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Abstract

Construction of irreducible polynomials hold significant importance in coding theory,
complexity theory and cryptography. Irreducible polynomials also helps us to generate
non-zero elements of finite fields. In the present work, starting from a specified n degree
irreducible polynomial, the methods to construct irreducible polynomials with a degree
6n over finite field F,s are explored. Additionally, a method for generating irreducible
polynomial of degree p’n over finite field F, by polynomial composition under specific
constraints related to coefficients and the degree of initial irreducible polynomial is given.

Subject Classification: 11706, 12E05, 12E20.

Keywords: Trace function, Irreducible polynomials, Finite fields.

1. Introduction

The study of Irreducible Polynomials (IRPs) over finite fields stands as a
cornerstone in modern algebra and has far-reaching implications across various
fields of mathematics and computer science. These polynomials, which cannot be
factored into non-trivial polynomials over a given field have significant
applications in cryptography, error-correcting codes and combinatorial designs,
among others see [15, 16, 18]. The ability to construct such polynomials
efficiently and systematically is therefore of paramount importance.

Finite fields, also known as Galois fields, play a central role in this
construction process. These fields consist of a finite number of elements and
possess algebraic properties that distinguish them from fields of infinite order.
Understanding the structure and properties of finite fields is crucial for devising
methods to construct irreducible polynomials within them.

The quest to construct irreducible polynomials over finite fields has spurred
considerable research activity, leading to the development of various algorithms
and techniques. These methods often leverage insights from algebraic number
theory, abstract algebra and computational complexity theory. Many authors have
given different algorithms for recursive and recurrent construction of irreducible
polynomials over the years, see [1, 3, 11, 19, 22, 23,25,5,12,7, 24,9, 20]. While
previous research discusses structural properties of polynomials over finite fields,
such as matroidal root structure of skew polynomials [26], the search for efficient
and versatile algorithms for constructing irreducible polynomials remains an
active area of investigation.

In [1] by choosing initial n degree irreducible polynomial f(x) = d,x™ +
dp_1+...+dix +dy over Fy. Irreducibility of composite polynomials (x? —

xP-lx+k
lx + m)n (xp—lx+m
Additionally, IRPs sequences of degree of n2™ and np™,m €N, are
constructed over Fe and F,x respectively. Kim and Son [11] used the
transformation x — % to construct infinite sequences of irreducible
polynomials over [F, having characteristic p. Also, using iterations for this

) over finite fields is given for some special cases.
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transformation authors constructed k-normal polynomials having degree np* in
[F4[x] taking an initial n degree k-normal polynomial. These methods not only
provide theoretical insights into the structure of finite fields but also facilitate
efficient computation in applied fields such as cryptography and coding theory,
see [2, 4, 6, 10, 13, 14, 17, 18, 21]. The present work is motivated by the results
given by Sharma et al. [19], where the authors constructed IRPs of degree 4n
over the finite field F,m for an initial n degree IRP. In addition to this, IRPs of
degree p?n are constructed for a given n degree IRPs by taking some
constraints and using composition method.

In this paper, we embark on an exploration of the construction of irreducible
polynomials over finite fields. We delve into the fundamental concepts
underlying finite fields and irreducible polynomials, laying the groundwork for
understanding the intricacies involved in their construction. Furthermore, we
present novel approaches, refinements aimed at enhancing the efficiency and
applicability of irreducible polynomial construction for algorithms. Leveraging
recent advancements in computational techniques and mathematical insights, we
propose innovative strategies for generating irreducible polynomials over finite
fields, contributing to the ongoing discourse in this field.

In the second section, the preliminaries related to research work are
discussed. In the third section, our primary findings are given, where IRPs of
degree 6n, 9n and p?n are constructed. In the fourth section, we conclude our
results.

2. Preliminaries
Definition 2.1: [15] For y € F,n, the trace TT]Fqn/qu(]/) of y over F, is

defined as

n-1

2
TTpu/pg ) =y v +y? 4 +y1

Definition 2.2: [15] The polynomial f*(x) = x"f (i) is known as the

reciprocal polynomial of any polynomial f(x).

