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Abstract

In this work the concept of multiplicatively closed set of S-act have been introduced.
The relation between multiplicatively closed subset of S-act and compactly packed of S-act
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have been studied and proved some properties of this concepts. Let U be a M. C. set of a
monoid S and let U* be a U-closed subset of M. llJ is a subact of M which is maximal in M-U*.
If [WJ:M] is maximal in S, then I is a prime subact of M

Subject Classification: 11R44, 16N60.
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1. Introduction

Let M be a unitary module defined on commutative ring with 1. I is c. P
ideal for any collection {P,}4e; for prime ideal with I € U,¢;P,, 3B € 4, s.t
I < Pg. In [1] Reis and Viswanathan called rings is ¢. P in which every ideal is
c. P. The generalization of S-Acts has been introduced. It is well known that a
subact N which is proper is designate prime, if rx € Nsyr € R also x € M
behold either r € [N: M] or x € N, [2]. Following [3], put a commutative ring
with identity R. A subset V of R have been said a multiplicatively closed (M.C)
subset of R if: 1 € V and for any v,,v, in V, v;v, € V. Let V be ( M.C) of R and
M is an R —module, (1) V" a nonempty subset of M have been said V-closed if
vm € V* for every v € V and m € V*. (2) An V-closed subset V* have been
said saturated if the next provision is hold: where dm € §* ford €R also m €
M, thend € Vandm € V*

2. Main Results

Definition 2.1: If S is monoid, A subset U in R have been said a multiplicatively
closed (M.C) sub-set of S if : 1 belongs to U and for any u;,u, € U. Let V be a (
M.C) of a monoid S and M is S-act (1) the non-empty sub-set U" for M have
been said U-closed if um belongs U* for every v € U and me U*. (2) A U-
closed subset U* have been said saturated if the next provisions are hold: where
kmeU*fork € Sandme M, thenk € Uandm € U*.

Example 2.2: Let Q be act over integer number Z. If U is saturated U-closed,
then U =Z-{0} and U" = Q-{0}.

Proof: U’ is non-empty set, since it is saturated U-closed, then 0 ¢ U". Put
‘: e U 3 p, qez-10}, thus pj e U’ therefore i € U", hence q q1_2 € U’, thus q€
U, therefore 1 = q ; €U’ hence 1 =p % € U", for each p € Z-{0}, thenp € U
and% €U", thus U = Z- {0} and§ € U for all p, q € Z-{0}, Therefore {0} = Q-
U”, thus U" = Q-{0}.

Theorem 2.3: Let U be a M. C. set of a monoid S and let U" be an U-closed sub-

set for M. ] be subact for M which is maximal in M-U". If [lJ:M] is maximal in
S, then Wl prime subact for M.
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Proof: Plainly, W#M. Let sm€eN for sinS and m € M. Suppose that
s in [W:M] and m ¢ N. The subact (Sm+N) N SU* # ¢ and the ideal (<s >
+[N:MDNU# @ ie Ixe(Sm+tW)NUandte UN(<s> +[(x):M]). Thus
n+am=x, a,r+h =t, fora;, a,inS,nin Nand h in[N:M]. Hens tx €
U’ n W, so we get a contradiction.

Proposition 2.4: Let M, U and U" be as in (2.3), and a subact Il € M-U" then
there exists a subact H including UJ and maximal in M-U".

Proposition 2.5: if Mis S-Act & U is m. c. set of a monoid S. U is a saturated
U-closed, also K is an ideal of S such that KNS = ¢. If one of the next
conditions satisfy: (a) every f.g ideal in S is cyclic (b) every f.g subact is
cyclic. The KM N U* = ¢.

Proof: Suppose that there exists x € KM N U*, then for each i x = Y[, r;m; ,
r; €K also m; € M. Now: If (i) every fig ideal is cyclic, let L =<
ry, Ty, ..,y > and hence 3s € L such that L =<s > i.e. x =sm where s €
K, m € M, since U is saturated the s € U which contradicts the fact KN U = .
By the same way we can prove part (b).

An S-Act M have been said a multiplication (mlt-S-act), if all subact N
have a form IM = N for the ideal I for S, i.e, N = [N:M]M. [4].Recall where M
be mit-act & N subact with N €U e, N, wherever is a prime subact and A
finite set, thus N €Ny where Bel [5].

Theorem 2.6: Let ¥ be a mit-S-act and U be a saturated U-closed relative to
M.C. set U of S. Presume that K# C #-U" for all ideal K include in S-U. If a
subact llf is maximal in #¥-U" thus Ilf is prime subact.

Proof: Via Theorem 2.3 we can offer that [llJ: ¥] is maximal in S-U. Presume
that [W: ¥] is not maximal in S-U therefore 3 L in S-U 3 [WJ: W] € L, thus
LWC W-U". However, W= [WJ: W] W C LW, so that LW= U], because U] is
maximal in ¥-U". i.e.L € [W: ¥]. Thus [W: ¥] is maximal in S-U.

Corollary 2.7: Let #, U, U be as in theorem 2.6. If Il in ¥ also maximal in #-
U" and one of the next provisions is hold (1) every f.g ideal is cyclic (2) every f.g
subact is cyclic (3) ¥ is cyclic S-Act. Then llj is prime subact.

