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1.  Introduction  
In our work,   has the identity and is commutative.    unitary left  -

modul. Its established that, for ideal   in  , a sub-module   in   is considered 
pure (for short      ) if         [1]. If    a proper sub module, for the 
module    named  small. In short (   ) if sub module    fora module  , 
      implies that   equals  , [2]. A new submodule was created by 
Ahmed, Dhari, and Atiya [3] and it is a generalization of a small, which is 
named a purely small submodule (  -small) submodule, as A sub-module   
named purely small sub-module       , when        , when pure proper 
sub - module    for  . Equivalently;      , when the pure sub module    for 
the module    with         so      . 
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In this search as in [4], [5], [6], and [7], we will use purely- small 
submodules to present a new generalization of supplement, weakly supplement, 
ample supplement, supplemented modules, weakly supplemented modules, and 
amply supplemented. Also, we will practice purely- small submodules to present 
a new generalization of purely-supplemented modules, called (amply, weakly) 
purely-supplemented modules [8]. We will prove the main properties of these 
concepts. We give some of their elementary properties and give some remarks 
and propositions of these concepts. 

Now, we need to list the basic properties of the concept of 𝑃𝑃u-small 
submodule. 

Lemma 1: [14] If   is   -module & 𝑃𝑃,     s.t  𝑃𝑃 ≤    ≤ D, suppose  
     , so   𝑃𝑃     . 

Lemma 2: [14] If  𝑃𝑃,   are submodule in  . If  𝑃𝑃         , so  𝑃𝑃      
&     . 

Lemma 3: [11]: If      
  be the natural epimorphism & Ker   =    pure. 

assume       ,so  ( ) =      
 
 . 

2.  Purely Supplement Sub-modules 
This paper presents and studies purely-supplement submodules with some 

kinds of purely-supplement, such as weakly purely-supplement also ample 
purely-supplement sub-modules. So, purely-supplemented, weakly purely-
supplemented, and amply purely-supplemented modules are studied, with 
examples and basic properties.   

Suppose   is  -module &          if          &   be minimal 
relative to the property        and           , then   named supplement 
submodule for  ,        A module   a supplemented when each sub - module 
have supplement. See [10,12]. 

Definition 2.1: The sub - module   named purely-supplement for short (  -
supplement) of    , when        &             . 

Remarks and Examples 2.2:  
1. Clearly each supplement submodule be    -supplement, but reverse not 

true. For example;- Let    〈 ̅〉    〈 ̅〉  in   -module          
           〈 ̅〉     〈 ̅〉  since   〈 ̅〉  〈 ̅〉  〈 ̅〉, hence 〈 ̅〉  is    -
supplement of 〈 ̅〉  in    , but not supplement since     〈 ̅〉  〈 ̅〉 not 
small in 〈 ̅〉, since  〈 ̅〉    〈 ̅〉     〈 ̅〉 and   〈 ̅〉  〈 ̅〉. 

2. If    〈 ̅〉 and    〈 ̅〉          ,      〈 ̅〉, 〈 ̅〉 not     -small in 
〈 ̅〉  Since   〈 ̅〉   〈 ̅〉   〈 ̅〉  and 〈 ̅〉 is pure in         hence 
〈 ̅〉     〈 ̅〉       〈 ̅〉  〈 ̅〉    〈 ̅〉 is not    -supplement of  〈 ̅〉 is     . 
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Proposition 2.3: Assume that 𝑃𝑃 ,   are sub module, so we have statement 
equivalents. 
1- 𝑃𝑃 be    -supplement for   in  . 
2-        &           . 

Remark 2.4: For any module, we have the following:  
  is amply    -supplemented    is   –supplemented    is weakly 

  -supplemented. 

Proof: Clear. 

Proposition 2.5: If   is    supplemented, weakly    – supplemented& amply 
  -supplemented are closed under isomorphisms. 

Proof: Assume           &    ,    sub modules in     with          . 
Then                  , Since for               so there exists 
  belonging to   and   belonging to   s.t       =   b. But    isomorphism. Thus  
there exist             with           and           Therefore f 
   =                   .This implies that                   . so 
               for        . Thus                . Therefore    
               . But    amply supplemented, then        contains a   -
supplemented   of        in   ,  .              and 
            . Now, it is clear that           .  claim 
              where         , since              then it is clear, 
         .Thus    is an amply    - supplement. 

Proposition 2.6: If 𝑃𝑃 &   are sub - modules s.t      . If S be  -
supplement, so   must be    -supplement in 𝑃𝑃. 

