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1. Introduction  
In this work,   is unitary left   - module,   is commutative ring with 

identity. It is established, for each ideal   for  , the sub-modules   belonging to 
  is considered pure if         [1]. if    module & suppose   the proper 
sub-modules of   is called small. In summary        ) if any sub-module    
of   such that          then    , [4-6], [12-13]. A sub-module   is called 
co-closed in   denoted by       ), if   is a sub-module of    with    small in 
 
   then    . And,       , then    is called co essential sub-module of   

       ) if     
 
 , [3]. As a generalization of a small sub-module Ahmed, 

Dhari, and Atiya presented a notion of purely small, which is called   -small 
sub-module. Let   a sub-module for R-modules   named purely small  
       ), if      , whenever pure sub-module   for  . 
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Equivalen;      , if the pure sub-module   for   &      , so    . If  
      , the ideal   for    purely small whenever pure ideal   for  , [1]. Since 
every small sub-module is purely small this led us to study, the concepts of 
purely co-closed and purely co-essential sub-modules as an extension of co-
essential sub-modules but purely co-closed is stronger than co-closed sub-
module. In the section two, A concept of purely co-closed sub-modules, when a 
sub-module   of an  -module   is called to be purely co-closed if when 
 
    

 
  implies    , where      In section three, we discuss the concept 

of purely co-essential sub-module. A sub-module   in  -module    a purely co-
essential sub-module of    if       

 
   where      . Also, we give some 

of their elementary properties, which are within the study of the concepts of 
purely co-closed and purely co-essential sub-modules. 

2.  Purely Co closed Sub-modules   
This section provides a definition and illustrations of the idea of a purely-

co closed sub-module and we illustrate it with examples.  
  sub-module   is co-closed where         with    

 
  implies    , 

[3]. Definition (2.1):  Assume    is sub-module in  - module  , then   is   
Purely–co closed. In summary (  -co closed) denote as          ). for 

       with       
 
   then        

Remarks and Examples (2.2): 
1- Every   -co closed is co-closed. 

Proof: Assume that          s.t       a small sub-module for    , then    a   - 

small sub-modules for      [3]. Hence   a   -co closed implies    . 
2- In general, the converse (1) is not true. For example: Consider   as  -

module, let      and    ), and          )    
 
  ̅), but       ),  

   is not   - co closed of   and     not small of   then      )  not small in  
   
  )    implies that    is co-closed in  . 

3- The sub-module   ̅)   -small in     as  -module. Now let  =   ̅) and 
    ̅) with      then      

 
 . Now  ̅)    ̅)

  ̅)     
   
  ̅)      ̅), 

then  ̅)       ). But   ̅)    ̅) implies   ̅) is not co-closed. But    ̅) is 
co-closed in    . Since   ̅) is not small in    . 

4- Let       as  -module,       ̅)  and     ̅),    ̅)  ̅)  is not   - small in 
  
  ̅), implies   ̅)    ̅),    ̅) is co closed and   - co closed, since   ̅)  is not 
   -small. 
 



PURELY CO-CLOSED AND CO-ESSENTIAL SUB-MODULES� 1139

Proposition 2.3:  Every direct summand of   is a Pu-co closed in   if    ≠ 0 
and is an  -module. 

Proof: Let       &      with     is   -small in   , since      , then  
 
   

     
 , so           ,   a pure sub - modules, therefore       a pure 

in    by [7, Remark (3.1.5), p 56]. To show    . Now by the second 

isomorphic theorem         
   , when    a pure sub - modules, then from [7, 

Remark (3.1.5), p 56]  
    be pure sub - modules in    . But     be   -small in   , 

hence        
  ,            it is simple to demonstrate that     . 

Thus     - co closed in  . 

Remark 2.4: The only proper   - co closed sub-module in a    -hollow module 
is the zero sub-module. 

