+i(m+1)+1, e = HymoHimy, i € NG°

é6mn+2m+3n—i—nj—1, e = HymoHij1,i € N1, j € N1
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where e denotes the edge of the graph. On the basis of the above vertex and edge
labeling, we observe that

1.

10.

11.

12.

Vertex labels of vertices Hyg1, Hp11s ---sHnm-1)1-Hoo1> Hio1s ---->Hm-1)01-
Ho11, Hi11s - >Hmo1)11, Hoz1s -+ sHm-1)am—1)1 follow strictly increasing
pattern from 1 to m + mn.

Vertex labels of vertex Hy,o is 3mn+3m+2n —1 and then vertex
label of vertices Hypg, ---,Hm-1)mo are in strictly decreasing manner from
3mn+2n—1to 2mn+ 2m+n+ 1 decreasing m + 1 at each step.
Vertex labels of vertices Hpgo , Hpio» - Hpgm-1)o follow strictly
increasing pattern from 3mn+m+2n—1 to 3mn + 2m + 2n — 2.
Vertex labels of vertices Homq >, Himi» -.o» Hp-1ym1 are in strictly
decreasing manner from S5mn+2m+3n—1 to 4mn+3m+2n
decreasing m + 1 at each step.

Vertex labels of vertices Hyq0, Hi10, ---sHm-1)10» Hoz05 - -»Hn-1)am-1)0
follow strictly increasing pattern from 3mn + 3m + 2n to 4mn + 3m +
n — 1 and vertex label of vertices Hpoo, Him+1)00> --»Hn-1)00 are also in
strictly increasing manner from 4mn + 3m +n to 4mn + 2m + 2n — 1.
Vertex labels of vertices Higg, Hzgo, ---»Hm-1)00 are in strictly increasing
order from 3mn + 2n to 3mn+m+ 2n — 2.

The vertex H,,o gets the highest label, 6mn + 3m + 2n.

Edge labels of edges HomiHnjo, j € N§*~' are in strictly decreasing
manner from Zmn+m+n to 2mn+n+1 followed by the edge
HpmoHn-1)ym1 having label 2mn + n. Further strictly decreasing pattern
of labels is followed for edges HjmiHpjo, i € N*™', j € N§*~' followed
by edge labels of H,oHim1, i =n—2,n—3,...,0 in similar n — 1 more
steps considering for each value of i as one step. In these steps, edges get
label from 2mn+n—1to mn+m + 1.

Edge labels of edges HomoHnj1, j € N§*~' are in strictly decreasing
manner from 3mn+3m+2n—2 to 3mn+2m+2n— 1.

Edge labels of edges HimoHpnj1, i € N{'™', j € N*™' are in strictly
decreasing manner from 3mn+2n—2 to 2Zmn+m+n+ 1 skipping
one vertex label that is already given to vertex H;,,, i € NI after each
set of m edge labels.

Edge labels of edges HimiHpji, € N§'™', j € Ny*™' are in strictly
decreasing manner from S5mn+2m+3n—2 to 4mn+2m+2n
skipping one vertex label that is already assigned to vertex Hjny,, i € NJ*™!
after each set of m edge labels.

Edge labels of edges HpmoHnj1, j € N§*~' are in strictly decreasing
manner from 6mn + 3m +3n—1 to 6mn + 2m + 3n.
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13. Edge labels of edges HppmoH;jq, [ € NP1 are in strictly decreasing manner

for each value of j, where j € N* ! from 6mn+2m+3n—1 to
5mn + 2m + 3n.

Thus, each vertex and edge get a distinct label from 1 to 6mn + 3m + 3n.
Hence, the graph is super graceful.

Iustration: Figure 7 given below for Super Graceful Labeling of co-maximal

subgroup graph of group prpgps
14 7/,‘,//"*——\1\; ; 25 28
) 9 =T //f\s)
(KP 4 T T
< 2
AN
<9
9 3(
36 ] i) 32
<y N ‘ 3
N
%
24 Q
~20
41
(44]
34 5
42

Figure 7
Super Graceful Labeling of T'(Z

p3pips)

Theorem 5: The co-maximal subgroup graph of group Zp{lpzn L is a super

P
graceful graph for n,m,l € N, where L <m <n and |l = 2.

