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Solving the eigenproblems of triangular and diagonal strictly double 
 -astic matrices over min-plus algebra 

Abstract 
The algebraic structure defined by the triple (        ), commonly 

referred to as min-plus algebraic semi-field. The eigenvalue and eigenvector 
problem is one of the key issue in min-plus algebra. With a literature review as 
the research method, this paper investigates and derives explicit formulas for 
solving the eigenproblem of two special matrices over min-plus semi-field. 
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1. Introduction 
Min-plus algebra is one of many idempotent semi-field that has been 

studied across various fields of mathematics, another notable instance is max 
algebra [4]. We work wih the min-plus semi-field which is the set       
*  +, accompanied by minimal (  ) operation as addition and regular addition 
( ) as multiplication [9]. Formally, for every         applies 
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          (   )  and           
Furthermore, a matrix operates under the min-plus algebra, where addition 

is replaced by the minimum operation, and multiplication is replaced by 
standard addition. Moreover, a square matrix over min-plus semi-field is an 
    matrix whose entries are elements of    , where the set of these square 
matrices is denoted by    

    [1]. We define various operations within    
   . 

a) Let   and      
   . Then (    )      {       }. 

b) Let   and      
   . Then (   )   ⨁ (       )   

      . 
c) For all set of matrix over min-plus semi-field, there exist identity matrix 

with respect to   such that          . We have 

  (
    

   
    

)  

d) Let       and      
   . Then (   )        . 

e) Let      
    and    . Then the power operation of   is expressed as 

         ⏟              
     times 

In conventional algebra, we can define the determinant for any square 
matrices. The determinant is calculated using a specific formula involving the 
matrix element. Since the concept of a determinant in min-plus algebra has no 
straightforward equivalent in classical algebra due to the lacks of an additive 
inverse, the determinant of matrices over min-plus algebra can be expressed 
using the permanent [6]. It is described as the minimum sum of the products of 
elements forming specific paths within the matrix. A specific path often refers to 
selecting elements in a particular way, such as choosing one element from each 
row and column without repeating any row or column, which can also be 
described as a permutation of elements. This influences how characteristic 
polynomials are determined. 

Formally, we expressed for a matrix      
    as 

    ( )  ⨁ 
 

    

⨂(   ( ))
 

   
 

where   denote the permutation and    is a set of all permutations from 
*       + [6]. The concept of the permanent replaces the determinant structure 
and provides a way to define the characeristic polynomial structure in the 
context of the minimal and addition operations, such that the definition of the 
characeristic min-polynomial can be adapted to the definition of the 
characteristic polynomial in classical algebra. Therefore, by [5], the 
characteristic min-polynomial of   is defined as 
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 ( ) 
      (      )  

Moreover, for each square matrix    
    can also get its characteristic 

polynomial and satisfies its own characteristic equation by using Cayley-
Hamilton theorem in min-plus algebra [7]. 

In its application, min-plus semi-field proves invaluable for selecting the 
shortest and most effective route for a journey, which is highly useful for supply 
chain efficiency [3]. The problem is closely related to an algebraic concept 
known as the eigenproblem solving. The eigenproblem is done by determining 
the eigenvalue ( ) and the corresponding eigenvector ( ) such in a way that it 
satisfies the equation         [1]. In min-plus semi-field, we can 
determine the eigenvalues and eigenvectors corresponding to eigenvalues by the 
characteristic min-polynomial [10]. 

Beyond the general discussion of square matrices, some researchers delve 
into special types of matrices. For instance, Jafari and Hosseinyazdi [2] explored 
triangular matrices and diagonal (or certain) strictly double  -astic matrices in 
their paper. Both matrices are examples of square matrices that possess special 
properties. Furthermore, research by Siswanto and Maghribi [8] extends these 
two matrices to min-plus algebra and establishes properties for determining the 
eigenvalue of these matrices through their characteristic min-polynomial. 