Proposition 2.1: [8] Let P(x) € F;[x] be an n degree IRP and r(x),s(x) €

F,[x] are two coprime polynomials, then the composition

(€3]
H(x)=P (%) s™(x)
is an IRP if and only if r(x) — ys(x) is an IRP over Fyn, where y € Fyn is any
root of P(x).

Proposition 2.2: [18] In F,[x], x¥ — x — [ is anirreducible trinomial if and only
if Trgq/rp(1) # 0, where s is the characteristic of F, and | € F,.

Proposition 2.3: [18] For [,m € Fj, xP — Ix —m is an irreducible trinomial
over F, ifand only if | = BP~* for some B € F, and TTr,/r, (m/BP) # 0.
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Proposition 2.4: [20] For an n degree IRP L(x) = X", l;x! over Fgq, the
polynomial
H(x) =1L (7"”"""1“) - (xP)
xP
of degree pn over [, is an IRP if and only if
TT]Fq/er (n + LL*(((?))

) #0.

Theorem 2.1: [1] Let xP —Ix+m and xP —lx + k € F; be two coprime
polynomials and L(x) = ¥ c;x' is a n degree IRP over Fy such that n = 2
and let | € IF‘Z,m,k € Fy, (m, k) = (0,0). Then,

H@) = L(5220) . o — b+ k)"

xP—-Ilx+k

is an IRP of degree pn over F if,
Ng,r, (D =1

1 ((m—k)LI(1)
Trlpq/lpp <B—p (7“1) + kn)> * 0,

where BP™' = [, B € Fn.

and

3. Main Results

This section presents the constructions of IRPs of degree 6m and p?n by
using an IRP of degree n over Fg applying composition method for
irreducibility of polynomials [8]. Further, an IRP of degree 9n is constructed for
an initially defined IRP of degree n with the help of Corollary 1.

Lemma 3.1: For any IRP, L(x)= Y&, lix' over Fq of degree n, the
polynomial
xP—xP~141

H(X) =1L (W) . (Xp_l - 1)n
over F, isa pn degree IRP if and only if
Lr(1)
TT]Fq/]Fp (E) #0
Proof: By applying Proposition 2.3, H(x) over [, is an IRP if and only if
(x? —xP71 + 1) —y(xP~" — 1) is an IRP over Fyn, where y € [, is a root of
L(x). Precisely, H(x) is an IRP if and only if x? — x — (}/_Tll) is an IRP over

Fqn. Also, using Proposition 2.4, xP — x — (V_Tll) is irreducible if and only if

Tr]]:qn /Fp (Y_Tll) * 0.

Given that,
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L(x) =31, Lixt =1y + Lix + [x? + I;x3+...... +1,x". (1)
Therefore,

x+1
75 /8, (V) = —TT5 s, ( )

X

Now,
L) =t + 1 () +1, (":1)2 +l ("7”)3 ot (B @
Since,
TF n/Fp (y__+11) = T7¥,/¥, (Trqun/qu (y__1-11)>
and
TFn/Fq (y__+11) - i,((f)) .
Therefore,

T q"/Fp (y_+11) = ~TTx/p, (l;’((ll)))

Hence, H(x) is an IRP over Fq, if and only if
Lr(1)
Tr]Fq/le (m) *0
Theorem 3.1: For q = 3% and L(x) = Y%, Lix’ be an IRP of degree n over

L*1(0) Lr(0)
Fgq. Assume that Tr]Fq/]F3 (L*(O)) #* 0 and Tr]]-‘q/le (L(O)) # 0. Then, 6n degree
IRP over T, is defined as

9 1 ox7 +2x5 4253
t(x) =L (x +2x7+2x°+2x ) . (xz _ 1)3n.

@2-1)?

Proof: For aroot y of L(x) over Fn,
Tr]Fqn/]F3 W = T”]Fq/lF3 (Trg 7/Fq )
-1\ _ ln—
= Trige, (S22) = Tregm, (52)

= —TT']Fq /F3 (LL*,(((;))))

By assumption,
L*1(0)
T 55 (ar) # 0
Now, f(x)=x>—x—y in Fg[x] is irreducible according to
Proposition 2.2. Using Lemma 3.1, polynomial H(x) is defined as

HEO = f(5550) - o2 - 1)?

is an IRP if and only if Tr]Fqn /Fp (};'((11))) * 0.

