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New structure of bipolar fuzzy rho-ideals in rho-algebraic semigroups
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Abstract

In algebraic semigroups when we deal with classical sets every p-ideal does not have
to be p-ideal. As a result, it is demonstrated in this study with their expansion in some
kinds of sets as fuzzy set (FS) & bipolar fuzzy set (BFS) is held. Also, a new construction of
(BFS) is demonstrated in p-algebras. The study of novel notions such as p-semigroup (p-SG),
p-subsemigroup (p-SSG), p-ideal semigroup (p-ISG), p-ideal semigroup (p-ISG), and other
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are given. Moreover, their extensions in fuzzy logic (FL) using Bipolar fuzzy are introduced.
Additionally, a number of basic characteristics of our concepts are investigated and explored.
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1. Introduction

A notion for Fuzzy set (FSs) is established in 1965 [1]. Subsequently, their
extensions, namely fuzzy soft ([2]-[5]) and bipolar fuzzy ([6],[7]), are
demonstrated and investigated for their characteristics and uses in several
domains in our everyday existence. Bipolar fuzzy sets (BFSs) is extension of
(FSs) that membership (MD) range in [—1,1]. Within a bipolar FSs, an
element's (M D) mentions it just enough so that the element's property and (MD)
[1,0] mention it in a way that implies the element's implied counter-property
([8]). Jun et al. presented classes for fuzzy ideal in BCK/BCI — algebras in
2009 [8]. In 2020, Khalil and Hameed [9] proposed fuzzy algebra ideas like as
fuzzy p — subalgebra (Fp — SA), fuzzy p — ideal (Fp — I), and fuzzy p —ideal
(Fp — I). In this paper, we deal with classical sets every p — ideal does not have
to be p — ideal. As a result, it is demonstrated in this study with their expansion
in (FS) and (BFS) is held. Furthermore, a new construction of (BFS) is
demonstrated in p —algebras. The study of novel notions such as p —semigroup
(p —SG), p—subsemigroup (p—SSG), p—ideal semigroup(p — ISG),
p — ideal semigroup (p — ISG), and other are given. Finally, to extend our
results to additional classes of algebras, we looked at the conclusion of the study
and the direction of future research. Fuzzy set studied is also in [12].

2 Basic Fundemntals
This section demonstrates the prerequisites for algebraic ideas.

Definition 2.1: [9] Let J€ . This term (7, ~, §) called p — algebra (for short,
(p —A4)) where ~:mxXm—m satisfies: (1) w~w =26, (2) d~w =27, (3)
w~c=8§ and c~r0o=8->w=c, 4) w~c=c~w #* §Vw *cenx—{5}
Also, let @ # K € m, K is said to be p — subalgebra (p — SA) of m, if w~c €
K,Vw,c € K. Assume < is a relation on (7, ~, §) such that w < ¢ © w~c = 6.
Moreover, (m, <) is a partially ordered set and § < w,Vw € .

Definition 2.2: [9] Assume that (7, ~,5) is (p —A) and @ # K S m. K is said
to be a p —ideal (p —I) of m if such that: (1) w~c € K,Vw,c €K, (2) If
w~c €EKandc € K,thena € K.

Definition 2.3: [9] Assume that (7,~,8) is (p —A) and @ # K € . We say K
isa p —ideal (p —I) of m if such that: (1) § € K, (2)If a € K and ¢ € m, then
a~c €EK.
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Definition 2.4: [1] Let 7 # @. A function @: W — [0,1] is (FS) for W.

Definition 2.5: ([9]) Assume Q is a (FS) in (p — A). Q is said to be a fuzzy
p — subalgebra (pF — SA) if Q(w~c) = min{Q(w),Q(c)},Vw,c € 7.

Definition 2.6: [7] Let Q: m — [0,1] be a (FS) & D(Q,p) = {w € 7|Q(w) =
p}, where 0 < Q(w) <1 andp € [0,1].

Definition 2.7: ([10, 11]) the bipolar (BFS)is (Q~,Q%), where 9™:m - [—1,0]
& Qt:m > [0,1]. Let U = (a,Q7,Q%) be a (BFS) and (o,d) € [—1,0] x [0,1].
We say U; ={a €mn|Q (a) <o} negative o—cut for U & Uj ={a€
|Q@*(a) = 8} positive d — cut for U.

