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Abstract

This research studies the idea of fuzzy P*-algebra which is generalization for each
of fuzzy c-algebra and fuzzy c-ring. Some properties and examples as well as the relations
among these concepts are presented. Finally, we proved the arbitrarily intersection of fuzzy
P*-algebra is also a fuzzy P*-algebra and we studied the properties of the smallest fuzzy
P*-algebra.

Subject Classification: 05C07, 05C09.
Keywords: Applied algebra, Fuzzy set, Cryptography and real analysis.

* E-mail: ibrahim1992Qtu.edu.iq (Correpsonding Author)
" E-mail: hind. £ .abbas35386@st.tu.edu.iq
S E-mail: samah1989@tu.edu.iq

© @ Taru PuBLicaTIONS


http://www.tarupublications.com
http://dx.doi.org/10.47974/JDMSC-2037

1098 I.S. AHMED, H. F. ABBAS AND S. H. ASAAD

1. Introduction
Mohammed, Assad, and Ahmed in [1] studied some ideas that play

important roles in applied algebra and crypt analysis.

Some types of classes of sets play a paramount present in the study of
several properties in real analysis such as g-algebra, g-ring and other types see
[2] and [3].

In recent decades, A problem of uncertainty modeling has riveted a lot of
interest researchers in probability theory. Different ideas, enough fuzzy sets and
measures were suggested. These ideas shedding new light on different
interpretations of fuzzy set and their links with probability theory, the idea of
fuzzy set was introduced by Zadeh in 1965 [4] as an extension of the classical
set.

The idea of fuzzy g-algebra was first introduced by Ahmed, Al-Fayadh,
and Ebrahim [5].

The notion of soft P*-field is studied by Abbas, Ebrahim and Al-Fayadh in
2023 [6, 15].

2. Related works

Definition 2.1:

1. We denote for universal set by Q.

2. The fuzzy set F in Q is defined as {(w,fr(w)) : weQ} where fr : Q -
[0,1] is function such that for every we(Q, fr(w) represent the degree of
membership of w in F [7].

3. The empty fuzzy set is written as @* = {(w,0) : weQ } [8].

4.  The universal fuzzy set is defined as Q" ={(w, 1) : VweQ } [9].

5. The complement of fuzzy set F is known as F¢ ={(w, 1 — fr(w)) : weQ}
[10].

6. The intersection of two fuzzy sets F &D is known as FND =

{(w, minyeq {fr(w),fp(@)}) : weQ } [11].
7. The difference of two fuzzy sets F & D is defined as: F —D =Fn

D¢ ={(w,minyeq {fr(w),fpc(w)}) : we }[12].
8. The union of fuzzy set D;, D,, ... is defined as :
Uf=1Dm = {(®,SUPm=1.2.. {fp,, (@)}) : weQ I [8].

Notation 2.2:

1. The abbreviations of class of fuzzy subset of Q* are K *&T".

2. The abbreviation of fuzzy g-algebra is written as F- g- ALG.

3. The abbreviation of fuzzy g-ring is written as F- 5- RG.

4.  The abbreviation of fuzzy P*-algebra is written as F- P*- ALG.

Definition 2.3: [13] A class K * is named F- 5- ALG on Q* if:
1. @'eK”.

2. FCeX* when FekK*.

3. Npz1 Dy €X* for {Dytmeny €K
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Remark 2.4: [5] Suppose K* is F- 5- ALG on QF, then N} _; D, €X* and
Up=1Dp, €KX *whenever Dy, D, ..., Dy, ... €K ™.

Lemma 2.5: [5] If {K5}s¢; is family of F- g- ALG on Q*,then so is Mg K.
Proposition 2.6: [5] 6(T") is a smallest F- - ALG on Q" that include T*.

Definition 2.7: [14] A class K * is named F- 5- RG on Q* if:
1. @'eX™.