Proof: Since   is    -supplement in  ,   sub - module   s.t       
&       . now               so          . Hence   be   -
supplement for     in   since                . Therefore,    is   -
supplement in 𝑃𝑃 . 

Proposition 2.7: If 𝑃𝑃 &   sub - modules, where     pure in   s.t          . If   
be    -supplement , so    is    -supplement in    . 

Proof: Since   is    -supplement, a sub -module   exists s.t       =   and 
       . Now  

  =       =      
   
  &  

  
   
         

  =        
 , 

        by [Lemma 3], we have             
 
  . Thus     be   -supplement 

in     . 
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Proposition 2.8:  Assume   is there a module, &   be    -hollow submodule 
of  . Then   be   -supplement for     in    s.t         . 

Proof: Assume    be proper sub - module s.t        . So      be proper 
submodule for   if         . Hence      and     , which is a 
contradiction. Now, since   is   -hollow, thus      is   -small in   . 
Therefore,   is a    -supplement of  . 

Lemma 2.9: Let   a  -module with PIP property & 𝑃𝑃    sub-module for   with 
S pure in C. If 𝑃𝑃      then 𝑃𝑃     . 

Proof:  Assume   pure s.t      . To show   =   . Now, since         = 
   , implies that         =  . To show     is pure in  .    pure in   &   
pure, C has PIP property, so     is pure in  , but         by [12, 
Remark         . Then      is pure in  . Now       , then      = S, i.e 
    so    ,hence        . Thus    , thus      . 

Recall that: If intersection for two pure is also a pure, so R-module M has 
PIP Property, [13]. 

Proposition 2.10: Let   and    is   -supplement of   in   with  (PIP 
Property). Then  
1) If          , for some sub-module   of    , then    is   -supplement 

for   in   . 
2) For        , so    is   -supplement of      in   (under the condition 

      ). 

3. Weakly Pu –Supplement and Amply Pu –Supplement Modules 
Here, one generalization for Pu-supplement, weakly Pu-supplement, and 

ample -𝑃𝑃𝑢𝑢-supplement submodules are introduced with some properties.         

Definition 3.1:    named weakly   -supplemented module if, for all sub-
module    in   , there is sub-module   in    s.t,        also           . 

Examples and Remarks 3.2: 
1- Each 𝑃𝑃𝑃𝑃-supplement sub-module exists a weakly 𝑃𝑃𝑃𝑃-supplement, 

however, the covers need not be correct. In    as  - module the sub-
module     is a weak 𝑃𝑃𝑃𝑃-supplement of     while     is not 𝑃𝑃𝑃𝑃-
supplement of     in    . Since             and     
                , while               , and       
   but         , so     is not 𝑃𝑃𝑃𝑃-small in    . 

2- In     as  -module the submodule     is not a weakly 𝑃𝑃𝑃𝑃-supplement 
of      since               . 
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3- Consider      as  -module the submodule     has an ample 𝑃𝑃𝑃𝑃-
supplement in     , since                and           
where     is 𝑃𝑃𝑃𝑃-supplement of     in     . 

4- In     as  -module , the submodule     has no ample 𝑃𝑃𝑃𝑃-supplement in 
   , since               , but     has no proper submodule 
which is a 𝑃𝑃𝑃𝑃-supplement of     in    . By Remark (2.2) (2). 
 
The following proposition explains the relationship between the weakly 

  -supplement and   -co essential sub-module. 
Assume   a  -module, &   belongs to   as a sub-module and is called a 

purely co-essential submodule of   for short (  -coessential submodule) if  
 
     

 
               

Proposition 3.3: Assume that    &    sub module using (PSP) Property & are 
     . If   and   has the same weak   -supplement submodule, so   is   -
co essential submodule for  . 

Proof:  Assume   be weakly   -supplement submodule for   &  . so, we have 
         ,&         &         .  

So     =         by (Modular Law)  =        . Now let     
  

 
 . Where       

 
 . Hence by [15, Remark (3.1.5), P.56],     .       

(       )             . Since   has PSP Property        , 
&         , So       with    . Thus,    , so   is   -co 
essential sub-module of  . 

Recall: If    be  - module. The sub - module   named Purely–co closed in 
summary (  -co closed) denoted by          .If        with       

 
  ,  

then        

Proposition 3.4: If   submodule. Consider the following conditions.  
1-   is 𝑃𝑃𝑃𝑃- co closed in   . 
2- For all 𝑃𝑃    𝑃𝑃      implies that 𝑃𝑃     . 

Then        . It   is a weakly   - supplement, then        . 