3. New Structures for Bipolar Fuzzy Ideal.

Definition 3.1: (7,~,%,§) is a p — semigroup [for short, (p — SG)] if (1)
(m,~,8) is a p — algebra, (2) (7, %) is a semigroup (SG), 3) w < (I ~1) =
(wxIN)~wxt)yand (w~9) x7 = (WX 7)~ P x1),Vw,9,T €.

Example 3.2: Let m = {e, f,g,h} and w x 9 = e¢,Vw,Y € w. Hence (m,x) is a
(5G). Assume (~) is defined as table (1). Hence (1, ~, %, e) is (p — SG). Also,
let F={filffeN;1<i<4} with f;<fi41,V1<i<3, and € xr=
e,Ve,r € F. Hence (F,~,, f;) isa (p — SG). As well, determine (~) as table
@).

Table 1 Table 2
(m,~,%,€) is a (p — SG) (F,~, f1)is a (p — SG)
~lel flg]|h ~ 1AL filfs
e | e e e e AlAVALA LA
flflelglyg LlALlALGf
gl|flgle]|f LlAIHAIALLR
h|lh|lg |f]le Llhlfalh A

Definition 3.3: Assume @ # f S & (1, ~,%,,5) is (p — SG). Then £ is called
a p — subsemigroup (p — SSG)ofr, if w~Y EL & wxI € P,Vw,9 € L.

Definition 3.4: Suppose that @ # f§ S m and (7, ~,«%,,5) is a (p — SG). Then
Bis said to be a p — ideal semigroup (p —ISG) of m, if (1) Bisa(p —1) of m,
QwxdIeP& IxweEf,VweE LY ET.

Definition 3.5: Let (r,~,%,,6) bea (p—SG) & @ # K S m. K is p —ideal
semigroup (p —ISG) of m, if (1) Kisa (p—1I) of 1, Q) wxIEK &
IxweEK, VweEK&Y ET.

Example 3.6: Take (w,~,,,e) in Example (3.2)and K ={e,f,g} S n =
{e,f,g,h}, Hence K is (p—1I) of m. thus w x 9 €K & 9 x w € K. So, K is
(p—ISG) of m. Also, M = {e, f}is (p —ISG) of . But, M is not (p —I) of m,
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because f € M,h €m, but f «h=g & M. Hence M is not (p — ISG) of .
N = {e, g} isnot (p — ISG) of m, since e,g € N, but g x e = f € N and hence
N isnot (p —I) of . Therefore N = {e, g} is not (p — ISG) of m.

Remark 3.7: By example (3.6), that is not necessary any (p — ISG) is (p —
1SG).

Definition 3.8: Assume 7 and 7 are p — semigroups. A mapping L: (7, ~, %, §)
- (f,%,&,,8) isp—semi—group homomorphisms where L(a~9) =
L@)*L(®¥) & L(ax9)=L(a)&L®),Va,d€emn. Also, KerL={a€
n|L(a) = §} & ImL = {L(a) € 7t|a € m} are image & kernel of L, respectively.

Definition 3.9: Let H be (FS) of m and (w,~,x,,8) is a (p — SG). Then H is
said to be a fuzzy p — semigroup (Fp — SG) of m, if every w,9 € m such that
(1) H(a~9) = min{H(a),H®M)}, (2) H(a x 9) = min{H (a), H{©)}.

Definition 3.10: Assume H is (FS) of # & (m,~,«,,8) isa (p — SG). Then H
is fuzzy p — ideals semigroup (Fp — ISG) of m, if for any w,r € m with (1)
H(w~r) = min{H(w),H(r)}, 2)H(w) = min{H(w~1r),H(r)}, 3) H(w «
r) = min{H (w), H(r)}.

Definition 3.11: Suppose that Q is (FS) in © and (7, ~, «,,d) is a (p — SG). @
is said to be fuzzy p — ideal semigroup (Fp — ISG) of , if for any u,y €m
such that (1) 2(8) = Q(w), (2) Q(u~y) =2 min{Q(W),2(y)}, 3) Qu xy) =
min{Q(w), Q(y)}.