This gives,
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Trqun /Fp (_—2) * 0.

Y

So,

TT by (i) £ 0.
That is,

Ty /my (_l_f)l) = ~T7¥ym, (‘1_21) 0.

So,

Tre e, (%) #0.
Thus,

HE) = f (520 (2 - 1)°

_ ((x3x_2x_21+1)3 B (x3x_2x_21+1) _ ]/> (% = 1)

= (x°+ 2x7 + 2x5 + 2x3) —y(x? — 1)3
is an IRP over [Fyn. Therefore, according to the Proposition 2.1, IRP of degree 6n
over [F, denoted as t(x) is given by

x%+2x7 +2x5+2x3
t(X) =1L (W) . (xz - 1)37’1.

Example 3.1: Let [(x) =x>+x?4+x+2 be an IRP over F;. Now,
Trs;3(1) # 0 and Try )3 (%) # 0. Here, all the assumptions of the above theorem

are satisfied, therefore the polynomial

9 51953
H(x) = l(x +2x7+2x5+2x ) (2 —1)°

(x2-1)3
_ <()cg+2)c7+2xs+2x3)3 (x9+2x7+2xS+2x3)2
B @2-1)? @?-1)3
x%+2x7 +2x5+2x3 2 9
+ (—(x2—1)3 )+2)- @2 -1)

= 2?7 4+ 1% + x%2 + 2670 + 2x10 + x18 + 2077 + 2x70 + 2x1°
+2xB X124 20T 4 24 x84+ 207 +2x0 + 2x5 + 243 + 1

is an IRP of degree 27 over F;.

Theorem 3.2: Let L(x) = Xi, l;ix" be an n degree IRP over F,, q =p*.

Assume that Tr,/r, (LL*’—((OO))) #* 0 and T, /r, (%) # 0. Then,

(xP—xP~141)P—(xP~1-1)P~L(xP-xP~1+1) -
t(x) = L( T ) . (xp 1_ 1)pn

is an IRP having degree p*n over Fq.
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Proof: Consider a root y € [Fyn of L(x). As Tr,/F, (%) # 0, the
polynomial, f(x)=xP —x—y in Fgn[x] is irreducible, as stated in
Proposition 2.2. Further, by Lemma 3.1 the polynomial

HE) = f (55 @ = 1
over Fgn is irreducible if and only if TT]Fqn/[F,, (&) # 0. That is,

)
TT]Fqn/]Fp G) * 0.

Since,
TTIFq"/ Fp (%) = TT]Fq/ Fp (Tr]Fq"/ Fq (11/)>
= —TTr/m, (i_(l)) *0.
Therefore,
Ty /F, (i_;) = TTrg/F,y (i,((:))) # 0.
Thus,

xP—xP~ 141

HE) = f(S5=0) - P = 1P
over Fgn isanIRP. As f(x) =xP —x —y,s0

xp—xp_1+1)p (xp—xp_1+1

H(x) = (( xP1-1 xP1-1 ) h y) (P = 1P
=((xP —xPT+1)P — (xP —xP L+ (P - DPL—y(xP7E - 1)P)
over F,n is an IRP. Hence, the obtained IRP over F, of degree p®n is

(xP—xP~14+1)P—(xP-xP~14+1)(xP~1-1)P~1

t(x) =1L ( i ) (Pt — 1P,

Example 3.2: Let Fy3 = F5(y), where y is a root of a IRP x® + 2x + 1 over
[F5. Consider the polynomial L(x) = (y + Dx3+ (2 + Dx2 +yx+ (2 + 1)

2

which is irreducible over Fss. It follows that, Trjs /3 (ﬂ) =2#0 and
y+1

Tr3s; (VZLH) =2 # 0. Since assumptions of Theorem 3.2 are met, so the

polynomial

x%+2x7 +2x5+2x3

H(x) =L (W) C(x2—1)°

2
x%+2x7 +2x5+2x3 x9+2x7+2x5+2x3)