Proof:          if   is    -co closed submodule &       &       . let 
      for some pure submodule    of   . We claim that      

 
  To prove 

this claim. Let     
 
      , where      

 
  so we have           

 =P H and by [14, Remark 4, P.14]      .But       thus      & 
hence       . Now, since   is   -co closed also.       

 
 , therefore     i.e.  

     . 
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       Assume that   is a weakly   -supplemented module. So, exist 
sub module   in   s.t  =    &        .Since         &  
        , so by               This complete proof. 

Corollary 3.5: Assume   be module also     be submodules of  .If   a 𝑃𝑃𝑃𝑃 
-co closed also   𝑃𝑃𝑃𝑃-coclosed ‚so   𝑃𝑃𝑃𝑃-co closed. 

Proof: Assume   is submodule such that          by [11, Remark (2.2) (1)],     

is   -co closed in   . Therefore      
 
   By Proposition (3.4). Since   be  -co 

closed ‚ thus     . Hence     -co closed.  
Recall    submodule   has ample supplement for submodule     & 

       , this supplement   f or   &       .See     . 

Definition 3.6: 𝑃𝑃  be sub  - module   has an ample   - Supplement in   if 
    &          -supplement    &     .  

 Examples and Remarks 3.7: 
1- Consider     as  -module, the submodule 〈 ̅〉 has an ample 𝑃𝑃𝑃𝑃 -

supplement in     since 〈 ̅〉  〈 ̅〉      and〈 ̅〉  〈 ̅〉, where  〈 ̅〉 Is an 
𝑃𝑃𝑃𝑃-supplement of 〈 ̅〉 in    . 

2- In     as  -module, the submodule 〈 ̅〉 has no ample 𝑃𝑃𝑃𝑃-supplement in 
    Since 〈 ̅〉  〈 ̅〉     , but has no proper submodule which is an 𝑃𝑃𝑃𝑃 -
supplement of 〈 ̅〉 in    . 

4.    – Supplemented, Weakly    – Supplemented and Amply    – 
Supplemented Modules 

Definition 4.1: The R-module    named   -Supplemented when each sub-
module of   has an   - Supplemented in  . 

Examples and remarks 4.2: 
1- Each supplemented module is an     -supplemented. A reverse need not 

accurate since 𝑃𝑃𝑃𝑃 -small pure must not small submodule. In     as  - 
module is the 𝑃𝑃𝑃𝑃-supplemented, while it is not supplemented. 

2- where   be F-regular  -module, so the supplemented and   -
supplemented modules coincide, since the small sub-module and   -small 
sub-module coincide if   is F-regular module, see [ 3]. 

3-  -module    not  supplemented module. So, its not 𝑃𝑃𝑃𝑃-supplemented  -
module. 

4- If     semi-simple module, Then    𝑃𝑃𝑃𝑃-supplemented module. 
5-  -module     is 𝑃𝑃𝑃𝑃-supplemented since 〈 ̅〉 has 𝑃𝑃𝑃𝑃-supplement    , 〈 ̅〉 

has 𝑃𝑃𝑃𝑃-supplement 〈 ̅〉,〈 ̅〉 has 𝑃𝑃𝑃𝑃-supplement 〈 ̅〉,〈 ̅〉has 𝑃𝑃𝑃𝑃-supplement 
〈 ̅〉, 〈 ̅〉 has 𝑃𝑃𝑃𝑃-supplement    , and     𝑃𝑃𝑃𝑃–supplement 〈 ̅〉. 
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6-  -module    not  𝑃𝑃𝑃𝑃–supplemented since the submodule    has no an 𝑃𝑃𝑃𝑃–
supplement submodule. Since the only 𝑃𝑃𝑃𝑃-small submodule of   is 〈 ̅〉. 

Proposition 4.3:  If   &   are sub module, where     –supplemented module. 
If     have   -supplemented sub-module, so   has   –supplemented 
submodule. 

Proposition 4.4: If        , where    &    a   -supplemented module. 
Implies that   is a    -supplemented module.  

Proof: Suppose   a submodule. Then          . Since           
is a sub-module of the   -supplemented   , there is submodule   of    which 
is the   -supplement of          . Which assures that           
               and                         . Since 
  is a submodule of     , it follows that           and      
   , thus      has an   –supplemented submodule, therefore, by 
Proposition (4.3)   has an   -supplemented submodule. 

Corollary 4.5: Let   ∑   
 
    , where             Are 𝑃𝑃𝑃𝑃-supplemented 

modules, implies that    is a 𝑃𝑃𝑃𝑃-supplemented module. 