Proof:  Assume    proper   -co closed sub - modules in   &    a   -hollow 
module. Now,      , therefore,    ̅)    

 
  ̅)    hence      

Example 2.5: 
(1)    ̅  ̅  is not   -co closed sub-module in the  -module  . 
(2)  The only proper   -co closed sub-module in the modules     and   the 

zero sub-modules. 
(3)  Every sub-module of the module     is    -co closed. Consider    as   

module is   –hollow,    ̅   ̅   ̅   is not   –small in     , then    ̅   ̅   ̅  is 
  -co closed. 

Corollary 2.6: If    finite generated faithful multiplications   – module& 
      .  Then     is a   –small in      if and only if  [     ] is a   –small in 

  
      where            considered as an ideal of   

     . 

Proof: It verifies that  
  is multiplication  

      -module. So     satisfied 
Proposition (2.8) [8]. Consequently, the outcome is as follows. 

Proposition 2.7: Assume       -co closed sub  - module for  . Then        -co 

closed sub-module in     . 

Proof:  Assume that   of   containing , &   
 
 
 
 
   

 
 
 
 

 by the second isomorphic 

theorem, [11]. Therefore        
 
   . now      -co closed  implies that      

and 
 
 
 
 
  

    and 
 
 
 
 
  

  hence      
  implies that            

 
   for every      
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Proposition 2.8: If   finitely generated faithfull multiplications  -modules &    
sub – module&      -co closed iff          -co closed. 

Proof:  ) suppose       -co closed. To prove            

With        
   is   -small in   . Since          , [7]. Then       

       is   -

small in  
      . But one can show that      

       [       
         

       ], therefore 

       
           

         is   -small in  
        . Using Corollary (2.6) we 

get[       
       ] is   -small in  

         thus          =           . Then by 
assumption [        . 

 ) Let       with     is   -small in    . from (2.6) implies[     ]   -

small in  
     . Thus [     ] =      

      , thus      
        is   -small in  

     , and since  
         -co closed in   implies                therefore    . The 
following gives the basic properties of   -co closed sub-modules. 

Proposition 2.9: If     -regular  -module. Let        ,   if            
and        is   -co closed in     , then            . 

Proof: Assume       such that        
 
  . 

Let       
  

  is the natural epimorphism, so by [3].        and since  

    
  

          implies that  
  
  

    
  

   

 
  

    
  

 . Since      is   -co closed in      , so 

    
  

   
  

 and hence        . but     - regular &      &      
then      . But          , thus      , therefore           . 

 

Proposition 2.10: Let          and if     is   -co closed, so       -co 
closed in   . 

Proof: Suppose      s.t        
  
        so by [10].        

 
  . Since    

  -co closed in  ,, by f t zero sub-module, so      , therefore    is   -co 
closed in   .  

Proposition 2.11: Suppose   is a non-zero. If         , then   not   -small 
in  . 

Proof: Assume       &         . Because        and   
 
      

 
     . Then       this contradiction. so    not   -small in  . 
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3. Purely Coessential Sub-modules 
As the generalization of co-essential sub-modules, we define and go over 

some of the features of the purely co-essential sub-modules in this section.         
Suppose A, B sub-module in M with         Recall that     called co-

essential (or co-small) of   in  , if          
 
  . See [10].  

As a generalization of the coessential sub-module, we present the notion of 
the purely coessential sub-module.  

Definition 3.1: Assume     -module, & A belongs to M as a sub-module 
&called purely co-essential of   in summary (  -coessential) if 
 
     

 
           )   

Remark and Example 3.2: 
1- Every co-essential is   -coessential.   sub - module of  , since   is co-

essential      
 
  , but every small is   -small, [3]. Which implies   

 
    

 
  . Therefore    is   -co-essential. 

2- In general, the opposite of (1) not right. for example:-  Let  =   as  -
module        )

  )     
   
  )       . (0) is   -co-essential of     in   , but 

(0) is not co-essential of      in   . Since       )
  )  not small in    

  )     . 
Since   +  =   but    ≠  .  

3- Let   =    as  -module.   ̅) is not   -coessential of   ̅) in    , since  
  ̅)
  ̅)    ̅) is not   -small in       ̅)          . 

4- Assume    sub-module iff   ̅        , then      . 

Proposition 3.3: Assume           &    , and    sub-module for  -
module  . Then           in   iff          

 
   in    . 

