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Abstract

In this paper divided into two parts, related to the concept of projective semimodule
we tried to clarify the general concepts of this common topic and other concepts related to it.
The first part includes the definition of preradicale semimodule and the properties related to
it, and we gave examples on the subject similar to what is found in the module and expanded
on the definitions, examples, proofs and results obtained by solving the problems arising
from this expansion in the scope of work from the concept of the projective module to the
projective semimodule. The second part we put some illustrative examples on the subject of
preradicale semimodule and referred to the concept of Jacobson and radical because of its
importance in understanding and solving the issues related to it and we put forward several
expanded definitions than they were in the subject of the module and the basic results that
we needed to prove some properties. Secondly, we studied the Socle radical of semimodule
and proved some properties.
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1. Introduction

In this work we have provided basic definitions in building extended
concepts that were obtained from the transition from the concept of the module
to its extended concept semimodule to what was present in the modules (see [1]
and [2]), we also demonstrated some results that we used as a tool to solve
problems associated with the expansion process. In this chapter, we will present
the general concept of a projective semimodule, after having presented in the
previous chapters the detailed concepts and the multiple and different results of
the concept of a projective semimodule. The first part includes the definition of
preradicale semimodule and the properties related to it, and we gave examples
on the subject similar to what is found in the module and expanded on the
definitions, examples, proofs and results obtained by solving the problems
arising from this expansion in the scope of work from the concept of the
projective module to the projective semimodule [3], [4], [6-8]. The second part
we put some illustrative examples on the subject of preradicale semimodule and
referred to the concept of Jacobson and radical because of its importance in
understanding and solving the issues related to it and we put forward several
expanded definitions than they were in the subject of the module and the basic
results that we needed to prove some properties. Secondly, we studied the Socle
radical of semimodule and proved some properties.

2. Preradical on semimodules.

Proposition 1.2: [3] Let B be an R-semimodule, then:

1- J(B)<B

2-  Let B, C are subtractive R-semimodule and a:B—C is R-homomorphism
and ek-regular R-homomorphism, then a(J(B))SJ(C).

Definition 1.3: [2] Let be A an R-semimodule is called simple if it has no-
proper non-zero R-semimodule and 4 is said to be semisimple if it is a direct
sum of its simple subsemimodules.

Examples 1.10: [3]

1)  Every simple semimodule is second semimodule.
2) Let A be an R-semimodule then soc(4) Ssec(4).
3) Sec(Z)=0 where Z be Z-semimodule.

4)  Sec(Q)=Q where Q be a Z-semimodule.

Definition 1.11: [5] A functor P:zM— M is called preradical on M if the
following two conditions are satisfied:

I-  P(A)<Afor all A€ xM
2-  Forall « EHom(A, B), then a(P(A)) < P(B)

In this definition (and what follows) the category , can be replaced by M
(The subcategory of subtractive R-semimodules and R- homomorphism) or by
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M., (the subcategory of subtractive R-semimodules and ek-regular
homomorphisms).

Example 1.12: By the definition Jacobson radical is a preradical on the
category xM, and soc, sec by definition [3]. are preradical on the category.

Remark 1.13: An R-semimodule A4 is called a second semimodule where
A#0,and rann(4) = rann(4/U) for all U sub set of 4. U is second semimodule of
A if it is subsemimodule and U is second semimodule. The second radical of is
denoted by Sec(4) =Y { U: U is second R-semimodule of 4} .

Example 1.14: If A4 simple R-semimodules, then A4 is second
R-semimodules, and Soc(4)< Sec(A).

Example 1.15: [f 4 = Z, where Z be a Z-semimodule, then Sec(4) = 0 and if
A=Q, where Q be a Z-semimodule, then Sec(4) = A.

Remark 1.16: Let A and B be subtractive R-semimodules and a € RHom(4,B)
be k-regular, if U is second R-subsemimodule of A, then a(U) is second R-
subsemimodule of B.

Section 2 p-Projective semimodule

In this section we will introduce a new generalization of the concept of
project, which is a projective relative preradical, and we will study some of the
properties of the projective semimodule related to this generalization. We start
by the following definition:-

Definition 2.1: Let p be a Preradical on a left S-semimodule M. M is said to be
projective relative to the Preradical p (p -projective), if for each surjective
homomorphism a:4—B, where A, B are any two semimodules, and for each
homomorphism f: P—B, there exists a homomorphism y: P—A such that
nay=nfs where n:B—B/ p (B) is the natural map.

