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Abstract

This paper provides new ideas like pseudo permutation BCK-algebra, pseudo
permutation subalgebra, pseudo permutation ideal, and portion permutation. Moreover,
their qualities are discussed. In this work, we show that if A’ is a portion permutation of M
=(X,®,@,T), then A, ® A} =X © 2, for any X, € X. Next, some interesting results in pseudo
permutation BCK-algebra are given and shown. Furthermore, some instances are provided
to support our findings in this paper.
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1. Introduction

Imai and Is'eki introduced BCK-algebras [1]. BCK —algebras are algebraic
representations of the BCK —system in combinatory logic, with many interesting
applications in Computer program. Georgescu and lorgulescu [2] presented
pseudo—BCK —algebras as an extension of BCK —algebras in their paper. In
Walendziak [3] provides an alternative axiomatization of pseudo-BCKalgebras.
As a result, several academics have looked into generalizations of
BCK/BCI/RHO algebras (see [4, 5]). In this work, new ideas like pseudo
permutation BCK — algebra, pseudo permutation subalgebra, pseudo
permutation ideal, and portion permutation are given. Also, their qualities are

discussed. In this work, we show that if Ago is a portion permutation of M =
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(X,®»,,T), then Ago ® )tf = Aﬁo © /1? for any /1? € X. After that, some
interesting results in pseudo permutation BCK —algebra are given and shown. In
addition, illustrations are presented to back up our results in this work.

2. Preliminaries

Definition 2.1: [4] An algebra (W, 9, 0) is called BCK —algebra if 9: W X W —
W and 0 € W such that (1)((a9¥b)9d(adc))9(c9b) = 0, (2) (ad(adb))db = 0,
3)ada=0,4)09a=0,5)Ifadb=0 & bYa =0,thena =b, Va,b,c €
w.

Definition 2.2: [6] If f = Hz(zf 1) h. € S, is a permutation in S,,,, where S, is a
symmetric—group with { he}g(:fl) are pairwise disjoint cycles and h, =
(t1,t3, ., tg,), 1<e<c(f), for some 1<a,c(f)<m. Then the
permutation sets of f in S, are given as h) = {t¢, ¢, o tg 3l < e <c(f)}
and symbolized as f —sets of {he}z(zfl).

Definition 2.3: [7] Assume that W = {hlf}fifl) ={ch,t}, ... th }I1 <i<c(f)}
is a family of f-sets, where f € S,,. For some h£ €W put T= !, where h,{
with 3ok, t8 < T80 ¢f & [y |< Il V(1 < i< c(f)) ... (). If3 ), W) ew,

with h] N k) =@ and they are satisfied (+), then T= R} if 3t € h] with
th<t!, v(1<s<a,)orT=h)ifat! € B} with t < ¥, v(1 <s < a,).
Also, let #: W X W — W be a closed on W. We say (W, #,T) is a permutation
BCK-algebra (PBCK — A), if (1) (Ch # W)y # ((h] # h))#(n] 4 h)) =T,
Q@ (hl # (Rl W) #nf =T, Q) Wl #hl =T, @T#H =T, 5 1If
h! 4 hf =Tand h/ 4 h! =T, then h/ = n/,vh],n[,h] ew.

i’

Definition 2.4: [8] Assume that * , °, and < are three binary defined on W and
0eW. We say ¥ = (W,<,,°,0) is pseudo—BCK —algebra if it such that
(a)(m*n)e(m*k)<ksn,(men)x(meck)<ken,(a,)m*(meon)<n,
me(mx*n)<n,(az;) m<m,(a,)0<m,(az)ifm<nandn <m,thenm=
n(aggm<nems+sn=0eomen=0mmnk € W.

3. Pseudo Permutation-BCK-Algebras

Defintion 3.1: We say M = (W,<,®,,T) is pseudo permutation BCK —
Algebra [briefly, (pPBCK — A)] where T € W, ® & © are binary on W and <

is defined on Was (2} < A o2 ® ¥ =T o 2 @47 =71),if M such
that:(P1) (A @ )@ W @A) <1 O, @A) W e, <
roeoxX.enleode)s o W o)< e <,
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PHT < 2, (P5)IEAY < Aand 2 < 2, then A = A7, val 40,40 e
w.

