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Abstract

The property of inverse shadowing is studied in Z- group with the following
properties: structurally stable, transversality property, Anosov, expansivity, continuum-wise
expansive and expanding. Besides, this property is defined in G- group and studies general
properties and relations like transitivity and sensitivity which are the most two important
chaotic properties. In order for this property and sequences to be related as in Z— group and
the property of shadowing, we define this property of G-inverse shadowing as a sequence
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of mappings on compact metric G—space and study this property in uniformly conjugate
with the product.

Subject Classification: 34D20.

Keywords: G-inverse shadowing, Uniformly conjugate, Sequence of mappings, Z-group,
Transversality property, Anosov.

1. Introduction

There are various reasons why inverse shadowing is important. It plays a
crucial role in several applications including mathematical modeling, computer
science, cryptography, and linear algebra [1]-[5]. The study is supposed to be
dealing with general properties of sequences in an attempt to apply these results
in more applications but it is found to be so difficult. Hence, maybe in the future
other properties and numerical examples are introduced. When it is compared to
previous work about G —inverse shadowing, it is found that there are no results
like sequences and it just studies the importance of chaos. In addition, this study
introduces new types of it named (Double Period and Controlled G —Inverse
Shadowing Property) [6], [7]. Then, the study follows the definition of
G —Inverse Shadowing Property by Pilyugin who first defined the minor group
and space needed. Let G be a finitely generated group, M be a G-space and dist
be a metric on M, ® be a uniformly continuous action of G, and f; be a
homeomorphism mapping on space M forall g € G, (f;(p) = P¢(g,p)),and S
be a finite generating set of G which is symmetric. A family I = {yg €
C(M,M):g € G} is a method & for & concerning § such that where s € § for
all ge G and x € M dist(ye(x), @(s5,7,(x))) < d , and y, is the identity. A
trajectory of the method T is a family {x, = y,(x,) € M:g € G}. The first
definition of inverse shadowing which uses d — method was obtained by
Kloeden and Ombach in dynamical systems [8]. In G —space, Pilyugin [9] is
defined as follows: the action ®,w.r.t. §, has the property of inverse shadowing
if there is & > 0 for each £ > 0 such that for each ' method & and p € M w.r.t
§ there is a {x,} of T applying dist(f,(p)x,) <&, g€ G, where f(p) =

2. Definitions by the Researchers

Authors study and prove the conjugate of mappings on G —spaces. See
[10]-[13]. The property of G —inverse shadowing in sequence of mappings is
defined by the researchers as follows: firstly, definition of methods in [14] is
modified to sequences which are needed to define the property of inverse
shadowing in group §.

Definition 2.1: A family Y = {yg ¥y, =Yg, ° Vg, © ° Vg, € C(M, M):g €
Gn=12,..}.Isa 4 — method for @ in a sequence of mappings concerning §,
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such that dist(y,g (%), ®(8,v4,(%))) <d,g€G ,8€S ,x € M; A trajectory
of the method Y is a family {x;, =y, (x.) € M:g € G}

Proposition 2.2: The action ® has the property of inverse shadowing in a
sequence of mappings if here is & > 0 for all € > 0 such that for any Y and all
p €M, there is {x, } of Y satisfying dist(F, (p),x,) < &,g € G, where F; =

fgn ° fQn—l O © fg--

3. Main Results

Let (M, dist;) and (X,dist,) be G —metric spaces. Let J = {F, : F
fon fgnq @ °Tp8 €GN =012,..}, And J = {Hy :Hy =Dy by, _, - ©
by 8 € G,n=0,12,..} be sequences of continuous mappings on M and K
respectively.

Proposition 3.1: Let 7 be uniformly conjugate to J. Then J has the property of
G —inverse shadowing if and only if J has this property.

Proof: Let € > 0 be given. Since J is uniformly conjugate to (J, there exists a
uniform homeomorphism. Q,: M — K such that Qg0 F, =FH; o Q,.., ie.
Fo © Qagny = Dagny © Hg,» or all n>0. Now, Qg is uniformly continuous
being a uniform homeomorphism. Therefore, there exists on &, > 0 such that

dist, (x,y) < g implies dist,(Q4(x), Q4(%)) < &. Let J have G —inverse
shadowing. Since Q4 being a uniform homeomorphism, Qg . is uniformly
continuous mapping, therefore for &, > 0 there exists a & > 0 such that for any
x,y €K .dist,(x,4) <d implies dist;(Qgg, _, (%), Qqq. (%)) <do. Let
{¥e,} be a trajectory of & —method for J such that dist,((Ys, )ss(4), (s,
036, )0 < e,

dist; (s, ) oy, )W), ®)(S,v7, (o, @) < do

which implies {Qqq_,(¢#)qn} is a trajectory of d, —method for J. Thus, there
exists x € M such that dist;(F, (x),Qqe_, (#),,) < &, and hence dist,(Q,
(F, (), (9)g,) < & Now, foralln>0,05°F, =Qgof, ofg.,°°fg, ...
Generally speaking, hg By 0 .. ohge Qg =Hy ° Qg

Implies dist,(H, (Qq(x)), (¢)4,) < €, i.e. there is {y, } of & —method for
any point Q4(x) € XK. Thus J has G —inverse shadowing. In the same way, we
can prove the converse.