Proposition 2.8: Put S is a moniod and put U is a M.C. set of S. Put ¥ is a
mult. S-U-act and U'# @ in W. Suppose that ¢ = U'N K¥¥ for all saturated U-
closed subset of ¥ also for all ideal K in S-U. Then U" is saturated U-closed in
W if and only if ¥-U" is a union of prime subacts P, (i€]) of ¥ and the set S-U
is a union of [P;: W], (i€]) [6, 7].

Proof: Suppose U’ is saturated U-closed in ¥, then K3 N U'= ¢, for all K in
S-U. Because U’ is saturated thus, 0 € ¥-U', i.e. W¥-U'# ¢. Put e is any
element in ¥-S*, then Se C¥W-U", also by proposition 2.3 there is a subact P
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include Se and maximal in ¥-U". The subact P must be prime subact by
proposition 2.5. Hence W-U'=U; P, where P, is prime subact, (i€l), put
Uy = R — Uig[Pi: M]. Let ueU, meU", then um € U'= U;; P. So that um & P,
for each i. Because ach P, is prime subact then u ¢ [P: W] Vi €1 i.e. u€ U,.
Therefore US U,. On the other hand, let s’ € U, then u’ ¢ [P:M] Vi € L. If
m’ € U, we have U, € U and it follows that U, = U.

Corollary 2.9: Put # is a mult- S-U-act, U is a M.C. set of S and U+ @.
Whether one of the next provisions holds: i) every f.g. ideal is cyclic, ii) every
f.g. subact is cyclic. Then U is saturated U-closed subset of ¥ iff the set #-U" is
a union of prime subacts P; (i€l) of # also the set S-U is a union of [P;: W],
(i€l). Recall that N is a proper (appropriate) subact which is c.P, if N have been
includ in a union for a class for prime subact, so N is contained in one for a
member for a class, M is compactly packed (c.P ) S-Act if all proper subact be
¢.P[5].

Proposition 2.10: Let M be a mult- S-U-act. If one of the next provisions are
hold: (a) M is cyclic S-act. (b) every f.g ideal is cyclic. (¢) every f.g subact is
cyclic. Then M s c.p S-act if and only if prime subact is c.p.

Proof: Requirement is clear. Prove the adequacy, presume all prime subact is
c.p . Put UJ is a proper(appropriate) subact in W together with W< Uyex Py»
where P, is a prime subact of W for all a € A. We have two cases: (1) Ugep Py =
M. Since W is proper subact of a mult-S-act then by [2], there is a prime subact P
which includes UJ. By assumption P is c.p and WSPCS W = U, P, therefore
PC Pg for B € A that is WE Pg. (2) Uger Pe & M. Let U= W— Uyey Py Thus U
is saturated U-closed subset of ¥ where U =S — Ugep[Py: #W]. Since W)
C Ugex P, then WJSW-U'and by proposition 2.3 and theorem 2.5 there exists
prime subact K of ¥ that contains WJ. But K € Uy P, therefore, 3 € A 3L
€ B and thus IJ < Pg.

Proposition 2.11: Let M be a faithful finitely generated compactly packed R-S-
act. Whether one of the next provisions holds: (a) M is cyclic S-act. (b) every f.g
ideal in S is cyclic. (¢) every f.g subact is cyclic, then S is compactly packed.

Proof: Put I is an ideal in S with I € U, P, where P, is prime ideal for each
a € AThere exists a prime subact L, in M such that [Ly,:M] =P,. When
UgerLg =M thus IM € Ugey Lgs also if UgepLg € M, put U=M— Uy Ly
then U™ is a U-closed subset in M whereU = S — U ey P, Since IN U = ¢ then
by proposition 2.3 IMN U= ¢ that is IMC Ugyep Ly But T is a proper
(appropriate) ideal in S then IM is a proper subact in M. But M is compactly
packed then 3B € A 3IM & Lg and hence 1S [LB:M] = Pg and we get I is
compactly packed ideal and S is a compactly packed monoid.
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Proposition 2.12: If M is S-Act & U is M.C in S. If M is c.p then so is M. In
particular, Mp is c.p for each prime subact P of M.

Proof: Assume H € Uyey W, when H be proper (appropriate) subact for Mg &
W, be prime subact of Mg for any o € A. Define @:M — Mg as follows:
@(m) =? vm € M. So that @ *(H) € @ *(Ugerx Wo) and hence @ *(H) <
Uger @ 1 (Wy). @~ 1(W,) is prime subact for each a € A. But M is compactly
packed then @ '(H) S @ '(Wz) where B €A Theus ((p_l(H))S c
(@~ (Wp))s and hence H € Wg, that is M is c.p

3. Discussion and Conclusion

In this work some properties have been proved, assume M is S-Act and U
is a m. c. set of a monoid S. U” is a saturated U-closed, also K is an ideal of S
such that KN 'S = . If one of the next conditions satisfy: (a) every f.g ideal in S
is cyclic (b) every f.g subact is cyclic. The KM N U* = ¢, Let M be a faithful
finitely generated compactly packed R-S-act. Whether one of the next
provisions are hold: (a) M is cyclic S-act. (b) every f.g ideal in S is cyclic. (c)
every f.g subact is cyclic, then S is compactly packed.
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