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1. Introduction 
In this research we shall all   be an Ɍ-module and all modules are 

considered to be unitary left Ɍ-modules and let Ɍ be a commutative ring with 
identity. A proper sub module   of an Ɍ-module  (denoted      is referred 
to be essential and denoted by (    ) if       where       we have 
        [1]. While, a sub module        is referred to be annihilator 
essential sub module (briefly AE-sub module) of   if         then 
                . Equivalently: Let           is referred to be 
annihilator essential of  if              s.t           Ɍ [2]. Let 
          is referred to be small annihilator essential sub module of   
(briefly SAE-sub module) denoted by                    implies  
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         ,       . Equivalently, Let           is SAE-sub 
module if      ,       s.t           [3]. A sub module   of   is 
referred to be small and denoted by     if for some         
 then    [1]. Referred a module   to be uniform modules if     
                 [4],[5],[12]. While,   is said to be multiplication 
module if every sub module of   is write of the form I  for some ideal I of Ɍ 
[6],[7]. Let      ,   is referred to be maximal sub module (denoted by 
      if whenever     with       then    [1]. Let  
    ,   is referred to be annihilator maximal (briefly AM-sub module) 
denoted by        if whenever        with      implies that 
   [2]. Referred a module   to be annihilator semi-simple modules 
(briefly A-semi-simple) if          [2]. Let      ,   is referred to be 
Almost Maximal sub module if whenever      s.t             
 [8],[9]. Referred a module   to be annihilator local maximal module (briefly 
A-local) if   has only one AM-sub module [2]. 

2. Small Annihilator Maximal Sub modules 
In this section we will present the concept of Small Annihilator Maximal 

Sub modules, which is generalizes Annihilator Maximal Sub modules.  

Definition 2.1: A proper sub module   of an Ɍ-module  is referred to be small 
annihilator maximal sub module (briefly SAM-sub module) denoted by 
            whenever          with                . 

Remarks and Examples 2.2: 
1. Every maximal sub module is SAM-sub module. The contrast cannot be 

considered valid. As,                -module and let            
               .   is SAM-sub module since                  
  but      . 

2. Every AM- sub module is SAM-sub module, see Ex(2-14)  
3.             -module,            since       s.t      

                      . 

Proposition 2.3: Let    and    be an Ɍ-modules and     . And  :   
   be an isomorphism. If           then               .                                                                                          

Proof: To prove that          . Suppose that           where 
     so                                            
where   is epimorphism.       s.t              . So              
so  (               so        . Where   is epimorphism we have 
             C . Then          . 

Now, to show that               . Suppose that                so 
            s.t             so              where 
 ( )             by [3, prop(1.5)] since   is epimorphism so        
  . Then we get           C . Hence               . 
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         ,       . Equivalently, Let           is SAE-sub 
module if      ,       s.t           [3]. A sub module   of   is 
referred to be small and denoted by     if for some         
 then    [1]. Referred a module   to be uniform modules if     
                 [4],[5],[12]. While,   is said to be multiplication 
module if every sub module of   is write of the form I  for some ideal I of Ɍ 
[6],[7]. Let      ,   is referred to be maximal sub module (denoted by 
      if whenever     with       then    [1]. Let  
    ,   is referred to be annihilator maximal (briefly AM-sub module) 
denoted by        if whenever        with      implies that 
   [2]. Referred a module   to be annihilator semi-simple modules 
(briefly A-semi-simple) if          [2]. Let      ,   is referred to be 
Almost Maximal sub module if whenever      s.t             
 [8],[9]. Referred a module   to be annihilator local maximal module (briefly 
A-local) if   has only one AM-sub module [2]. 

2. Small Annihilator Maximal Sub modules 
In this section we will present the concept of Small Annihilator Maximal 

Sub modules, which is generalizes Annihilator Maximal Sub modules.  

Definition 2.1: A proper sub module   of an Ɍ-module  is referred to be small 
annihilator maximal sub module (briefly SAM-sub module) denoted by 
            whenever          with                . 

Remarks and Examples 2.2: 
1. Every maximal sub module is SAM-sub module. The contrast cannot be 

considered valid. As,                -module and let            
               .   is SAM-sub module since                  
  but      . 

2. Every AM- sub module is SAM-sub module, see Ex(2-14)  
3.             -module,            since       s.t      

                      . 

Proposition 2.3: Let    and    be an Ɍ-modules and     . And  :   
   be an isomorphism. If           then               .                                                                                          

Proof: To prove that          . Suppose that           where 
     so                                            
where   is epimorphism.       s.t              . So              
so  (               so        . Where   is epimorphism we have 
             C . Then          . 

Now, to show that               . Suppose that                so 
            s.t             so              where 
 ( )             by [3, prop(1.5)] since   is epimorphism so        
  . Then we get           C . Hence               . 

Remark 2.4: Let   be an Ɍ-module and  ,   are proper sub modules of   s.t 
   . If                       so   is not necessary SAM-sub 
module of  . As:             -module s.t   =   ̅          ̅ ,    . 
                                  . 

Remark 2.5: Let          if     s.t     so its not necessary that 
        . As:           -module the sub module                   
  . But           . 

