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Abstract

Graph labeling is one of the many ideas that arise while studying graph theory and
has attracted considerable attention, it yields mathematical models that are applicable to
numerous high-tech applications (data security, telecommunication networks, astronomy,
various problems of coding theory, cryptography, etc.). The process of assigning names to
the vertices and edges of a set of numbers (natural numbers) is known as labeling “tagging”
or a graph label. Each domain has its own unique collection of vertices “nodes” and edges
“links”, which are represented in the labeling. Consequently, for entire labeling, we consider
the domain as a collection of nodes and links concurrently. The reflexive edge irregularity
strength (res) is a form of entire labeling in which edge weights are different among all links
and the weight of a link is calculated as the aggregate of its link tag and the tags of nodes
that attached to this link. The links are tagged with positive integers, while in reflexive node
irregularity strength (rvs) is entire labeling in which node weights are different among all
nodes and the weight of a node is derived as the aggregate of its node tag and the tags of all
links incidents at this node. In both res and rvs the links are marked with positive numbers
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while the nodes are marked with positive even numbers. Whether the tags are related with
nodes or links, we must keep them to a minimum. If these taggings are present, they are
referred to as the res or rvs of H and are expressed as res(H) or rvs(H) respectively. In this
article, we computed the res and rvs for diamond network graphs.
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1. Introduction

Any graph H comprises vertex set V(H) and a family of all subsets that
consist of only two elements of V(H) called edge set E(H). All of the graphs
used in this article are finite, without direction, nontrivial, linked, and simple. For
more information about notations see [1]. A function called a "graph labeling"
turns graph elements into integers, frequently positive or non-negative numbers.
Labelings are classified as vertex labelings or edge labelings based on whether the
domain pertains to V(H) or E(H). When the domain encompasses the both
V(H) and E(H), the labeling is termed total "entire" labeling. The most recent
and comprehensive study of graph labelings is [2]. For a specific edge labeling
Y:E(H) - {1,2,...,m}, where m is a nonnegative number, the comparable
weight of a node x € V(H) is defined as w(x) = Yypepm) P (xv), with the
adding up taken over all nodes v adjacent to x. An edge labeling is said to be
irregular if wy (x) is different for every node x in V(H). The irregularity
strength of H is expressed by s(H), which is the least number m for which an
irregular labeling of H occurs. In [3], Chartrand et al. made the initial argument
for the irregularity strength. For more details see [4, 5, 6]. In [7], Bac'a et al.
proposed two additional types: entire edge irregularity strength and entire vertex
irregularity strength of a graph. An entire labeling B:V(H)UE(H) -
{1,2,...,m} is known as an edge irregular entire m-labeling if all edges have
different weights that is, wtg(xv) # wtg(x'v') for all different edges
xv,x'v' € E(V), where wtg(xv) = f(x) + f(xv) + B(v) . Also the entire
labeling B:V(H) U E(H) - {1,2,...,m} is known as a vertex irregular entire
m-labeling if all nodes have different weights that is, wtg(x) # wtg(v) for all
different vertices x,v, where witg(x) = B(X) + Xxvera B(xv), where the
aggregate is across all vertices v next to x. For further information, see [8, 9, 10,
11, 12, 13, 14, 15, 16].. Tanna et al. In [17, 18] generalised the notion of entire
irregularity strength for graph will be reflexive irregularity strength. Let H be
any connected graph the entire m-labeling identified the function S,: E(H) —
{1,2,3,...,m,} and B,:V(H) - {0,2,4,...,2m,} the function [ is entire
m-labeling of H such that f(a) = §,(a) for all a € V(H) and B(a) = B.(a)
for all a € E(H) where m =max{m,,2m,}. The entire m-labeling is edge
irregular reflexive labeling of graph H (EIRL) satisfying wtz(ab) # wtg(a'b’)
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for all ab,a’b’ € E(H), where wtz(ab) = B,(a) + f,(b) + B.(ab) . The
reflexive edge strength of graph H, represented as res(H) is least m so that graph
H has an EIRL. The lower bound for reflexive graph irregularity strength is
determined in [17] as follows:

[IE(gH)I] +1, |E(H)| =23 (mod 6),
res(H) =
['E(S_”)'] ) otherwise.

Additional details can be found in [19, 20, 21, 22, 23, 24]. The entire
m-labeling is vertex irregular reflexive labeling of graph H (VIRL) satisfying
wtg(x) # wtg(x') for all x,x" € V(H) , where wtg(x) determined by
aggregating of the tag of the node x addition to the tags of all links incident with
the node x, the aggregate is across all v neighbouring to x. The reflexive vertex
strength of graph H, represented as rvs(H) is least m so that graph H has VIRL.
Suppose that a graph has a minimum degree §(H) and a maximum degree A(H),
the lower bound of the rvs(H) can be obtained as follows [18]:

£+6-1
rvs(H) = [ﬁ]

Where ¢ is the order of the graph H. In a sense, a better lower and upper
bound of rvs can be derived from the next lemma.