2. F —DeX* whenever F & DeX*.

3. Upz1 Dy €X* for {Dp}meny €K*.

Lemma 2.8: [14]. If {¥5}s¢; is a class of F- g- RG on 7, then N K5 is a F-
o-RGon 0"

Proposition 2.9: [14] 6" (T*) is a smallest F- 5- RG on Q* that include T*.

3. The results:

Definition 3.1: A class K" is named fuzzy P*- algebra or (fuzzy P*-field ) on
Q*, if the following requirements are holds:

1. @'eK™.

2. If{Dplmen €KX, then Up_1 Dy, eX*.

3. IfD&FeK*, then DNF eK*.

An ordered pair ( Q*, K* ) is named fuzzy measurable space with respect
to fuzzy P*- algebra.

Example 3.2: Assume Q={a,e,d } &
& ={(a,0),(e0),(4,0)}{(a, 0.1) (e 04),(4,0.5)}
K* =1 {(a,0.6),(e0.3),(d,0.8)},{(a,0.6),(e,04),(4,0.8)}, 7, then
{(a,0.1),(e 0.3),(4,0.5)}
it is clear that * is F- P*- ALG on Q*.

Proposition 3.3: Assume {¥j}5, is a class of fuzzy P*- algebra on Q*. Then so
is nﬁel :Kg .

Proof: If NgHs = {@*}, then we are done. So, we assume Ng Ky # {P*}.
Since K5 is F- P*- ALG on Q* V&el, then ®*e K5 VSel, which implies that
®*e Nge K- Let D, Fe Nge K- Then D, Fe K5 V8el. Since K is F- P*- ALG
on Q" V&el, then (DN F)eKsV8el and hence (D NF)eNgyKs. Let
D1, D, ... €NgqKs,then Dy, Dy, ... €K5 Vel and Dy, = {(w, fp,, (w)), YweQ},
(Vm = 1,2,...). Since Kj is F- P*- ALG on Q" V&el, then {(w,supm=1,,.
(o (@))) : WEQJeXG  Voel. But Uy Dy = (@, SuPmerz,. (o (@)))



1100 I.S. AHMED, H. F. ABBAS AND S. H. ASAAD

weN } which is implies that Uj_; D, €Xs  V8el and hence Up_; Dy, €
Ng Ks -Therefore, Ng Ky is F- P*- ALG on Q.

Definition 3.4: Assume T is a class of fuzzy subsets of a universal fuzzy set
Q*. Then the intersection of all F- P*- ALG on (*that contain T* is named F-
P*- ALG on QO which generated by T* and its denoted by P*(T*).

Proposition 3.5: P*(T") is a smallest F- P*- ALG on Q* which contain T*.

Proof: Since P*(T*) is intersection of all F- P*- ALG on Q*that contain I,
Then P*(T¥) is F- P*- ALG on Q* and T* € P*(T*). Now, if K* is F- P*-
ALG on Q* which contains T*, so

P(T) = NsalKs: KsisaF — P* — ALGon Q&K 2 T} € K*,
hence P*(T) is smallest F- P*- ALG on Q* which contains T*.

Theorem 3.6: Every F- g- ALG on Q* is a F- P*- ALG on 2*.

Proof: From the definition of F- 5- ALG and by Remark (2.4), the proof is
follows.
While the reverse is not true, if we take Example(3.2), we note J* is F-
P*- ALG on QF, but X* is not F- - ALG on Q" because {(«,0.1), (e, 0.4),
(4,0.5)} eX* while
({(a,0.1),(e,0.4),(4,05}°={(a,09),(e0.6),(4,0.5)} & K*.

Proposition 3.7: P*(T*) € o(T).

Proof: From Proposition(2.6) we have o(T*) is a F- 5- ALG on Q~ that include
T*and by Theorem (3.6) we have every F- g- ALG is F- P*- ALG, so we get
o(T") is F- P*- ALG that include T*. But P*(Z") is the smallest F- P*- ALG
that include T*, implies that P*(T*) € o(T").