Proposition 2.6: If       such that      . If                
        . 

Proof: Assume that          then            s.t            
     . Then          C . 

Corollary 2.7: If       s.t if                          . 

Proof: Since                        then by proposition 
(2.6) we are done. 

Corollary 2.8: If       s.t           . Then both of        are 
SAM-sub modules of  . 

Proof: Since                     so by proposition (2.6) 
we get                     . But the opposite is not true as:   
         -module. The sub modules     ̅  and     ̅  are SAM-sub 
modules of  where                    . But               . 

Recall that: An Ɍ-module  is referred to be semi-simple if   has no 
proper essential sub module, [10-13].  

In the following definition we introduce a specification of this concept. 

Definition 2.9: An Ɍ-module   is referred to be small annihilator semi-simple 
module (briefly SA-SE-module) if   has no proper SAE-sub module of  . 
That is if          then    . 

Remarks and Examples (2.10): 
1. Every SA-SE-module is semi-simple. 
Proof: Let   is SA-SE-module. Suppose that  is not semi-simple so   has a 
proper essential sub module. Where every essential sub module is SAE-sub 
module then   has an SAE-sub module C . Hence   is semi-simple. 

2. Every SA-SE-module is A-semi-simple module. 
Proof: Let   be an SA-SE-module. Suppose that   is not A-semi-simple 
module so   has a proper ann-essential sub module. Since every AE-sub 
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module is SAE-sub module then   has an SAE-sub module which is 
contradiction. Hence   is ann-semi-simple module. 

3. Let               -module,   is SA-SE-module. Where   has no 
proper SAE-sub module. 

Proposition 2.11: Let   be an Ɍ-module then   ̅         iff   is SA-SE-
module. 

Proof: Let   is SA-SE-module. So   has no proper SAE-sub module 
so                  ̅   . Hence   ̅        . 

Converse: Since   ̅         so   has no proper SAE-sub module. Thus 
  is SA-SE-module. 

Corollary 2.12: Let   be an Ɍ-module. Then the following statements are 
equivalent: 
1.    is SA-SE-module. 
2. ( ̅) is SAM-sub module. 
3. Every proper sub module of   is SAM-sub module.  

Proof:         Clear by [proposition (2.11)]. 
        Let    . Since ( ̅)      and   ̅         then by 

proposition (2.7) hence         . 
        Since every sub module is SAM-sub module so   has no 

proper SAE-sub module. Hence   is SA-SE-module. 

Remark 2.13: Every SAM-sub module is almost maximal sub module. 

Proof: Let          s.t       where      then by [3, remarks 
and example (1.2) (1)] we get         . Since                 thus 
  is almost maximal sub module. 

The contrast cannot be considered valid. As,             -module. ( ̅) is 
almost maximal sub module of    But   ̅         . see the following 
example 

Example 2.14: 

     Essential Ann-
Essential 

SAE-Sub 
module 

Maxim
al 

AM-sub 
module 

SAM-Sub 
module 

Almost 
Maximal 

            

( ̅         

( ̅         

( ̅         
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( ̅         

(  ̅̅̅̅          

(  ̅̅̅̅          

( ̅         

Proposition 2.15: Let   be an Ɍ-module s.t Ɍ is semi-simple ring and let 
    then          iff    is almost maximal sub module of  . 

Proof:   Let   is almost maximal s.t       where         . Since Ɍ 
is semi-simple ring so by [3, remarks and examples (1.2) (4)]     . But   is 
almost maximal then    , hence          . 

  Clear by remark (2.13). 

Proposition 2.16: Let   be a uniform Ɍ-module and        . Then 
         iff   is almost maximal sub module. 

Proof:   Let   is almost maximal of   and       since         . 
Since   is uniform so      since   is almost maximal so    . Hence 
        . 

  Clear by remark (2.13).  

Definition 2.17: Let   be an Ɍ-module.   is referred to be small annihilator 
local module (briefly SAL-module) if   has only one SAM-sub module. 

Remarks and Examples 2.18: 
1) Every A-local module is SAL-module. 
2) Let            -module.   is SAL-module. Since   has only one 

SAM-sub module. 
3) Let             -module.   is not SAL-module because 

  ̅    ̅           

Proposition 2.19: Let   be a non-zero multiplication and SAL-module, and 
                     then         . 

Proof: Let     s.t       ). Where   is multiplication module so be 
[11]   is contained in a maximal sub module then by [remarks and examples 
(2.2)(1)]   is contained in SAM-sub module. But   is SAL-module so   has 
only one SAM-sub module which is   so     then       and        
           . Hence         . 

Conclusion 
Based on the findings of this study we conclude the following:   is SAM-

sub module in   if   Maximal.   is SAM-sub module if   is AM-sub module. 
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The direct sum of SAM-sub modules is SAM-sub module. If     is SAM-
sub module in   then both of   and   are SAM-sub module. And,   is Semi-
simple if   is SA-SE-module.   is Ann-Semi-simple if   is SA-SE-module. 
The zero sub module of   is SAM-sub module iff   is SA-SE-module. And, 
  is SAL-module if   is A-local module.  
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