Lemma 3.12 Suppose that Q is a (Fp — ISG) of w, then (1) Q(6) = Q(w), Vu €
T (2) Qu~y) = Q(y~w) , Yu #y € m — {6}.

Proof: (1) If @ is a (Fp — ISG) of m, then from [Definition (3.10) — (1)], we
obtain Q(u~y) = min{Q(),Q(y)}, Vu,y € m. Put p=7y. Then, Q(u~u) =
min{Q(w), Q(u)} = Q(u),Vu € m, so we have Q(8) = Q(u~u) = Q(w),Vu €
7. (2) Assume Q is a (Fp —ISG) of m. By [Definition (2.1) — (4)], we get
p~y =y~p #6,Yu+y € —{6}.80 Q(u~y) = Q(y~w),vu #y € m — {3}.

Remark 3.13: If Q is a (Fp — ISG) of m, then Q(u~y) = Q(y~w),Vu #y €
m—{6}.

Definition 3.14: If Q is (FS) of m & (m,~,%,,8) is a (p — SG). Q be bipolar
fuzzy p — sub — semi — groups (BFp — SG) for m, where (1) Qt(e~c) =
min{Q*(e), 97 (c)} & Q7 (e~c) <max{Q7(e),Q ()}, (2) Q¥ (exc) =
min{Q*(£),07 ()} & 9 (e x ¢) < max{Q (¢),Q (c)}. Ve, c E 7.

Example 3.15: Take (w,~,«,,e) in Example (3.2). Then (m,~,«,,e) is a
(p —SG), and let V = (a,Q%,Q7) be defined as V= {(e, —0.7,0.8), (f, —0.6,
0.6), (g, —0.4,0.5), (h,—0.3,0.2)}, then V isa (BFp — SG) of .
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Definition 3.16 Suppose that Q is (FS) of m and (7, ~,«,,d) is a (p — SG).

Then the (FS) Q is bipolar fuzzy p — ideal semi — groups (BFp — ISG) of m, if

() Q% (e~9) =2 min{Q(e), Q7 (9} & 97 (e~Y) < max{Q™(¢), 9~ (9},

(2) 9%(e) 2min{Q" (e~c), Q¥ (9)}&Q (¢) < max{Q~(e~9),Q~ (¥},

() Q%(e x9) =2min{Q"(e), Q" (¥} & Q7 (e x ¥) < max{Q (), 2~ (M)},
Ve, 9 € m.

Definition 3.17: Suppose that Q is a (FS) of w and (1, ~,%,,8) isa (p — SG) .
Then the (FS) Q be bipolar fuzzy p — ideal sem — igroups (BFp — ISG) of =,
if (1) 97(8) 2Q%(e) & Q7(8) <97(e), (2) Q¥ (e~¥) = min{Q¥(e), Q"
(9)} & Q7 (e~9) < max{Q~(£),2~ ()}, (3) Q" (e x ¢) = min{Q* (), Q" ()}
& Q7 (e x9) < max{Q (£),0(9)}, Ve, 9 € m. Lis Ailaall S|,

Proposition 3.18: Let (7, ~,%,,6) be a (p —SG) and U = (5,07,0%) be a
(BFp —1SG) of 7. Then @Q*(8) = Q*(¢) and @~ (8) < Q7 (¢).

Proof: If U = (¢,97,90%) is (BFp —ISG). So Q% (e~9) = min{Q* (¢),0%(¢)}
& Q7 (e~9) < max{Q~(g),Q~(9)} [from Definition (3.16) — (1)], put € = 9.
Q% (e~e) 2 min{Q*(£),07(e)} =07 (e) & Q7 (e~Y) < max{Q~(e), Q7 (&)}
= Q7 (¢). But, e~e = §,Ve € m. Then Q7 (6) = Q*(e) and Q~(8) < @ (o).

Lemma 3.19: Let (m,~,%,,6) be a (p—SG) and U =(5,Q7,0%) be a
(BFp — ISG) of m. Then U is ( BFp — ISG) of m.