Proposition 3.8: If X" is F- 0- RG on Q7, then N}_, D, €K™ whenever
Dy, Ds, ..., DK™,

Proof: For any F- 0- RG K*on Q*, we have @*eX". Put D, = @* V¥ > n, then
r=1Dm = Um=1 Dy €X* since K* is F- o- RG & D;,D,, ..., D,eK* and
Dy = P*eK*. Now, put D = Up,—1 D> then N} 1 Dy =D — U1 (D — Dyy)-
Since D & D,eK”*, then D —-D,,eX*Vm=12,..,n, so Up-1(D—

D) €X*, hence D — UL, —1(D — D) €KX, thus N,—; Dy, €K™

Proposition 3.9: Every F- 5- RG on Q* is F- P*- ALG on Q".

Proof: The proof direct by definition of F- 0- RG and by Proposition (3.8).
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The converse of Proposition (3.9) is not true, if we take Example (3.2).
then K* is F- P*- ALG on Q. Put F ={(a,0.6),(e 0.3),(d,0.8)} and
D ={(a,0.1),(e0.3),(d,0.5)}, then F & DeX*. Now,

F—-D={(a,0.6)(0.3),(,0.8)}— {(a,0.1),(e0.3),(4,0.5)}

={(a,0.6),(e,0.3),(4,0.8)}n ({(a,0.1),(e0.3),(4,0.5)})°
={(a,0.6),(e,03),(4,0.8)}Nn{(a,09),(e0.7),(4,0.5)}
={(a,0.6),(e,0.3),(4,0.5)}

Hence, F — D = {( a,0.6), (¢,0.3),(d,0.5)} ¢ K*, thus K* is not F- o-
RGon Q.

Theorem 3.10: P*(T*) € 0" (T*).

Proof: The results observe by Proposition (2.9) & Proposition (3.9) and
Proposition (3.5).

Proposition 3.11: If X~ is F- P*- ALG on Q* & D € Q". Then X, = {F c
QF >DnS, for some SeX*} is F- P*- ALG on Q.

Proof: Since @"eX* & ®* c Q" and D N @* < @*, s0 P ek

Let F,,F,eX;. Then 3§5,,8,eK* 3F, 2 DnS§; & F, 2 DNS,. So
FiNnF,o2DNSHNDNS)=DN(S;NSy). Now, §3,5,eK* & K™ is F-
P*- ALG, then §; N S,eX™*, thus F; N FLeXK.

Assume Fy,F,,...eX{. thus 3 §,eX* 3 F, >2DnNS, Vn=12,.. So, we
have UpL; F, 2 Upi(DNSY) =D N (Up=; Sy)- But S eX* & K™ is F- P*-
ALG, so Up-, S, €X', thus Up; F, €K Therefore K'is F- P*- ALG on Q.

Proposition 3.12: If X" is F- P*- ALG on Q" & D € Q*. Then K] = {F <
Q:F=DnS,S5eK"}is F- P*- ALG on Q.

Proof: Since K* is F- P*- ALG on Q" & D < Q*, then the proof clearly from
definitionof K7 ={F C Q" F =D NS, SeK"}.

Remark 3.13: The class K] in Proposition(3.12) is called relative fuzzy P*-
algebra.

Conclusion

In this article, another generalization of fuzzy oc-algebra is introduced
which is fuzzy P*-algebra. Section three is devoted to study the properties of
this notion and investigated some propositions and theorems related to this
concept.

The most important results we obtained are:

1. The intersection of any family of fuzzy P*-algebra is also fuzzy P*-
algebra.

2. P*(ZF*)is asmallest F- P*- ALG on Q" which contain .
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3. EveryF-og-ALGis F- P*- ALG.
4. EveryF-og-RGonQ*is F-P*- ALGon Q*.
5. P(E)co(T)Cco@).
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