Proof: Showing that     is   -coessential sub module of    .           . Thus. 

Accordingly,     is   -small of    .  So       
 
 
 
 
   then  

 
 
 
 
       according to the 

second isomorphism theorem, [11].         
 
    and             

 
   in     . 

  Let             
 
   in   , Hence  

 
 
 
 
     

 
 
 
 

  , since  
 
 
 
 
       and  

 
 
 
 
      , 

according to the second isomorphism theorem,  [11]. Thus,        
 
   

and          . 

Preposition 3.4: If       &        If       then      , for 
every pure sub-module   of   implies          . 
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Proof: If     =    +    and suppose that      pure for    , so      , since   pure 

&      pure so by [7, Remark (3.1.5), p56].   pure. Now, from the assumption 

     , so     and     =    , so       
 
   and             

Recall that If the sum of any of two pure sub-modules is again pure, it is 
said an   -module has the pure sum property (PSP) [2]. 

Preposition 3.5: If   module with PSP property &       &         If 
      where      , then          . 

Proof: Assume that a pure sub-module   of    with    =   +   . Since     , 
therefore       )        )   , Now   and   are pure sub-modules 
of  . But    has PSP property thus (    ) a pure sub-module of  , [2]. Since  
     , so that      . Therefore             by Preposition (3.4). 

Corollary 3.6: If    module with PSP property &suppose that        &    
pure. If       and    is a   -small sub-module in  , then          . 

Proof: The sub-module             )        (by modular 
low). Since         and        implies            by Preposition 
(3.5). 

Remark 3.7: In general, the opposite of corollary (3.6) is not right. For 
example: In      as Z-module.   ̅) is not   -coessential of   ̅) and    =   ̅) + 
  ̅) , but   ̅) +   ̅) =   ̅) ≠    . Since    ̅)    ̅)

  ̅)   and      ̅)     ̅) ,    ̅)       ̅), 
so   ̅)    -coessential of    ̅).   

Proposition 3.8: Assume M is R-module with PSP property & Let      
 , where  ,   are pure, so           iff           &         . 

Proof:   Assume that           in  , then       
 
   hence        

 
  by 

Preposition (2.3) [8]. So           in  . Now      
 
  and      

 
  . Also,   

is pure so     is pure. Thus by [3]    
 
 
 
 

  is   -small in   . Therefore           

in  .   
Conversely: Suppose that           in   and          in  . To show 

that           in  . Assume that              . Since     is a pure sub-module 

of     , and   is a pure in  , then by [7, Remark (3.1.5), p56],    pure. Now 

      , then        
   

  
   
 , since   has the PSP property, then 

    is pure in  , hence by [7, Remark (3.1.5), p56],       is pure in   . 

However, as      is   -small in    , therefore        
   so      , then     
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 , thus       is pure &    is   -small in     then      

  , thus     , hence 
 
   

  and         . 

Lemma 3.9: Assume      
  be the natural epimorphism with Ker   =      

pure. If        then  ( ) =      
 
 .  

Proof: It is clear by [3, 9].  

Proposition 3.10: Assume         If           , with    is pure, then 
 ( )         ( ). 

Proof: Let      
  be a natural epimorphism. Since          , Thus, 

according to Lemma (3.9),       
 
  &   ( )   

 
 .   (  ) =    )   )    

 
   ). In 

this way,  ( )         ( ). 
 
References  
  [1]  K. Ahmmed and N. S. Mothafar, “Pr-small R-sub-

modules of modules and Pr-radicals,” Journal of Interdisciplinary Mathematics, 
vol. 26, no. 7, pp. 1511–1516, 2023. 

 [2] A. G. Nauom and B. H. Al-Bahranny, “Modules with Pure Sum 
Property, Iraqi,” Journal of Science, vol. 43, no. 3, 2002. 

 [3] A. A. Ahmed, I. A. Dhari, and Z. Atiya, “Purely Small and Purely 
Hollow Modules,” Iraqi Journal of Science, vol. 63, no. 12, pp. 5487–5495, 
2022. 