Proof: Q*(6) = Q*(¢) and Q7(8) < Q (¢) [by Proposition (3.18). Also
9% (e~9) Zmin{Q"(e), 0"} & Q7 (a~¥) <max{Q (), Q~(¥)} [by
Definition (3.16) — (1)] and hence we get Q% (e « 9) = min{Q*(¢), 9T (I)}&
Q0 (e x9) < max{Q (¢),Q~(W9)},Ve, 9 € m. Then U is (BF p — ISG) of m.

Remarks 3.20: (1) Lemma (3.19) leads us to consider that any (BFp — ISG) is
(BFp — ISG)but in classical sets, this is generally not the case, as demonstrated
by Example (3.6). (2) We demonstrate in Example (3.21) that not every
(BFp —ISG) of w is (BF p — ISG) of m in general.

Example 3.21: Let (F,~,x, f;) bein example (3.2). Then (m, ~,«,f;) is
(p — SG). Let U = (,07,0%) be defined as U = {(f;, — (}%)(fiz))u <i<
4}. Then U is a (BFp —1SG) of m, but, it is not (BFp _ ISG)lof 7, since
9% (f3) <min{Q* (fs~f1), 0" (f)}

Proposition 3.22: Let (7, ~,«,,8) be (0 —SG) & U = (¢,97,Q%) be (BFp —
ISG) of m. If r < &, then Q% (&) = Q% (r) and 9~ (¢) < 9~ (7).

Proof: If U = (¢,97,0%) is a (BFp — ISG), so Q* (&) = min{Q*(e~1),0* (1)}
& 97 (&) < max{Q~(e~r),Q~(r)} [by Definition (3.16) — (2)]. at r < &, we
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get e~r = 8. So, Q7 (e) = min{Q*(e~7), 0" (r)}=min{Q*(6),07(r)} & 9~
(&) < max{ Q= (e~1),Q~ (1)} = max{Q~(6), Q™ (r)}. By [Proposition (3.18)]
we get min{Q*(8), Q*(r)} =Q%(r) and max = {Q7(6),97 (1)} =2~ ().
Hence Q7 (¢) = 9*(r) and 9 (&) < Q™ (r).

Proposition 3.23: Let (m,~,x,,8) be a (p —SG) and U = (¢,07,9%) be a
(BFp —SG) of . If s < e~7, then Q% (e~1) = Q% (s) and 9~ (e~1) < Q@ (s).

Proof: The proof is obvious from [Definition (3.16) — (2) & Proposition
(3.18)]

Remarks 3.24: (1) if (n,~,%,,8) be (p —SG) & U = (a,Q7,9") be (BFp —
ISG) of m. Then U is a (BFp — SG) of m [ From Definition (3.16) — (1), (3)]
(2) Assume that (7, ~,,,8) is a (p — SG) with U = (a,Q7,Q%) is a (BFp —
ISG) of m. Then U is a (BFp — SG) of m [ From Definition (3.17) — (2), (3)]

Proposition 3.25: Let (7, ~,%,,8) be a (0 —SG) and U = (a,Q~,Q") be a
(BFp —ISG) of 7. Then (1) E; = {a € m|Q*(a) = 9*(8)} is (p — ISG) of m,
2Q)E, ={a€emn|Q (a) =9 (8)}is (p —ISG) of m.

Proof: The proof is obvious from [Proposition (3.18)] & [Definition (3.16)].

Theorem 3.26: Let (m,~,%,,8) be a (p —SG) and U = (a,Q7,Q%) be a
(BFp —1SG) of w. (1) If Uy ={a€em|Q (a) <o} +# 0,Vo € [-1,0], then
Uz, ~8)is (p— D) of w. (2) IfUF = {a € 1|Q*(a) = 8} # @,V € [0,1], then
(UF,~8)is (p— 1) of .

Proof: The proof for (1) &(2) are obvious from [Definition (3.16)-(1),(2)].

4. Conclusion

Using (BFS), we are already investigating new classes of ideals in Rho-
algebraic semi groups. In addition, this work introduces and discusses novel
concepts in (FL). In further work, we will describe additional applications that
investigate algebraic logic problems using new (FL) technology.
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