P

B/I(B)
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Example and Remark 2.2:

1) If P any R-semimodule projective, then P is p-A-projective for every
semimodule 4.

2) If P any k-projective semimodule, then P is p-A-projective for every
semimodule A.

3) The preradicals functors :(a) Jacobson radical (b) soc (c) sec all this (a),
(b), (c) are preradical on the category zM.

4) If P any R-semimodule N-projective, then P is a spatial case of p-
projective simply by taking p=J ( J is the Jacobson radical functor on
category pM .

5) If Pis an R-semimodule with p(P)=0, then P is projective if and only if P
is p-projective.

6) If P any R-semimodule with p(P) = P, then P is p-projective semimodule:
(a) If P any R-semimodule which has no maximal subsemimodule

J(P)=P, then P is p-projective.
(b) If P any R-semimodule with soc(P) = P (i.e P is semisimple
semimodule), then P is p-projective.

Proposition 2.3: If P, = P, where P;, P, be two R-semimodules and P; is
p-A-projective, then P, is p-A-projective.

Proof: Let P1= P, , and P, is p-A-projective.

Consider the diagram and in it:

There are two R-homomorphisms 6: P, - P,, 0: P, > P, , a:A->B
surjective A, B are any two R-semimodule and for each R-homomorphism
B: P; = B, there exists h: P, > A such that t ah=m §...... (1), where m: B =
B/ p (B) is the natural map. Let hy=ho.......... (2).

Where hy:P, » A. Therefor mah=ma ho by (2), then by (1)
nah,=m f o, thus P, is p-A-projective.

Converse Let P1= P, , and P, is p-A-projective.

Consider the diagram and in it:

There are two R-homomorphisms 6: P, - P,, 0: P, > P, , a:A->B
surjective A, B are any two R-semimodule and for each R-homomorphism
B: P, = B, there exists h;: P, > A suchthatm ah;=mf o...... (1),

where m: B — B/ p (B) is the natural map. Let h=h;0........ (2).

Therefor T a h=m ah,0 by (2), thus by (1) tr @ h=m § ¢ 0, since P|= P,,
then m a A= 8, thus P; is p-A-projective.

Lemma 2.4: If 6: B—>C is an isomorphism for any two R-homomorphism
m,0=0"m,, then there exist 8* : B/p(B) » C/p (C) is an isomorphism, where
m1: B=> B/p (B), and w,: C— C/ p (C) are two natural maps.

Proof: In the diagram
@ is an isomorphism, implies
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8(p (B))= p (C) Proposition 1.6.
6*(B/ p (B)) = 0"(my (B))=12(6(B)).

;,/. v,

6: B o C
Ty

6° B/p (B) v - C/p (C)

where m,0=60"m, by assumption, then 6*(B/p (B))= C/p (C), so 8" is onto.
Now we must prove that 8 is onto, there for let 8*(b;/ p (B)) = 0*(b,/ p (B)),
implies 0°( 1, (by)) = 6°(2(by)) = (b)I(C) = B(by)/ p (C) = O(by) + 5,=
0(b,) + s, for some s;, s, € p (C).

Since 8(J(B)) = p (C) = s;=0(t,), s,=0(t,), for some t,, t, € B.

6(by) +6(ty) = 60(by)+ 6(t,) = 6(by+ty) = 8(b,+t,), since 6 is one to one
by assumption, then b,+t; = b,+t, , implies by/ p (B) = b,/ p (B) = 0™ is one to
one, there for 8* is isomorphism.

Proposition 2.5: Let P be left R-semimodule. Then the following are
equivalent:

(1) Pis p-projective.

(2) For each left R-semimodule A, K<4 and every homomorphism
B: P — A/K, there exists 8: P—A such that, mp6=nf whergp:A —A/K
and m:A/K— A/K / p (A/K) are natural maps.

Proof: In the diagram let N= 4/K and f: P— N any homomorphism where ¢:A
— Nand m:N— N/ p (N) are natural maps.

Since P is p-projective, then there exists 8: P—A such that, mp6=mnp.
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P

B/J(B)

@)=

: By assumption, there exist #:P—A4 such that m,yh=m,0f, where y=0g by
the diagram:

We take the right side m,yh =m, Ogh=6"m,g h [by Lemma.2.4].....(1)

We take the left side m,0f=0"m; f[by Lemma.2.4].....(2)

There for from (1) and (2)

0*mig h=0"m, f, since 8" is isomorphism, then m,g 7 =m; f, so Pisis p-
projective.
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