Let      
   . A square matrix   is triangular if every element either 

above or below the main diagonal is equal to    [8]. And let      
   . A square 

matrix   is called diagonal strictly double  -astic if       , there is only 
one finite element on each row and on each column of  , and its finite element 
is the diagonal element on the matrix   [8]. Based on the definitions of these 
two matrices, in general, matrix   and matrix   can be written as follows: 

  [

      
     

    
    

  
      

  
    

]             [
     

     
   

   

  
      

  
    

] 

Building on the min-plus algebraic structure, Jafari and Hosseinyazdi’s 
paper, and also Siswanto and Maghribi’s research, we will dive into the specific 
formula for solving the eigenvalue and eigenvector problem specifically of these 
two special matrices. 

2. Methods 
A literature review serves as the research method for this paper, with 

references consisting of books, journals, and other relevant writings related to 
this research. Additionally, the researcher also uses references that discuss 
characteristic polynomials and eigenvalue problems of triangular matrices and 
diagonal strictly double  -astic matrices over max-plus semi-field. From this 
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method, the solution to the eigenproblem of these two matrices over min-plus 
semi-field can be determined. 
 
The steps taken in this research are as follows: 
1) Reviewing fundamental concepts 
2) Exploring the relationship with the permanent 
3) Recalling the form of the characteristic polynomial by the previous 

research 
4) Formulating and proving the special formula for solving eigenvalues and 

corresponding eigenvectors of these two matrices over min-plus semi-field 
5) Implementing in specific cases 

3. Solving the eigenvalue and eigenvector problem of the triangular matrix 
In conventional algebra, there is a specific method to determine the 

eigenvalues of upper or lower triangular matrices. The eigenvalues of a 
triangular matrix correspond to the elements along its diagonal. Because of the 
utilization of the minimum operation in the min-plus algebra, eigenvalues can be 
interpreted as unique values that optimize a particular function. The formula for 
determining the eigenvalue is contained in the following theorem. 

Theorem 3.1: The principal eigenvalue   of a triangular matrix      
    is 

given by 

 ( )  ⨁ 
 

 

   
     

which is equal to the smallest corner of the matrix  . 

Proof: The proof start with the theorem of smallest corner. Based on the 
theorem in the research by Maghribi et al. [5], the smallest corner of matrix   is 

⨁ 
 

   

   

    
    ⨁ 

 

 

   

  
   

where      represent the sum of the     diagonal elements of  . According to 
the theorem by Siswanto and Maghribi  [8],      corresponds to the cumulative 
sum of the smallest     diagonal elements. As     decreases, the 
denominator     also decreases, which cause the value of     

    to increases. 

Hence, the smalles value of     
    occurs when      , leading to 
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Thus, the smallest corner is determined to be ⨁     
   

 
            , which 

is the smallest diagonal element of  . 
 
Further, the eigenvectors can be determined after finding the eigenvalue of 

a triangular matrix over min-plus semi-field. However, in triangular matrices 
under certain conditions, the eigenvectors can be found using special steps 
outlined in the following theorem. 

Theorem 3.2: Let the triangular matrix      
    satisfying the following 

conditions: 
(1) it has multiple diagonal elements satisfying      ( ); 
(2) every element positioned either below or above the diagonal is greater 

than or equal to  ( )  
then the columns of    with zero diagonal entries serve as the eigenvectors of   
corresponding to the eigenvalue of  . 

Proof: The proof of will be presented for upper triangular matrices. According 
to [5], 

   (
     ( )       ( )

   
        ( )

)  

Now, matrix    contains at least one column whose diagonal element is 
zero. This is because there is a column in   that contains the smallest diagonal 
element. Due to the fact that  ( ) is the smallest diagonal element of  , the 
elements      ( ), where      , and      ( ), where      ( ) are non-
negative, while the elements      ( ) are equal to   for      ( ). On the 
other hand, the matrix                       [5]. The elements of 
     are 

     ⨁ 
 

 

   
(       )  

The elements of      can be defined in a similar pattern to     . 
Furthermore, elements from    that have a non-negative value will always have 
a non-negative value for the elements from      with the same location, and 
elements from    will have a value retated to      such that     (     ( )) . 
On the opposite hand, the diagonal element of    that has a value equal to zero 
also always has the value zero for the diagonal element of      with the same 
location. However, the results obtained from matrix     are the same as those 
obtained from matrix   . Hence, based on the theorem by Maghribi et al. [5], the 
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corresponding eigenvectors of   are obtained by the columns of    with zero 
diagonal entries. 