Remark 3.2: (i) From [(P3)], we consider the opestion of (P5), if Af = Af ,
then 2 @ ¥ =@ =1 0N =2 ©f =T, (i) Every (pPBCK —
A) M = (X,0,0,T) satisfying 1/ @ 2/ =2/ @ A/, for all 2,20 € X isa
(PBCK — A), (iii)) If M =X,®,®,T) is a (pPBCK—A), then M? =
X,©,®,T) is also a (pPBCK—A), (iv) Any (pPBCK—-A) M =
X, <,®,,T), can be thought of as an algebraic universal M = (X,®»,©, T).

1 2 3 45 6 7 8 9 10 11
11 7 10 1 9 4 2 3 5 8 6

permutation in Sy;. Thus, £ = (116 41)(1083)(59)(27) & W = (/). =
{{1,4,6,11},{3,8,10},{5,9},{2,7}} with T ={27}. Assume ®,@: W X
W — W are two binary operations, where they are defined by tables (1)-(A)
and (1)-(B). Take 2 = {2,7}, 2} = {1,4,6,11}, 2 = {3,8,10}, and 2} = {5,9}.

Example 3.3: Let f =( ) be a

Table (1)-(A) Table (1)-(B)
The Term (W, T,®). The Term (W, T,©®).
® | M| |A|A | A | |M| A
A\ AN A A A A
A\ A M\ AN
AT ARy AR
A AV AR AR

Then M = (W,®,®,T) is a (pPBCK — A).

Proposition 3.4: Let M = (X,®»,,T) be a (pPBCK — A). Then, for all
A2, 08,25 € X, the following hold: (i) If 2 < T = A/ = T, (i) IfAf <
Aothen 2, @ ¥ <20 @ 2 and 45, @ X < A, ® A i) 1 4 < A & Af

<M.thenf <2, ivH @)k =il Wi
M, ol <l ol <X ot 08 <2 v @)
O, @) < @X, (X 0ol ez ¥ e, midIflf <
Pothen oM <Hodaod <ol or=21=
»or.

Proof: () I/ T, then T@ A7 = (2 OT) @ 4= 4] ® (A @ A7) ® A/=T
by (P2), thatis, T < A*. Hence 2°=T by (P5).
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(ii) Assume 27,27 € X with ¥ < A7 Then (A, ® ) @ (1, ® A7) <
A ®AM=T, thus (A, ® 1) ® (A, ® 27) = T by (P1 and (i)). Therefore (A5,
@) <, ®A) by (P1). Now (1, @) @ A, @) < @X=T,
and thus (15, @ %) ® (25, ® 27) = T by (P1 and (i)). This implies (A5, @ A1)
< 0¥ @ %) by (P1). (iii) It follows from (ii), (i) and (P6).(vi) Since ¥ ® (
¥ © A£)< 25, by (P2), it follows from (ii) , (P1) and (P2), we get (1¥ @ A5,)
QU= @) @y (v) since W @)= 0)oN =
T ® A =T by (vi), (P3) and [Definition (3.1)].Thus (2 ® 27 ) < A%. In the
same way we find Af @ 27 <27, (vi) If 2 ® A7 < 2, by [Definition (3.1)]
and (iv), then T = (% @ 2)® A= (A ®@ 1)@ 7, and s0 2 @ 25< 2.
Conversely, if /1? ® /15,;15 /1][-?, then T = (/1? ©® lfn) ® /1][-?= (/1? ® lf) ® A‘fn.
Hence Af ® A£< 25, (vii) By (P1) and (vi), then (¥ ® ¥)® (I} ® 4 <
A ® 2. This imply (1f ® ) ® (5, @) <2 ® 25, In similarly
way we have (Af @ 1) ® (15, @ A¥) < ¥ ® 25,. (viii) it follows from (vii),
(P2), (P1)& (P5).

Proposition 3.5: In a (pPBCK — A) M, for all 27,4%,2% € X the following
properties hold: (i) If A7 <2’ then T®@ 2f =T @ A7, (ii) T® (T ® (T ® A7)
_ B By — B (s B By _ B
=T, TOTEOTOE)N=TOX,{HTO® X ®@L)=(TOL)®
TOM),WMTEX @) =TT 1),

Proof: (i). Let P < lf . Then A/l.; ©® Af =T and therefore T® /1’; = (/1’; ©®
Py@ 2= @ 1) @ A=T® A . (ii). It is held from (P2). (iii) It is obvoise
by applying (iv) and (P3) (iv) The proof is similar to the proof of (iii).

Definition 3.6: Let M = (X,®,,T) be a (pPBCK —A) and @ # S € X. S is
a pseudo permutation subalgebra of M (pPBCK — SA) if it satisfies )f ® /1]/.3

ESand/lfg @/1][-; €S, Vxl’ig,lf € S. Also, S is said to be proper, if S # X.