 [4] K. Goodearl, Ring theory, nonsingular rings and modules. New York: 
Marcel Dekker, 1976. 

 [5]  K. Ahmad and N. Al-Mothafar, “Pure-Hollow Modules and 
Pure-Lifting Modules,” Iraqi Journal of Science, vol. 65, no. 3, pp. 1571–1577, 
2024. 

 [6]  M. K. Abbas, Y. Talebi, I. A. Hadi, and Z.-E. Submodules, 
“Z-Essential Submodules,” Iraqi Journal of Science, vol. 65, no. 3, pp. 1521–
1530, 2024. 

 [7] I. H. Muslem, Some Types of Retractable and Compressible Modules, 
M.Sc. thesis. 2016. 

 [8]  H. Hamdi and N. Al-Mothafar, “On-Purely-Small Sub-
modules,” Journal of Interdisciplinary Mathematics, 2024. 

 [9] Z. A. Elbast and P. F. Smith, “Multiplication Modules,” Comm. In 
Algebra, vol. 10, no. 4, pp. 755–779, 1988. 

[10]   R. H. Baanoon, I_(F^* ) - Lifting Modules For Image 
Of Fully Invariant Sub-modules. 2023. 

[11] F. Kasch, Modules and Rings. London: Academic Press, 1982. 

References 

  [1]	 K. Ahmmed and N. S. Mothafar, “Pr-small R-sub-modules of mod-
ules and Pr-radicals,” Journal of Interdisciplinary Mathematics, vol. 26, 
no. 7, pp. 1511–1516 (2023).

	 [2]	 A. G. Nauom and B. H. Al-Bahranny, “Modules with Pure Sum Prop-
erty, Iraqi,” Journal of Science, vol. 43, no. 3 (2002).

	 [3]	 A. A. Ahmed, I. A. Dhari, and Z. Atiya, “Purely Small and Purely 
Hollow Modules,” Iraqi Journal of Science, vol. 63, no. 12, pp. 5487–
5495 (2022).

	 [4]	 K. Goodearl, Ring theory, nonsingular rings and modules. New York: 
Marcel Dekker (1976).

	 [5]	 K. Ahmad and N. Al-Mothafar, “Pure-Hollow Modules and Pure-
Lifting Modules,” Iraqi Journal of Science, vol. 65, no. 3, pp. 1571–1577 
(2024).

	 [6]	 M. K. Abbas, Y. Talebi, I. A. Hadi, and Z.-E. Submodules, “Z-Essen-
tial Submodules,” Iraqi Journal of Science, vol. 65, no. 3, pp. 1521–1530 
(2024).

	 [7]	 I. H. Muslem, Some Types of Retractable and Compressible Modules, 
M.Sc. thesis (2016).



1144� H. Q. HAMDI AND N. S. AL-MOTHAFAR

	 [8]	 H. Hamdi and N. Al-Mothafar, “On-Purely-Small Sub-modules,” 
Journal of Interdisciplinary Mathematics (2024).

	 [9]	 Z. A. Elbast and P. F. Smith, “Multiplication Modules,” Comm. In Al-
gebra, vol. 10, no. 4, pp. 755–779 (1988).

[10]		 R. H. Baanoon, I_(F^* ) - Lifting Modules For Image Of Fully Invari-
ant Sub-modules (2023).

[11]	 F. Kasch, Modules and Rings. London: Academic Press (1982).
[12]	 I. S. Ahmed, A. Al-fayadh, H. H. Ebrahim, and L. S. Abdalbaqi, “Im-

plementation of the Neutrosophic Sets in Measurable Space with Re-
spect to Neutrosophic Ring,” Int. J. Neutrosophic Sci., vol. 25, no. 3, pp. 
187–193 (2025).

[13]	 A. S. Mohammed, I. S. Ahmed, and S. H. Asaad, “Study of the rings 
in which each element express as the sum of an idempotent and 
pure,” Int. J. Nonlinear Anal. Appl., vol. 12, no. 2, pp. 1719–1724 (2021), 
doi: 10.22075/IJNAA.2021.5311.

		  Received December, 2024