Lemma 1.1: Consider H is a graph of order € and minimal degree & then, for

each vertex irregular reflexive labeling, the maximum vertex weight is at least

this:

(i) £+6-1,if£=0,1 (mod 4) and & is even, or £ =3 (mod 4) and § is
odd,

(i) £+6, otherwise.

For clarity, throughout this paper, we denote the interval of numbers i as
i = [r,s], where r <i <s. Suppose H is r-regular graphs of order ¢, then we
get.

Corollary 1.1:

[“H] if = 0,1 (mod 4),

r+1
4+r

27141, if¢ = 2,3 (mod 4).

r+1

rvs(H) =

For additional details in reflexive vertex irregularity strength, see [25, 26].
Consider L, = P, ® P, is a ladder with vertex-set V(L,) = {x;,y;:i € [1, €]}
and edge-set V(Lp) = {x;Xj11, ViVis1: i €E[LL =1} U {y;xi:i € [1L, 4]} . A
triangular ladder, denoted by the symbol TL,, is obtained by attaching the links
X;¥i+1, i € [1,€ — 1] to the ladder while excluding the vertex x, and the two
links x,_4x, and x,y,. For £ > 3 a diamond graph D,, is gained by merging a
one node v to all nodes y;,i € [1,#], of a triangular ladder TL,. Hence, the
vertex and edge sets of the diamond graph D, are as follows:
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V(D) ={viu{x;:i€e[l,£—-11}u{y;:i € [1,¢]}

E(D,) = {xiXis1, YiYira: L € [LE =2} U {yiyis: i € [1,€ = 1]}
U{xyi € [L,€ -1}V {x;yipq:0 € [1L,£ - 1]}
U {vy;:i € [1,4]}

Then, |V(D,)| = 2¢ and |E(D,)| = 5¢ — 5 see [27]. Figure 1 depicts the
diamond graph Dy. In this article, we analyze how diamond graphs are labeled
reflexively along their edges (vertices), and then we compute the precise value of
res and rvs for this category of graphs.

(3

Figure 1
The diamond graph Dg.

2. Reflexive edge strength of D,.
The precise value of res(D,) is estimated by the following theorem.

Theorem 1: Consider D,, £ = 3 is diamond graph. Then

[5’ 5, #=0,1,2,3 (mod 6),
res(D,) =
[5" Sl+1, 2= 45 (mode).

Proof: As D, has 5¢ — 5 edges, hence, from Lemma 1.1. We get

[5" 5, 2= 0,1,2,3 (mod 6),
res(Dg) 2 9 r5p_s
[ ] 1, 4= 4,5(mod6),

For ¢ = 3, the diamond graph D; isomorphic to the wheel graph Ws,
Tanna showed that res(W5) = 4, and hence res(D3) = 4. The optimal reflexive
edge irregular res(D[) labeling for £ = 4,5 are given in Figures 2(a), 2(b). For

226, put m=[*=5] for £=0123 (mod 6) and m=[*=|+1 for

£ =45 (mod 6). Next we suggest m-labeling to demonstrate that m is the
upper bound for the strength of reflexive edge irregularities in the diamond graph
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(a) A reflexive edge 8-labeling of Ds. (b) A reflexive edge 6-labeling of D,.

Figure 2

~ 0, i € [1, E”
ooy, el

(Bl el
B {2 5| ie|l5]+1e].

pw) =22 -2
; vefnlf-1].
ﬂ(xixi+1>=jl§J—2l§J’ =[]
li-sff], cef|y+re-2].
e—2]%-3+2 SHE
’“”"“{ -2 -2z - a2 te|]+1e-1]
(e—2|2|-2+2, ie[nlf-1]
R I Y R
U’+H 2|i| - 2|2 -3+2i, ie[ff]+1e-1].

W-{3“51‘21?1—21%1—3+a e[ulY)

e+ Y -4l -2 41 ie||f+1e].
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(ol -afz]-3ee ie[uf-1]
BOiYi+1) ={3£+z[§]_zlgj_2m_4, =1,
\ae—a[7]-4+i ie[lf+1e-1].

Intuitively, it is obvious that all vertices are labeled by even integers, and
the marks of the vertices and edges cannot exceed m. Under reflexive labeling,
the weights of the D, edges are presented in the following way:

Wtﬁ(xixi+1) = i, i € [1,‘€ - 2]

(e-3+2 ie[nly]
ORI g - v e rre-1]
(¢—2+2i ie[l,EJ—l],
Wtg (Vi1 X;) = {’+3EJ—3, i=EJ,

e+ 3 -3+2i ie[[f|+1e-1].

e+ i -5+i ieu]d].

Sl FYRU T/ IR [T )
J{’—2+i, ie[vls]-1].

wegyie) =43¢ +2[5| =4, i= ],
ab—4+i,  ie[lf+1e-1].

clearly, the edge weights gradually accumulate the values 1,4,...,5¢ —5. As a
result, the tagging is an appropriate EIRL, finally we have achieved our mission.
Figure 3 illustrates an example of reflexive edge labeling.

SRR AR

W

Flgure 3
A reflexive edge 16-labeling of D,.
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3. Reflexive vertex strength of D,.