Definition 3.7: Let M = (X,®,,T) be a (pPBCK —A) and I € X. I is
called a pseudo permutation ideal of M (pPBCK — I) if it such that: (I1) T € I,

X @ el @A el,andtf el thendf e1,v 2}, 4 ex.

Remarke 3.8: For any (pPBCK — A) M. The set K(X) = {/1? €EX/T <
#Yisa (pPBCK — SA) and (pPBCK —I) of M.
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Proposition 3.9: Let [ be a (pPBCK —I) of a (pPBCK — A) M. Then for any
A2 ex if 2 eland Af <20, then A € 1.

Proof: Assume 27 €[ and A/ <A, then 2/ @ X =T and ¥ @A =T
by [Definition 3.1], but T € I [Frorm (I1)] and [ is a (pPBCK — I).Thus Af €L

Proposition 3.10: Let M = (X,®,,T) be a (pPBCK—A). If I is a
(pPBCK — 1) of M, then itis a (pPBCK — SA) of M .

Proof: The proof is held from [Proposition 3.4-(v)] and [Proposition 3.9].

Example3.11: Let M be a (pPBCK — A) from [Example 3.3]. Then H; =
{2,7}, H, = {{2,7},{1,4,6,11}} and W are (pPBCK — SA) and (pPBCK —I) of
M. But G; ={{2,7},{3,8.11}}, G, = {{2,7},{5,9}}, G; = {{2,7},{1,4,6,113},
{3,8,10}} are all (pPBCK—SA) of M but not (pPBCK —1I) because
{1,4,6,11}#{3,8,10} = {2,7} € G4, but {1,4,6,11} € G,. In the same way you
can check G, G3. Note that the converse of [Proposition 3.110] does not hold.

4. Portion Permutation of (pPBCK — A).

Definition 4.1: Let M be a (pPBCK — A). Let T # 25, € X, we say 15, is a
portion permutation (PP) of (pPBCK — A) M, if Af < ﬂgo then /lf = /150 , for
every T # )f € X and the collection of all (PP) of M is the center of M and
denoted by C,,,,(M). Also C,,(M) is a (pPBCK — SA) of M and (pPBCK — I).

Example 4.2: Let M be a (pPBCK — A) from [Example 3.3]. Then {1,4,6,11}
is the only (PP) of M.

Example 4.3: Let F ={1,23,..,n}. Let f=(; 2 5.......7) be a
permutation in S,,. Therefore, we have X = {/1{3 }?_1, where /1’; ={i},1<i<

T={1},if i <j
n. Define ® and @ on X by: Af@lf=l’ig®/1f= /1?; if j=1

i j<i

V/If,}tf €X. Then M = (X,®,,T) is a (pPBCK — A). Here, only }Ug is
(PP), but for any /155 EX— {T, Ag} is not (PP). Owing for any /15 € X, such that
3<g< n,thereisT # /15 € X and d < g. From definition ® and ©® of X,
wehave A5 ® 25 =Tand 25 ® 22 =T.But 25 = A2

Proposition 4.4: Let M = (X,®,®,T) be a (pPBCK —A). If Ago is a (PP) of
M, then 25, @2 =28, © A ,viex.
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Proof: The proof is held from [Proposition 3.4-(v)] and [Definition 4.1]. This
finishes the proof. From Proposition 4.4 we conclude the following.

Corollary 4.5: Let M be a (pPBCK — A). If every T # 5, € X is a (PP) of
M, then M is a (PBCK — A).

Proposition 4.6: Let M be a (pPBCK —A) and let /150 € X. Then the

following are equivuiant: (i) A%, is (PP), (i) 2 ® (2 ® A5,) = 25,, (i) T ®
T =20 (2, @X=T®2HOTOL)MA,02=-TE

A @A), vl ex.

Proof: ()= (ii) . It follows By (P2). (ii)=> (iii). Obvious from (ii). Thus (iii)
holds. (iii)= (iv). By (iii) and [Propostion 3.4 —(iv)] we have (iv) holds. (iv)
= (v). Applying [Proposition 3.5— (iii) ] we get (v) holds. (v) = (i). Let /1’; <
A5, Then ¥ ® A5,= T and hence 25, ® /=T ® ¥ ® 25,) = T. Thus

/150 < /1? . Consequently, Af = /150. Imply /150 is (PP).

4. Conclusion

In this work, we present and investigate new classes of pseudo BCK-
algebras with their Ideals using permutations. In the future, we will examine
their extensions in neutrosophic sets and provide some interesting results.
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