Proposition 4.6: Let  :      be an isomorphism. If      , implies 
        .  

Proof: If   pure submodule s.t               since     isomorphism, then by 
15, Remark (3.1.5), p56]         is pure in M. Hence A         = M. Since 
      , hence             &            so that       . Thus 
                  and           

Proposition 4.7: If   is   -supplemented, weakly    -supplemented and amply 
  -supplemented.  so isomorphic image for   be   –supplemented module, 
weakly    -supplemented and amply   -supplemented. 

Proof: Assume       a  -isomorphic &  is submodule in     .We have 
        is a submodule of  , since   is   –supplemented    submodule  s.t   
be   –supplemented submodel of        , which assures              and 
 (      )         ,  (      )                        . Hence, 
              and            . To see that let       ,      s.t 
      .             ,       ,          &    . Thus,      
    ,         , and    =                      . Therefore,    be   –
supplemented module. 

Corollary 4.8: If   is 𝑃𝑃𝑃𝑃–supplemented &   be pure sub-, implies that     be 
𝑃𝑃𝑢𝑢–supplemented module. 
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Proof: Assume   is   –supplemented module also   sub module. There is the 
natural epimorphism   =    

  .Hence    is an epimorphic image of  , 

Proposition       assure that    is an    -supplemented module. 

Corollary 4.9: Let        
     ,   a 𝑃𝑃𝑃𝑃–supplemented module iff 

            Are 𝑃𝑃𝑃𝑃-supplemented modules. 

Remark 4.01: The converse of corollary       must not accurate. For example 
 
      such as  -module is an   -supplemented module. Since 〈 〉 is   -
supplement     〈 〉 is   –supplemented 〈 〉,〈 〉   –supplemented 〈 〉 , and    is 
  -supplement 〈 〉. But the   as  -module is not   –supplemented module. For 
example:- the  - module   is not Pu–supplemented. Since      and    has no 
  –supplemented sub-module the only   –small submodule of   is 〈 〉. 

Now, we will present the relationship between   –supplemented modules, 
semisimple modules, and          Sub-module. 

Recall: A module   be semisimple when any sub - module for   is direct 
summand, [0],[16], [17-19]. 

Lemma 4.01: Assume   is  -module with PIP property also let      &    
submodule with   pure in   such that         . If       implies 
that      . 

Recall that: If   is an  -module  then sum for each purely small submodule of  
  is named purely radical  (for short, 𝑃𝑃𝑃𝑃-radical module) of an  -module   
represented by      ( )= ∑        )}. Clearly every radical of  -
module   contained in 𝑃𝑃𝑃𝑃-radical of   i.e.    ( )        . Where 
   ( )= {The sum of all small submodules of   ,[9]. Details in, [10,17]. 

Lemma 4.02: Let   be a 𝑃𝑃𝑃𝑃-supplemented module using (PIP) property, also  
          is a pure sub-module Then. 
a  :   

        
   is semi - simple module. 

b :  If   be sub-module &                , so   semi-simple. 

Proof a : Let   
        

  sub-module of  
        

 . now   a 𝑃𝑃𝑃𝑃-supplemented 
module, there is  submodul   which  a 𝑃𝑃𝑃𝑃-supplemented submodule of  . Thus 
    =   &                 , by Lemma (4.11). Hence        , 
assures              . Also  

        
    
        

  
        

 
          
        

and  
        

                   
   (          )

        
  .Thus ,  

        
 

direct summand of  
        

 &  
        

 is semisimple. 
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 Proof b : Let A be a submodule of   with               . From (a),  
 

         is the semi-simple module, since every submodule of semi-simple is 

semi-simple, then by [1],            
         is semisimple .(the first isomorphism 

theorem     ) ,           
          

            . Therefore,   is semisimple. 

Remark 4.03: If    is an 𝑃𝑃𝑃𝑃–supplemented module, then  
         Need not 

have only a trivial 𝑃𝑃𝑃𝑃-small sub-module. For example the    is not 𝑃𝑃𝑃𝑃-
supplemented, Since every sub-module of    is 〈 ̅〉 , so           〈 ̅〉 . 

〈 ̅〉
         

 〈 ̅〉 is not 𝑃𝑃𝑃𝑃–small in   
         

    . therefore,   
         

 it does 
not have a proper a 𝑃𝑃𝑃𝑃–small submodule. 

The following explains the relationship between 𝑃𝑃𝑃𝑃–supplemented 
modules and 𝑃𝑃𝑃𝑃 -hollow modules. 