This section utilizes a precise calculation to estimate the rvs of diamond
graphs.

Theorem 2: Suppose D,, € = 3 is diamond graph. Thus
3, £=5,

rvs(De) = {[”—HI otherwise

6 I’ !

Proof: The least degree of the vertices of diamond graph is 3. Consequently, the
lowest vertex weight must be at least 3 . For £ > 6 the diamond graph has a
single vertex of degree ¥, 4 vertices of degree three, £ — 3 vertices of degree
four and € — 2 vertices of degree five. Given that the degree of the single vertex
is greater than other vertices, so we can exclude this vertex to calculate the lower
bound of rev(D,). As a result, we use Corollary 1.1 to estimate the lower bound of
rvs(Dy) in the following way.
rvs(Dy) = [2%1 €))
The best reflexive vertex irregular rvs(D,)-labelings for £ = 3,4,5,6,7,8,9
are shown in Figures 4, 5 and 6 respectively.

Figure 4
A reflexive vertex 2-labeling of D3 and D,.

Figure 5
A reflexive vertex 3-labeling of Ds, D¢, D, Dg.
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Figure 6
A reflexive vertex 4-labeling of Dg.

For £ = 10, say m = [L;]. To get the converse of the inequality (1), it is
adequate to show the presence of a VIRL for the diamond graph. We propose

vertex irregular reflexive labeling as follows:
B(x)=0, i€[1,¢-2]

) l%] If£= 0,2 (mod 4),

B(xe-1) = m=1] . [f=m
P [m] I££ = 1,3 (mod 4)
5 rm—m[?HmT"’lj' i=1,
B = *
2 [%] i €[22
=2z
=- [’"T‘f] - [?J +1, i€ [1,3m +2 [%] - e] (i odd),
BOiYis) = é— lmT_fJ - I?J, i€ [2,3m +2 EJ - f] (i even),
m, ie[3m+2[%]—{’+1,€—1].
1+22, i€ [L3m+2|%| - £-1] (iodd),
1+i_72, i € [1,3m+2[%]—{’—1] (i even),
Bxixiy) =4 m+ lmT_[J + l%J, i€ [3m +2 I%J —4,4— 2] (i even),
m+[mT‘*’J+[?J iE[3m+2EJ—{’,2m—Z] (i 0dd),
m+ [+ 2]+ 1, i €[2m—1,¢— 2] (i odd),
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1, e [1,2m — 1],
ﬂ(yixi)z{i—2m+2, :g[[Zm,n{l’—l]].
1, ie[3m+2|2-e-1],
,/3(yi+1xl-)=L—3m—2[§j+£+2, i€Bm+2|2-e2m-3],
e-m-2|3 ie2m—2¢-1]
=+ 175 -
o |[Z 2 l+I’"—ll+2

- +2 If£= 0,2 (mod4),
Bes1xe) = 9 lm__lj N lf__m

e A e

4

+1 Iff= 1,3 (mod4).

J3m—£+3[ﬁ] =] -
Bwy) =1 _p [3"1 e+3fg |+ IJ =1,

€[2,¢-1].

i e b

5 I'" |+

+2 +2, If£=0,2(mod4),

a2 2]

7|1

B(ye) =

+2 H +3, If£= 1,3 (mod 4).

It is routinely checked to ensure that all node and link tags are not exceed m and
that the weights of D, nodes are the following:

3, i=1,
Wtﬁ(xl)_JZH 16[23m+2lJ—{’—1],
B+i ie[sm+2|Z|-2e-1].
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3m—£+2[§]+2, i=1,
wtg(Vi) =Vp+2+1, i€[2,¢—1],
£+ 3, i=4.

mf—f+4l%]+2[%]—

4

m) =t
_l%] L2 If£= 0,2 (mod 4).
witg(v) =1 t
me —m+4[7] - 2|5+

k 2 l[{)_Tm]JerT_l]”] 3 rm_“3l?l+lm7_q] +2, 1f£= 1,3 (mod 4).

Figure 7 illustrates an example of reflexive vertex labeling. Precisely, the
weights of nodes x;,i € [1€ — 1], and y;,i € [1,#], construct a succession of
sequential numbers from 3 to 2¢ + 1, and node v has a weight more than
2¢ + 4. Tt signifies that the weights of D, nodes vary for all pairs of different
nodes. As a result, the needed VIRL S is used. In fact,

rvs(D,) < [HTH] (2)
Hence, from (1) and (2) we can deduce that: rvs(D,) = [NTH] for £ # 5.
Dm0 Oes O O O OSE OS  OR OSs ORI OSSOSO
AATOATITIATAIATAIAL,

<0

6

Figure 7
A reflexive vertex 6-labeling of Dqs.

4. Conclusion
From the preceding sections, we compute the precise values of res and rvs of

diamond network graphs D,. We prove that res(D,) = [S{JT_S , for £=0,1,2,3
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(mod 6) and res(D,) = [5[3—_5

that rvs(D,) = 3, for £ = 3 and res(D,) =

] + 1, for £ = 4,5 (mod 6). Furthermore we prove
24+1

T] + 1, otherwise.
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