- ((y +1 (W)B O+ 1)( 1)

n (x9+2x7+2x5+2x3

2 (2 119
)+ (P4 D) (- D)
=1+ + (A +y?)x** + (y? + Dx?? + 2x21 + (2 + 2y)x?°
+2yxt + 2yx17 + (2 4+ 2yH)xt0 + (2 + 2y)xt5 4 2yx13
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+(1+y?)x™ +2yx™ + 2+ 2p)x° + (1 +yH)x® + 2yx7
+(2+2y®)x® +yx® + 2x3y + 2 + 2y

is an IRP over [Fjs.

Theorem 3.3: Let L(x) = Y, l;x' be an n degree IRP over Fq, q =

L 7(0)) # 0 and Ty, /g, (n) # 0. Then, the polynomzal

Consider that T, /r, (L*(O)

(xP—xP7141)P—(xP—xP~14+1)xP~1

- . (xP)P"
t@) =L o ) (xP)
over B, is an IRP having degree p*n .

L*1(0)
- (0)) £0 the

polynomial, f(x) =x” —x—y in Fgn[x] is irreducible, as stated in
Proposition 2.2. Furthermore, applying Proposotion 2.4, the polynomial

Proof: Consider a root y € Fgn of L(x). As Tr[Fq/]Fp(

xP—xP~141
H(x)=f (T) S ()"
over [Fyn is an IRP if and only if T7,,,(n + r* I((c?))) *0

Let

fx)=xP —x—vy.
Then, the reciprocal polynomial of f(x) using Definition 2.2 is,
f*(x) = —yx™ — x4 x™7P,
fr1(0)
I (0)) TR, /5, ().
By assumption H(x) is irreducible if and only if TTr, /¥, (n) # 0. Thus,

P_xP~141
HQ) = f (550 - (enyp
over Fyn is an IRP. Now,
xP—xP~141\?P xP—xP~141
= (22— (22 ).y
=P —xP1+1)P — (xP —xP71 + DxP7t —y(xP)P

over Fgn is an IRP.

Therefore, Trqu /Fp (n +

Therefore, by applying Proposition 2.1, we get an IRP of degree p*n over
F, denoted by

(xP—xP~141)P—(xP—xP~14+1)xP~1

() =L o ) ()P,

Corollary 1: Consider an IRP P(x) = Y%, ¢;x' of degree 3 over F, with
q = 3% and let x® — Ix + m and x3® — bx + k be relatively prime polynomials
in Fy[x]. Let | € Fy,m,k € Fy and (m, k) # (0,0). Then,

S—lx+m

HQ) =P (2

x3-Ix+k

) (=l + kP
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1 (m-k)Pr(1)

P(1) +

over [F, is an IRP of degree pn if N[Fq/lF =1 and Trqu/[Fp(
3m) # 0.

Proof: An IRP f(x) over [y, can be expressed over Fyn as

f)=c3Tlimo X =7v"), €T 3)
such that, y is a root of P(x). Multiplying both sides of 3 by (x* — Ix + k) and
) we have

x3-lx+k /)’

x3-lx+m

subsitituting x = (

x3-lx+m
H(x) = (m) . (X3 —Ix+ k)3

=3[, (3 —Ix +m) —y?“(x® — Ix + k))
=3[ (L—yT ) — (A —yT)lx + (m—y"))

= caTTco (1 =) (¥ = b + 200

m-— yq h
1-y4*

q°—1

-t (e e

Using Theorem 2.1, the polynomial (x* —lx + m) —y(x® — lx + k) or

(x3 —Ix - n:/__};k) is irreducible over F, if and only if | = B®™Y for some

B € Fyn. Also, Tr]Fqn /F3 ( ) # 0 by the Proposition 2.3. It is obvious that

BP(y-1)
N, /s (1) = 1, so there always exists B € [F, such that BP~! = [.

