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Abstract

This article introduces the concept for f-lifting modules definition (the R-modules W
named flifting for T any submodule in W, there is direct summand A for W s.t. A <, T
in W). Some of the characteristics and examples were given, as well as the relationship
between it and the following concepts: lifting module, §-lifting module, f~hollow module
and f-supplemented module.
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1. Introduction

Suppose W a unit right R module where R the identity ring. We will
review some concepts and mention their source. Zhou and Zhangin [1]
introduces small essential submodule: A is a non-zero small essential
submodule of W (notation A<, W), if AN N # 0 for every (0 #)N «W. let
N<«W be a small proper submodule of W, if NtH=W vV H c W. In 2016 the
small-singular submodules concept was introduced by [2] submitted small-
singular modules a generalization of singular module definition by
Z5(W)={aeW| Ann(a) <, R}. If Z5(W) = W, then W s-singular module. For

N<M<W, then N is called a coessential submodule of M in W (symbolize
N<,M in W) if M / N K W/ N [4]. Moreover in [3] it has submitted f-hollow
modules if V P< W is f—small. And let P <W be a f-small proper submodule
of W if, W=P+N and W/N s-singular[4]. In [8, 9] it has submitted f-coessential
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submodule, if W is R-module with P<N<W, then P named a f-coessential
submodule of N in W (symbolize P<j,.N in W) if N / p <5 W/ p - Following
Zhou [5], let X<W is called a §-small submodules (notation X <5 W) if
whenever W= X +S with W/S singular, we have W= S. And if W a R-module &
P<N<W, soP called §-coessential submodule of N in W (symbolize P<s..N in
W) if N/P KLs W/P' And module W named § -lifting where VK <W, Ja
decomposition W = A@B s.t A < K and A\ K is §-small in A\W[6]. After the
series of research that has been presented from the following concepts: s-
singular submodule, f-small submodule, f-Hollow module, f —supplemented
module, f —amply supplemented module and f-coessential submodule. We
found it necessary to introduce a new concept called f-lifting modules.

2. Main results

Now, we will introduce the concept called f-lifting Modules, which is a
generalization to the concept of lifting Modules, with the sum of basic
properties.

Definition 2.1: An R-module W is called f-lifting if VT < W, 3 A<g W s.t. A
<fcoeT in W.

Examples 2.2:
1. Consider Z,, Z¢ and Zg as Z-module, clearly these modules are f-lifting
modules.

2. Put Zg as Zg-module. It clearly to see that Zg as Zg-module not f-lifting
Modules. Since every submodules of this module are not f-coessential
submodules.

3. Clearly, every lifting module is f-lifting module.

4. Kosan introduce §- lifting Modules[6], clearly every f-lifting module is &-
lifting Modules. Note that the next example shows the opposite: Zg as Zg-
module.

Theorem 2.3: Suppose G a R-module:
1.  If G s-uniform R-module, so every f-lifting module is lifting modules.
2. If G is s-singular R-modules.so every f-lifting module a lifting modules.

3. If G is torsion modules on integral domain R, so every f-lifting module is
lifting module.

4. If G prime R-module. So every f-lifting module is lifting module.
Proof: Clear by [4]

Theorem 2.4: An expressions below equivalent for a R-module W:

1. Wa f-lifting

2. VS<W,3W=A@B such that ACS & SNB«K;B.

3. V. S< W can be written as S=NM, where N <gW and MK W.
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Proof: (1-2) Let S<W, then 3 A decomposition W=A@PB st ACS
&S/ < W/,. So S=SNW =Sn( A@B) = (SNB) GA by modular law. And
now let the map a:% - B3 a(w+ A) = b s.t. w=a+b where a€ Aand b€ B . It

is clear that a is an isomorphism. And since S/ A <s W/ 4 then by [6] we get
a(S/A) & B.

a(S/A) = {a(s+A)lseSy={a((a +b)+A)|a’ € Aand b’ € (SN B)}
= {'|Ib' € (SNB)} = SNB, therefore SN B < B. Let M=S§ N B ,then
S=A@® M Where A<g W and MKy W. (2-3) Let S < W. then there is a
decomposition W =A@ B such that ASS and SNB K¢ B so by Pro.
R2)SNBKLW. AndS=SnW =SnNn(AD B) =A@ (SnB) by modular
law. Let M = SNnB,then S=A@ M when A a direct summand for W &

MK W.(3>1)LetS < W.By(3) S = K @ M where A <gW and M &y W.