Proof: Firstly, we discuss the structure of the co-maximal subgroup graph of
group Zpilp;npé (Figure 8). As the group Zp;lpgnpé has (I+1)(mn+m+
n) + 1 —1 non-trivial proper subgroups, we have |V(I‘(Zp§lp12npé))| =+
D(mn +m+n) + 1 — 1. Let the vertex set be V(F(Zp;lp;npé)) = {H;j|i € Ny,
Jj € NF*, k € N&} — {Hooo, Hnmi}» Where |Hj| = pipipk. Now two vertices
Hiji and H,g are adjacent in F(Zp?p;"pé) iff lem (|Hijl, |Hrse|) = DYDY DS

Using this condition, we examine the structure of F(Zp111p;npé ), where
nmleN [<m<nandl=2.
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1. Vertices Hyjy,j € N1k € N7t are adjacent with vertices Hypy,i €
NJt

2. Vertices Hjp, i € N~' are adjacent with vertices Hyj,j € Ni*~' and
Hnmkik € N(g_l'

3. Vertices Hy,j,j € NJ*™" are adjacent with vertices Hpp, k € N§™' and
Hip, i € NGk € N1

4. Vertices H;j,i € N¢~',j € Ng*~" are adjacent with vertices Hypy, k €
N§TL

5. Vertices H;j, i € N1 j € Ni* 1 k € N§™* are isolated.

Thus, we get
n, i=njeN" 1 keN?
m, i €N j=mkeN,
I iENFLjeENLk=1,

deg(Hijx) ={lm+m+1, ie€NVLj=mk=]I,
In+n+l, i=njeN" k=1,
mn+m+n, i=nj=mkeN?,
0, otherwise

Thus, the graph has 3lmn + mn + [(m + n) edges.

Hm—1)g-1)

|Hn(m|—l)1
:\ H(nul)'mll Hn(m~l)l !

LA W74 7] N M
““ i ; ’(’4

B ok '/, LA
n01] ,Q" 1ml ‘v‘ '4’7 i"‘\ R
752 A &

Hn(mfl)() !“\ '4""4 "‘\‘"

i HOml

V‘i’\lﬁc
P AN
i P sy

Haa~-{Fo—1 0] Hona] Hrgh-——- =)

Figure 8
Co-maximal Subgroup Graph of Group Z

PIPYPS
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In this graph, we have (I+1)(mn+m+n)+1—1 vertices and

3lmn + mn + l(m + n) edges.
Let f: V(F(Z(p{lpgnpé))) U E(F(Z(pglp;npé))) - {1,2,..4lmn + 2mn + 2lm +

2In + m 4+ n+ [ — 1} be a mapping such that
j+1, i=njeNLk=1
m+nj+i+1, iENMLjeNMYL k=],
Imn+mn+im+m+n+l+Mm+D((-k)n—-((+1)),
i€ENFLj=mkeN1
2lmn+mn+2In+m—-1l+j+k(mn+m+1),
i=nj€eN"1keN
f(Hij) ={3lmn+2mn+Im+2iIn+m+n—1-i(m+ 1),
LENV Y j=mk=1
2lmn +2mn+2n+m+n—-I01-2-(m+ 1) - 1),
iENYj=mk=0
3imn+Iim+2ln+2m-—1, i=0,j=mk=0
3lmn+3mn+Im+2in+2m+n+k(mn+m+1),
i=nj=mkeN;™?

(imn+mn+im+n+l—j—-1—-i(m+1)—k(mn+m+1),

e = HyniHpji i € N§1j € Nk € N§ 2,
3mn+2mn+Im+2ln+m+n—j—-2—-i(m+1),

e = HyyHyj, i € NG, j € NP,
mn+m+1+im+1)+k(mn+m+ 1),

e = HypiHin, 1 € N1 k€ NGT1
3lmn+3mn+Im+2ln+2m+n+k(mn+m+1)—j—1,

e = HymiHnji,j € N§* 1 k € N§™%,
Imn+mn+im+m+n+l+m+D)(({-kn-(>(+1)—j—-1,
e = HymiHpji,i € N ™'k € N{7%,j € NP,

2lmn + 2mn+2In+m+n—-101-3—j—-(m+ DI - 1),
e = HymoHyj, i € N1, j € N1
3lmn+Im+2ln+2m-—-2—j,
e = HOmOHnjlﬂj € Ngn—l’
3mn+3mn+Im+2In+m+n+k(mn+m+1)—jn—i—1,
e = HymHiji, k € N§TL i € NFLj € N1
where, e denotes edge of the graph. Remaining Imn — 1 labels make one-one
correspondence with the set of isolated vertices, that contains Imn — 1 vertices.

fle)=

Using the vertex and edge labeling described above, we observe that
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10.

Vertex labels of wvertices Hyop, Hpapy oo s Hogm-1)10 Hoo1, Hiops o
Hn_1)(m-1y are in strictly increasing order from 1 to m + mn.