Proposition 3.2: Both 7and J have the property of G —inverse shadowing if
and only if I X J = {F, X H,:g € Gn =012, ..} has this property.

Proof: Define metric dist on M XK by dist((xy, 1), (x2,42)) =
max{dist, (x, x;), dist, (41, 42)}, (X1, 41), (X2, 4,) €M X K. Note that,
for any g€ G, (F, X Hy)(x,4) = (F, (), Hy, (4)), (x,4) € M x K. Let
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€ > 0 be given and 7, Jhave G —inverse shadowing, then there exists a d; > 0
and d, > 0 such that: for any p € M and any o, —method there is {xg,}
satisfying
dist, (F, (p), 240) < &, and, for any d, —method and any q € M there
is {Ygn} satisfying dist, (Hy (9), %4n) < € .Let & = min{d,, d,} and {(x4, ¢4)}
be a trajectory for 7 X J. Then
dist((vr, xa, )ss (%), P(8, (Y, 3, Vg () < d,

and by definition of dist , implies

diStl((y}"gn)ag(x)' Cb(é, (yngn)g (x))) < dl)

diStZ ((y}[gn)ag(y')v @(5, (y}[gn)g (%))) < dz-

Hence dist(F,, (p), Hy (), (Xgn %4n)) < €. So, for any method & and any
(p,q) EM XK  there exists a trajectory  {xg,Ven)  satisfying
dist((Fy, X Hg )P, 9), (g Ygn)) < €. Then J X J has G —inverse shadowing.
The converse can be proved by similar arguments.

Proposition 3.3: If J has the property of G —inverse shadowing then
It = {Fovar' Fonar = Tonar © Tonosar © +© fag 8 € G, = 0,1,2, ...} has this property
forall f > 1.

Proof: Since J has G —inverse shadowing, therefore there exists {x4,} satisfying
dist(F, (p), %gn) < €. Let {¥} be a trajectory of & —method for 7%. Then
dist((Va, , )ss(#), P(8, (Vs , )s(#))) <d, for all n>0, where

H, which means,

On :angf—f+1,nf—k+2,...,nf’

diSt((yfgngf—ﬂ1,nf—k+2,...,nf)‘39 (y), @ (s, (}/Tgngf—ﬂ1,nf—k+2,m,nf)g(y))) <d.

For 0 <j<fandn >0, put Xg.a; = Forarresnioicsz,mt (%). Claim {xg,} is
a trajectory for & —method of 7 such that dl’S’—“((angf it 1)5g (x), @ (s, (angf it 1)g
(x))) < 4, foralln =0, and for all j, 0 <j < f. Choose any n = 0. Now, for
anyj, 0<j<t-2, f119f+j+1 (xngf+j+1) = fn9f+j+1(‘7:;]n9f—f+1,nf—k+2 ..... ni (%)). Thus,

ASE(Vingy,.yy o0 Frorsion ) P8 Wiy, o (Fngryien))) < 4,
forall j, 0 <j<f-—2. Now,ifweput j=7%— 1,then we get
dist((Viog,, ) ss Fngras) P8 (1, )6 Pngy))) < 4.

Hence the claim. By G —inverse shadowing of F;, for any method & and
any p € M there is {xy} satisfying dist(Fg(p),x4) <e, for all 1 >0. In
particular, for i =tn, dist(Fg.(p), %y, ) < €. Thus, dist(F, q®) 4,,) <&,
Thus, 7% has G —inverse shadowing.

In the next proposition, it is noticed that the inverse mapping of the same
property also is preserved in sequences.
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Proposition 3.4: If 7 has the property of G —inverse shadowing then

g7t = {Tgng_l:Tgng_l = Tonas © Topggg © 0 feg_ 1,8 €G,n=0,1,2, }
has this property.

Proof: For d > 0, {4} is a trajectory of & —method for J, if
dist((V7,,,)s0% P(8,)V7,,,5(#))) <d,n>0,and
dist((vs,) s P(8, (¥£,)(2))) < d,n < -1,
e dist((rr)u® (s, (5 G)) <d. m= 1, dist((rs,,,)e% P(s
(V#1)s(2))) < d,n < 0. Putting n = —m we have
dist((r, oo, ® (5, (pyy )s@)) <dym < —1,
dist (Vg )o@ (8, Vg )a@)) < dym 2 0.

Thus {yg,} is a d —method’s trajectory for J~1. If p € M, there is
{xg-1} = {Vgn} @ trajectory applying dist(F,,  (p),x,-1) <&, forallg € G, i.c.
dist(Fy,_, (1), ¢gn) < €, Thus, 77t has G —inverse shadowing. The converse
will be proved by using the same steps.
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