. . W/ w
To prove K <;co Sin W, let W/K = S/K +X/K where KES XWlthv;: ==
s-singular module, then W=S+X and hence W=K+M+X=M+X and since % s-

singular (by third isomorphism theorem). But M <y W, therefore W=X. Thus
W is f-lifting module.

With the help of the above theorem, we will prove the property of direct
summand

Proposition 2.5: If a module W=A@B is f-lifting, then A is f-lifting.
Proof: Let H< AS W so H< W and W is f-lifting modules then by above
theorem, can be written as H=EN@M, where N is a direct summand of W and
MK FW. And since N<q W contained A, then N<g A and MKW, ME A and
A<g W, then A<g A.Thus A is f-lifting modules.

Proposition 2.6: Every f-hollow module is f-lifting. (Clear Proof)

Proposition 2.7: Every f-lifting module and indecomposable is f-hollow.
(Clear Proof)

Proposition 2.8: if W a R-module. so expressions become equivalent:
1. W a f-lifting & indecomposable modules.

2. Wa f-hollow & indecomposable modules.

3. W ahollow module.

Proof: (1) = (2) assume N < W now W a f-lifting so W =K @ K’ where K
<SN&NNK'fW.As W indecomposable, so K’ = 0 or K=0. where K' =0,
we have K = W, which implies W <N contradiction. So K =0, hence K' = W
andN N K' =N nW=N K W.Thus W is f-hollow. (2) = (3) Itis clear by
proposition (2.2(1)). (3) = (1) whenW hollow, so M indecomposable & from
[3] W is f-hollow and by Pro.(3.4) M is f-lifting.
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Note 2.9: Generally, direct sums is not hold of f-lifting modules: Consider the
Z-modules Zg and Z, are f-lifting ( by [3] and Pro.2.8 we obtain, Hollow
modules = f-Hollow modules = f-lifting). But G=Zg®Z, is not f-lifting,
since the submodule H=< 2,1 > does not contain a nonzero direct summand of
G and H is not f-small since H+< 1,0 >=G and G/< 1,0 >=< 4,0 > is s-
singular by[2, Rem.3.3(2)] and [4, Pro.3.6] but < 1,0 >+ G.

Proposition 2.10: An R-module G is f-lifting if and only if YV H < W has a f-
supplement UinGs.t. H NU <g H

Proof: Let a module G is f-lifting. Suppose that H < G, then 3 a decomposition
G=M@A s.t. M<(.,, A in G. By modular law H=HN W=HN( M&A)= M&(H n
A). It is clear that G=H+A. Now to prove that HN A <y A, then let A=(HN
A)+U, where % is s-singular. Therefore G=M@®A = M + (H N A) + U.thus
G/M
(U+M)/M

~

G=H+U. Then %:%+$ So by isomorphism theorems we get
G _M®A _ A . A . . G/M
(U+M):(U+M) = - since — s s-singular, then Y
M<(ce A in G, so G=M@A and hence A=U. So H has a f-supplement U in G
st. H N U <gH.(&) Let H < G. Then by assumption H has a f-supplement U

inGs.t.HNU <gH. So, G=H+U, H NU < U and H= (H N U)+M. Since
%/I;is s-singular, and then % is s-singular, by 3"isomorphism theorem. But
H NU K¢ G,then G=M. So P <, Hin G. Thus G is f-lifting module.

is s-singular. But

Proposition 2.11: if W a f-lifting module& H fully invariant submodule in W,
w. s
then —isa f-lifting module.