Example: Consider the triangular matrix 

  [
  
   

  
  

    

    
  
   

]  

Then the eigenvalue of   is 
 ( )     (       )     

Now, we will determine the corresponding eigenvector of  ( ) based on 
the theorem. Since  ( )   , then 

      [
  
   

  
  

    

    
  
   

]  [
  
   

  
  

    

    
  
   

]  

It can be seen that      , so the corresponding eigenvector is the fourth 
column of   . Thus, we obtain 

  [    ]   

4. Solving the eigenvalue and eigenvector problem of diagonal strictly 
double  -astic matrix 

As explained in conventional algebra, eigenvalues of a diagonal matrix are 
the elements on the diagonal itself. Since a diagonal strictly double  -astic 
matrix is operated with the minimal operation, then eigenvalues can also be 
interpreted as unique values that optimize a particular function. The formula for 
determining the eigenvalue is contained in the following theorem. 

Theorem 4.1: The eigenvalue of a diagonal strictly double  -astic matrix 
     

    is given by 

 ( )  ⨁ 
 

 

   
     

which is equal to the smallest corner of the matrix  .  

Proof: The proof start with the theorem of the smallest corner. Based on the 
theorem in the research by Maghribi et al. [5], the smallest corner of matrix   is 

⨁ 
 

   

   

    
    ⨁ 

 

 

   

  
   

where      represent the sum of the     diagonal elements of  . According to 
the theorem by Siswanto and Maghribi  [8],      corresponds to the cumulative 
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sum of the smallest     diagonal elements. As     decreases, the 
denominator     also decreases, which cause the value of     

    to increases. 

Hence, the smalles value of     
    occurs when      , leading to 

    
      

      
Thus, the smallest corner is determined to be ⨁     

   
 
            , which 

is the smallest diagonal element of  . 

Theorem 4.2: Let a diagonal strictly double  -astic matrix      
   , where 

the diagonal entries of   satisfy      ( ) for all  . Then the corrresponding 
eigenvectors of   are given by the columns of    with zero diagonal entries. 

Proof: According to [5], 

   (
     ( )    

   
        ( )

)  

Now, matrix    contains at least one column whose diagonal element is 
zero. This is because there is a column in   that contains the smallest diagonal 
element. Considering that  ( ) is the smallest diagonal element of  , the 
elements      ( ), where      , and      ( ), where      ( ) are 
non-negative, while the elements      ( ) are equal to   for      ( ). On 
the other hand, the matrix   

        
         

   [5]. The elements of 
  

   are 

  
   (

(     ( ))    

   
   (     ( )) 

)  

Furthermore, elements from    that have a non-negative value will always 
have a non-negative value for the elements from   

   with the same location, 
and elements from    will have a value retated to   

   such that     
(     ( )) . On the opposite hand, the diagonal element of    that has a 
value equal to zero also has the value zero for the diagonal element of   

   with 
the same location. However, the results obtained from matrix   

  are the same as 
those obtained from matrix   . Hence, based on the theorem by Maghribi et al. 
[5], the corresponding eigenvectors of   are obtained by the columns of    with 
zero diagonal entries. 

Example: Consider the matrix 
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  [
   

   
    

    

    

    
   

   
]  

Then the eigenvalue of   is 
 ( )     (       )     

Now, we will determine the corresponding eigenvector of  ( ) based on 
the theorem. Since  ( )   , then 

      [
   

   
    

    

    

    
   

   
]  [

   

   
    

    

    

    
   

   
]  

It can be seen that      , so the corresponding eigenvector is the second 
column of   . Thus, we obtain 

  [       ]   
What should be emphasized is that eigenvectors of these two special 

matrices over min-plus semi-field are not necessarilly unique. However, any 
linear combination of these eigenvectors will also be an eigenvector for the 
eigenvalue  . 

5. Conclusions 
It can be concluded that the formulas for finding the eigenvalue and 

eigenvector of triangular matrices and diagonal strictly double  -astic matrices 
are same. Those formulas are easier to solve than the formula for solving the 
eigenvalue and eigenvector problem of conventional square matrices. 
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