Vertex Hpm-1y gets label 4lmn + 2mn + 2lm +2ln+m+n+1-1,
then edges Hpm(i—1)Hnji,J € NJ* ! get labels in decreasing manner. They
are decreasing by 1 for each succeeding edge upto label 4lmn + 2mn +
2lm+2In+n+1-1.

Strictly decreasing pattern of labels is observed for edges Hpp-1)Hiji, L €
NFLjeN™t  from  4lmn+2mn+2lm+2ln+n+1—-2  to
4lmn+mn+2lm+2In+n+1-1.

Vertex Hpmg-z) gets label 4lmn+mn+2im+2in+n+1—-2 and
then the same type of decreasing pattern is followed for edges
Hpma-2yHij, i € N¢™',j € Ng*™* as followed in (4). Similar pattern of
labels is followed by wvertices Hpmp, k =1—3,1—4,...,0 and edges
HpmiHij k =1—-3,1—4,..,0,i € N}™%,j € NJ*~'. Thus we come across
the label upto 3lmn + 2mn +Im + 2ln + m + n.

Vertices Hjp,i € NJ'™' get labels decreasing (m + 1) at each vertex
starting from 3lmn+2mn+Im+2in+m+n—1. At each step the
in-between m labels are given to edges HimHyj,i € NG~ ', j € N* 1.
Last label in this sequence is 3lmn + mn + Im + 2In + 2m.

Vertex Hy,o gets label 3lmn + Im + 2In + 2m — 1, then labels are given
to edges HomoHnji,j € NJ™ ' in strictly decreasing manner upto label
Blmn+Im+2in+m-—1.

For each k, labels of vertices Hyjp j=m—1m-2, ..,0k € Nll'1 are
decreasing by 1 and for each j, labels of vertices Hpjy, j=m—1,m—
2,..,00k=101-1,1-2,..,1 are decreasing by mn + m + 1. Thus we get
labels from 3lmn+Im+2ln+m—2 to 2lmn+ 2ln+ 2mn + 2m —
l + 1. The in-between remaining labels are given to isolated vertices.
Vertex Hq,,o gets label 2lmn + 2mn + 2ln + m +n — [ — 2, then labels
decreasing by 1 are obtained for edges HiymoHnji,j € NI 1. The next
label is given to vertex H,,,, and labels decreasing by 1 are obtained for
edges HymoHyji,j € NJ™~1. Same pattern is followed for vertices Hjpg, i €
N3~ and edges HipoHypj,i € NF~ 1, j € Ni* " upto label 2lmn + mn +
2In+2m - L

The next label 2lmn +mn+2in+2m—1—1 is given t0 Hpin_1)0»
then labels are decreasing by 1 for vertices Hyjo,j =m —2,m—3,...,0
upto label 2lmn +mn 4+ 2In+m — L.

Vertex Hyp,q gets label 2lmn + Im + In 4+ 1 — 1, then labels decreasing
by 1 are obtained for edges HopiHyji,j € NJ*™ 1. The next decreasing
label is given to Hypy followed by edges HipmiHyji,j € N1, Similar
pattern follows for vertices Himy, i € N3~k € N{~* and edges HipmyHnji,
i €NV keNjeN " upto label lmn +mn+Im+n+ L



2452 U. KUMARI ET AL.

11. Edges HyjoHomi,j € NJ™™1 get decreasing pattern of labels from Imn +
mn+Ilm+n+l—1to Imn+mn+Im—-—m+n+1 followed by edge
label Imn+mn+im—-m+n+l—-1 of edge Hp_1ymibnma-1) -
Similar decreasing pattern of labels is obtained for edges HpjoHim;,j €
N, i € N{' followed by edge HopmyHpmq-1y having label Imn +
Im + L. For each k the same pattern of decreasing labels is obtained for
edges HyjHimi,j € N* ', i € NJ'™' followed by edge labels of edges
HimiHpmi i € N1k =1-2,1—3,...,1 upto label mn +m + 1.

12. The remaining labels are given to the isolated vertices.

Thus, we obtain distinct labels from 1 to 4lmn + 2mn + 2lm + 2in +
m+n+1—1 for the vertices and edges of this graph. So, the function f is
bijective. Hence, we obtain super graceful graph.

Ilustration: Figure 9 given below for Super Graceful Labeling of co-maximal
subgroup graph of group L2 2,2

Figure 9
Super Graceful Labeling of I'(Z

pinip?)

Conclusion

The results proved in the present paper establish a new class of super
graceful graphs with the help of co-maximal subgroup graphs of finite cyclic

groups Zpn, Zynym, Lyny oo Lynpmy, and Zp{y,p;npé for n,m,l € N.
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