Recall that: An R-module D named hollow if every proper sub - module is 𝑃𝑃𝑃𝑃- 
small,[14].  

Proposition 4.04: Every a  𝑃𝑃𝑃𝑃-hollow module is 𝑃𝑃𝑃𝑃–supplemented. 

Proof: Assume   a 𝑃𝑃𝑃𝑃-hollow module, also if    a submodule for  , If    , 
So   has 𝑃𝑃𝑃𝑃–supplemented 〈 〉, if   is the proper submodule of  . Hence   is 
𝑃𝑃𝑃𝑃-small submodule of  . Since     =   and          , so   has 
𝑃𝑃𝑃𝑃–supplemented. Therefore   is  𝑃𝑃𝑃𝑃–supplemented. 

Remark 4.05: The conversion of Proposition        must not accurate. For 
example   - module is  𝑃𝑃𝑃𝑃–supplemented. See Remark (4.13), but it is not a 
𝑃𝑃𝑃𝑃–hollow module. For example the Z6 as Z6-module, since 〈 ̅〉     , 〈 ̅〉 
not 𝑃𝑃𝑃𝑃-small submodule in    ,   is not 𝑃𝑃𝑃𝑃-hollow.  

5. Weakly Supplemented and Amply Supplemented Modules. 
We now introduce the generalization of weakly and amply supplemented 

modules with some properties. 

Recall that: An  -module   a weakly supplemented (amply supplemented) if a 
submodule has the weak supplement (ample supplement) submodule in    See 
    . 

Definition 5.1: Module   is named weakly 𝑃𝑃𝑃𝑃- supplemented. (amply 𝑃𝑃𝑃𝑃-
supplemented) if each submodule of   has weak 𝑃𝑃𝑃𝑃-supplement (ample 𝑃𝑃𝑃𝑃-
supplement) sub-module in  . 

Examples and Remarks 5.2: 
1- Every amply 𝑃𝑃𝑃𝑃-supplemented is an 𝑃𝑃𝑃𝑃-supplemented module. However, 

the converse must not be correct in general. For example the  -module     
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𝑃𝑃𝑃𝑃-supplemented. See example and remarks (4.2)(5) but not amply 𝑃𝑃𝑃𝑃-
supplemented, since 〈 ̅〉 Is not an ample 𝑃𝑃𝑃𝑃-supplement submodule, See 
example and remarks (3.4) (2). 

2- If   is  -regular  -module, then weakly supplemented (amply 
supplemented) and weakly 𝑃𝑃𝑃𝑃 - supplemented (amply 𝑃𝑃𝑃𝑃 - supplemented) 
modules coincide. 

3- Every 𝑃𝑃𝑃𝑃 -supplemented is a weakly 𝑃𝑃𝑃𝑃 -supplemented module. However, 
the converse must not correct in for example, the  -module   is F-regular 
which is weakly supplemented     𝑃𝑃      from (2),   as  -module is 
weakly 𝑃𝑃𝑃𝑃-supplemented, However, the  -module   is not 𝑃𝑃𝑃𝑃 -
supplemented. 

4- The  -module Z is not amply 𝑃𝑃𝑃𝑃-supplemented (not weakly 𝑃𝑃𝑃𝑃- 
supplemented) since    has an 𝑃𝑃𝑃𝑃-supplemented (a weakly 𝑃𝑃𝑃𝑃-
supplement) submodule. See examples and remarks (4.2) (6). 
 
The following shows the properties of amply 𝑃𝑃𝑃𝑃-supplemented and weakly 

𝑃𝑃𝑃𝑃 -supplemented. 

Proposition 5.3: An isomorphic image of amply 𝑃𝑃𝑃𝑃-supplemented is an amply 
𝑃𝑃𝑃𝑃-supplemented module. 

Proof: Assume      ́ be an isomorphism also let   the amply 𝑃𝑃𝑃𝑃-
supplemented module let   &   a sub - module for  ́ s.t      ́. Hence 
               , since   is amply 𝑃𝑃𝑃𝑃-supplemented, so there exists 𝑃𝑃𝑃𝑃-
supplement   for        s.t         . Hence            and 
                By Proposition (4.6). Therefore  ́ Is an amply 𝑃𝑃𝑃𝑃 -
supplemented module. 

Proposition 5.4: An isomorphic image of weakly 𝑃𝑃𝑃𝑃–supplemented is a weakly 
𝑃𝑃𝑃𝑃-supplemented module. 

Proof: It follows from the proposition     . 
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