Proof: Assume 53%- Since W is f-lifting module, then 3 K<gW s.t.
K<fcoe P in W. Thus W=K@®X, for some XS W. And since H is a fully

w KEBX_K+H X+H

invariant submodule of W, then == EB ,by [7, Lemma(5.4)].
Nowleta'ﬂ%Lbeamapdeﬁnedbya(w+1() W+(K+H)VWEW
It is clear that « is an eplmorphlsm << then a( )—K+H $f o , by [4]. and

hence K+H<.,, P in W. Therefore T wae % ; by [8] Thus % isaf-
lifting module.

Lemma 2.12: Let W=H+K be a f-lifting module. If is s-singular, then there
exists a direct summand P of W such that W=H+P and P<feoe KinW.

Proof: Let H and K be submodules of W such that W=H+K and % is s-singular.
now W f-lifting module, so 3 a direct summand P in M s.t. P<(.,, K in W.
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W _ H+P K . wo. . wo. .
Then — = ———+—= . Since — is small-singular, then ——is small-singular by
P P P H H+P

w/P
[2.Pro.(1.2)] and hence H+P/P

X Lf w , therefore W=HP Then W=H+P.
P P P P

3th

is small-singular by 3**isomorphism theorem. But

Note 2.13: Every f-lifting module is f-supplemented module. Let us give the
following example to show the opposite: consider W=Zg@®Z, as Z-module is not
f-lifting module (see note 2.9) but W is supplemented and hence f -
supplemented modules

Proposition 2.14: If W=H+U a f-lifting module &% s-singular, then W is
f —amply supplemented.

Proof: Assume that W=H+U be f-lifting module with % s-singular. then by
above lemma, we get USgW. And by Theorem (3.2) HNU = X @ Y where
X<gW and YK W. Since USgW then X<gU and Y<K U, by[6] Now let
U=X& N. So, W=H+U=H+X+N=H+N.

Claim that HN N < N. Now let a projection map a: X N — N. So by
modular law we get HNU=MHNU)NU=MHNU)NXPN)=XD
[(HNU)NN]=X® (HnNN).Since Y&, K,then by [4] we get a(Y) < N
and a(Y)=aX®Y)=aHNU) hence HNN=a(X® HNU))=
a(H NU) K¢ N.Thus N is a f — supplement of H in W. Thus W is f —amply
supplemented module.

Proposition 2.15: If W=H; @ H, a R-module s.t. Ann(H;)+ Ann(H,)=R.
K< W therefore K=A4, @ A, , where A; € H; and A, € H,. Since H; and H,
are f-lifting modules, A;=B; @ C;(i=1,2) where B; <g H, and C; &, H,.
Therefore K=A4; @A, =B, B C)D B, D)= (B1DB,)D
(G, ® Cy).
It is easy show B; @ B, <g W and C; @ C, K¢ W by [6].

Proposition 2.16: if W=H; @ H, R-module such that every submodules for W
is fully invariant. If H; and H, are f-lifting then W is f-lifting.

Proof: Assume K< W then by hypothesis, K is fully invariant and hence
K=(KNH)@D (KNH,)thenKNH, < H and K N H, < H, and since H; &
H, are f-lifting then there exists a decompositions K N H; = A;@®A; and
K NH, =A,®A; where A; <g H; & A, <g¢ H, and A} <&y H;&A; <K H;s0
A DA <gH, ®OH,=W and A] DA, K HHO H, =W thus W is f-

lifting.

Proposition 2.17: Let W=H+K be a duo-module s.t. H and K are f-lifting
modules. so W a f-lifting module.
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Proof: Assume that H+tK=W duo-module & let S< W, so S a fully invariant,
hence S=(SN H) N(SNK). And since H and K are f-lifting modules, 3 a
decomposition SNH =H; @ K, and SNK = H, ®© K, where H; <g H and
H, <g K and K; <¢ H and K, < K. Then H; @ H, <g W and by [3]1K; &
K, K¢ W. Therefore, W is f-lifting module.

3. Discussion and Conclusion

In this research, a new concept was introduced and a set of examples was
given showing the realization of this concept and the study of the relationship
between it and a set of other concepts as well as the study of the equivalent
relationships with a set of characteristics
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