Now, calculating the trace,

m-yk \ _ 1 m-yk
Trqus/lFs (Bp(y—l)) = TTr,/ms (Bp Tr“‘“q3/IFq ( y-1 )>

Here,

m—ky\ _ m\ y—1+1
Ty ¢3/Fa ( y-1 ) - Tr[Fq3/[Fq (y—l) kTrqu3/[Fq( y-1 )

= mI7y ¢3/Fa (yll) k <TT]F03/]F‘1(1) * Tr]Fq3/IFq (ﬁ)>

m—ky 1
Now, to find Tr[pq3 /Fq (—) we firstly calculate Ty 43/Fa (y 1)
Since,
P(x) = ¢y + c1X + ¢x2 + c3x3.
Therefore,

Px+1D)=cota@x+1)+c(x+1D%+c3(x+1)3 =32, dix!
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and

L _ _ﬂ __Pr(1)
Tr[Fq3/[Fq (y—l) T dy P

m-—yk _ 1 mPr(1) _ _ Pr(1)
Tr]Fq3/[Fq (Bp(y—l)) = TTr,/m, (BP ( P(1) k (3 P(l))>>
- _ 1 (m-iPr 1)
- TrFq/"’p (BP P(1) + 3k) .

1 (m=k)Pr(1)
BP  P(1)

)-(353—lx+k)3

Hence, by assumption Tr]Fq /Fp ( + 3k) # 0. Therefore,

x3-lx+m
x3—lx+k

H(x):P(

is an IRP of degree pn over F,.

Theorem 3.4: Let L(x) = Y%, l;x' be an n degree IRP over Fq, q =3°

. L*1(0) (c+h) (L1(0)
Consider that Tx,/F, (L*(O)) #0 and T, /v, <B—P (m)> # 0, where
L € Fy and m, k € Fy, (m, k) # (0,0). Then, an IRP h(x) of degree 9n over
Fq is defined as
h@x) = L(

(m=k)(x3—1x+m) (2x3 —21x+m+k)
(x3-lx+k)

). (=l + k)"

L*1(0)
—L*(O)) # 0, the

polynomial f(x) = x* —x —y in Fn[x] is irreducible, as stated in Proposition

Proof: Consider a root y € Fgn of L(x). As TTIFq/[F,,(

2.2. Now, using Corollary 1, the polynomial
HEo) = £ (

is irreducible over Fyn if

1 (m-K)f1(1)
TT o e, (B—p (—m) n 3k)) + 0.

That is, Tru.-qn /Fs <(";;pk) (_72)) # 0. Equivalently, Trﬂ.-qn /Fs (

Here,

x3—lx+m
x3-lx+k

) (=l + k)P

(m-k)
BPy

) # 0.

(m-k)\ _ (m-k)
TTJFqn/ng (—pr ) = T7, /¥, (TT'qun/qu (—pr ))

. (m-k) .
Firstly, we need to calculate <Tr[Fqn /Fq (B—py)) That is,
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(17 (52)) =5 77000 ()

So,
m+k\ _ _ (m+k) w
T gn /s (W) = ~TTrg/p; ( BP (L(O))> *#0.
That is,
(m+k) (L1(0)
Tr]Fq/]Fg ( I (L(_O))> *+ 0.
Thus,

HGO = £ (5 - (a3 = I+ k)P

x3-lx+k
over Fyn is an IRP. That is,

H(x) = (x3—bx+c)3 _ ((x3_bx+c) _ y) - (x® = bx + h)

x3-bx+h x3-bx+h

=(c—h)x>—Ix+m)2x3 - 2lx+ m+k) —y(x® —lx + k)?

2393

is an IRP over [F n. Hence, By Proposition 2.1, IRP having degree 9n over F,

is:

_ 3_ 3_
t(x) =1 ((m k) (x> =Ilx+m)(2x 2!x+m+k)) . (x3 e+ k)3”.

(x3-Ix+k)

4. Conclusion

The paper explores techniques for constructing irreducible polynomials of
specific degrees 6n over Fis and p?n over Fp,s. It employs results and
methods tailored for these constructions within the framework of finite fields and
the composition method. This work is valuable for applications in coding theory,
cryptography and other fields where finite fields and polynomial constructions

play a crucial role.
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